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PUBLISHERS’ NOTE 


I N this book the author has presented the elements 
of Coordinate Geometry in a manner suitable for 
beginners and junior students. Cartesian and Polar 
Coordinates only are used, and the book forms Part I 
of the complete work. Part II deals with Trilinear 
Coordinates, Projection, Reciprocation, etc. 

The Straight Line and Circle have been treated more 
fully than the other portions of the subject, since it is 
generally in the elementary conceptions that beginners 
find great difficulties. 

There are a large number of Examples, over 1100 
in all, and they are, in general, of an elementary 
character. The examples are especially numerous in 
the earlier parts of the book. 
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CHAPTER I. 


INTRODUCTION. 


SOME ALGEBRAIC RESULTS. 


The roots of the quad- 


1. Quadratic equations. 

ratio equation 

aar 4 - bx + c = 0 
may easily be shewn to be 

— o + sfb~ — 4 ac . — b — s/b~ — 4 ac 

-o-and ---. 

2 a 2 a 

They are therefore real and unequal, equal, or imaginary, 
according as the quantity 6 2 —4ac is positive, zero, or negative, 

i.e. according as b 2 = 4ac. 


2 . Relations between the roots of any algebraic equatiern 
and the coefficients of the terms of the equation. 

If any equation be written so that the coefficient of the 
highest term is unity, it is shewn in any treatise on Algebra 
that 

(1) the sum of the roots is equal to the coefficient of 
the second term with its sign changed, 

(2) the sum of the products of the roots, taken two 
at a time, is equal to the coefficient of the third term, 

(3) the sum of their products, taken three at a time, 
is equal to the coefficient of the fourth term with its sign 
changed, 

and so on. 


L. 


1 
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COORDINATE GEOMETRY. 


tfix. 1 


If a and ft be the roots of the equation 


we have 


ax- + bx + c = 


Cl ~T ft — ~ 


0 , i.e. x- + - x + - 

a a 

- and aS — -. 
a 1 a 


= 0, 



a. 


i.f. of 


If a, ft, and 7 he the roots of the cubic equation 

ax 3 + bx- + cx + cl = 0, 


r 3 + - + - x + - = 0 . 

a a a 


we have 


a + ft + y= 

a 


and 


fty + -> a + aft = - , 

H 


a fty = - -. 

if 


3. It can easily he shewn that the solution of the 
equat ions 

a i x + b x y + c,s = 0, 
u,K l ox + hjj + ex = 0, 


n 


x 


V 


b x e„ - b 3 c l c x a t — c./f, - a._,6 1 


Determinant Notation. 


■ 

4 . I he quantity is called a determinant of the 

second order and stands for the quantity a x b,-a 7 b xy so that 


^1) 


/ 1 — • 
°1 > 


Ex., (i) 


(ii) 


12, 3 
4, 5 

-3, 

-7, 


= 2x5-4x3=10-12= - 2; 

- 41 

_G = “ 3x (- 6 >-(-7)x(-4) = 18-28= -10. 



DETERMINANTS. 


U l> a 2> ( t'3 


5 . The quantity b lf b 2 , b. t 


( 1 ) 


juandty" deten,,ina,,t of ^nrd order and stands for the 


«. X 




^*2 * ^3 


— U, 


6i, b 


(, i> <V 


4- a, 


1^1, *2 

i ^ 1 > ^2 


( 2 ), 


i.e. by Art. 4, for the quantity 

«i (b-'C-j - b 3 c.J - a., (b,c 3 - 4„c, ) + «, (4, c ., - 4,c,), 

*'*• «, (Vs - 4 3 c a ) + a.. (4 3 c, - 4,0,) + « 3 (4,c a - 4„c,). 

+?'. "u d . etei '“ lmant of tlle tllird ol der is therefore reduced 
rule Uee C eteimmants of the second order by the following 

Take m order the quantities which occur in the first row 
of the determinant; multiply each of these in turn by the 
determinant which is obtained by erasing the row and 

column to which it belongs; prefix the sign + and - al- 
resufts 67 t<J thC P roducts thus obtained and add the 

Thus, if in (1) we omit the row and column to which n, 

belongs, we have left the determinant b “’ and this is the 

c c 

coefficient of a x in (2). J; 

Similarly, if in (1) we omit the row and column to which 

« 2 belongs, we have left the determinant b " bj and this 
• c c 

with the - sign prefixed is the coefficient of a* in (2). 

1 — 2 — 3 

7. Ex The determinant - 4, 5, - 6 

-{5x(-9)-8x(-6)}+2x{(-4)(-9)-(-7)(-6}} 

-3x{(-4)x8-(-7)x5} 

= { -45 + 48} +2(36-42} - 3 { -32 + 351 

= 3-12-9= -18. 


= lx 


6)} 

(— 7) x 5} 
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8 . The quantity 


a \ i a n a 3> a \ 

6 ,, b 2 , b st b 4 
Ci > c., 

: *A > ^2 > ( ^3 > ^4 


» O, C, 


is called a determinant of the fourth order and stands for 
the quantity 



b .\, 


b 

4 

^ 1 J 

V 

1 

a l x 

c ;> 

<• 3 , 

C 4 “ (f 2 X 

C l > p 3> 

<*4 


, 


«*„! 





K 

b 2i 

K 



6 2 , 

6,1 

+ a i x 

Cl, 

C'2 y 

c ‘i 

— X 

c \ y 

0 , 

<•3 






- 1 .. 


c/ 3 


and its value may he obtained by finding the value of each 
of these four determinants by the rule of Art. G. 

The rule for finding the value of a determinant of the 
fourth order in terms of determinants of the third order is 
clearly the same as that for one of the third order given in 
Art. G. 

•Similarly for determinants of higher orders. 


9 . A determinant of the second order lias two terms. 
One of the third order has 3x2, i.e. G, terms. One of the 
fourth order has 4x3x2, i.e. 24, terms, and so on. 


(1) 


(4) 


<*J 


lO. Era. Prove that 


2, -3 

4, 8 

9. 8 , 7 

0. 5, 4 

3 , 2 , 1 

<i » h, q 
K b, f 
0 • f, c 


= 28. ( 2 ) 


-0, 

-4. 


t 

9 


= 82. (3) 


5, 

2, 

9, 


= 0 . 

(3) 

a, 

3, 

-K 

c 

c 

1 


a. 

b , 

- c 


-3, 7 

4,-8 
3, - 10| 

= 4a 6 c. 


= -98. 


= abc + 2/ffh - a / 2 - by* - ch\ 




elimination. 


5 


Elimination. 


11 . 


Suppose we have the two equations 

+ a 2 y = 0. 

b lX + b.j/ = 0 . (2)’ 

between the two unknown quantities a- and v. There must 
be some relation holding between the four coefficients a a 
b,. For, from (1), we have ” “ 2 > 


X 


V 


and, from (2), we have — = 


V 


o.> 

< 

K 

V 


Equating these two values of - we have 

V 

ba 0 




a 


z.e. 


— a 2 b i = 0.(3). 

n * Th f the condition thafc both the equations 

(1) and (2) should be true for the same values of x and ?/. 

he process of finding this condition is called the elimi¬ 
nating of x and y from the equations (1) and (2) and the 
result (3) is often called the eliminant of (1) and (2). 

Using the notation of Art. 4, the result (3) may be 
written in the form f 1 ’ a * = 0. 

y 

_ m h - is I* 3 *}* is °, bta ! ned from (1) and (2) by taking the 
coefficients of x and y in the order in which they occur in 

the equations, placing them in this order to form a determi¬ 
nant, and equating it to zero. 

12 . Suppose, again, that we have the three equations 

a x x + agj + a 3 z = 0.(1), 

b x x+ b 2 y + b 3 z = 0 .(2), 

and c x x+ c&+ c 3 z = 0.(3), 

between the three unknown quantities x , y f and z. -/ 
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By dividing each equation by s we have three equations 

between the two unknown quantities - and-. Two of 

^ z 

these will be sufficient to determine these quantities. By 
substituting their values in the third equation we shall 
obtain a relation between the nine coefficients. 

Or we may proceed thus. From the equations ( 2 ) and 
(3) we have 

-«• »/ _ z 

3 “ ^i c -2 Vi - b x r 3 b x c 2 - boC 1 ‘ 

Substituting these values in ( 1 ), we have 

a \ (&£» ~ & 3 C 0 ) + « 2 (b 3 c x - b x c 3 ) + a 3 (b x c 3 - b a c x ) = 0 ...( 4 ). 

This is the result of eliminating x, y, and z from the 
equations (1), (2), and (3). 

But, by Art. 5, equation (4) may be written in the form 


, (t l » a 3 

b x , b 2 , b 3 



This eliminant may be written down as in the last 
article, viz. by taking the coefficients of x , y, and £ in the 
order in which they occur in the equations (i), ( 2 ), and ( 3 ), 
placing them to form a determinant, and equating it to 


zero. 


13. Z2x. II hat is the value of a so that the equations 

ax + 2y + 3z = 0, 2a* - 3 y + 4 z = 0, 
and o.r-f 7//-8r = 0 

may be simultaneously true / 

Eliminating x, y, and z , we have 




i.e. «[(- 3) (-8) —4x7]-2[2x( —8) —4x5] + 3[2x7-5x(-3)] = 0, 

ie - a[-4]-2[-3G] + 3[29] = 0, 


a 


72 + 87 
4 


159 
4 * 


so that 


ELIMINATION'. 


7 


. If again we have the four equations 

a x x + a.j/ + a.jZ + a 4 ?c = 0 , 
b v v + b.jj -f bjZ + b 4 u = 0, 


and 


c lX + C.. 1 J + c.jZ + c 4 u = 0 , 
d v x + d. 2 y + djz + d 4 u - 0, 


it could be shewn that the 
quantities x, ?/, c, and u is th 


result of eliminating the four 
e determinant 


i a l> 

V -a 


I y 

6*, 

^3 > 

Ci, 

C*2 y 

^3» 



d\ > d *, d 3 , d 4 , 


A similar theorem could be shewn to be true for n 

equations of the first degree, such as the above, between 
n unknown quantities. 

It will be noted that the right-hand member of each of 
the above equations is zero. 



CHAPTER II 


COORDINATES. LENGTHS OF STRAIGHT LINES AND 

AREAS OF TRIANGLES. 


15. Coordinates. Let OX and OY be two fixed 
straight lines in the plane of the paper. The line OX is 
called the axis of x, the line OY the axis of y, whilst the 
two together are called the axes of coordinates. 

The point 0 is called the origin of coordinates or, more 
shortly, the origin. 

From any point P in the 
plane draw a straight line 
parallel to OY to meet OX 
in M. 

The distance OM is called 
the Abscissa, and the distance 
MP the Ordinate of the point 
P, whilst the abscissa and the 
ordinate together are called 
its Coordinates. 



Distances measured parallel to OX are called x, with 
or without a suffix, (e.g. x u x,... x\ x'\...) y and distances 
measured parallel to OY are called y, with or without a 
suffix, (e.g. y,, y 2> ... y\ y”,...). 

Tf the distances OM and MP be respectively x and y, 
the coordinates of P are, for brevity, denoted by the symbol 
(*> 2 /)- 

Conversely, when we are given that the coordinates of 
a point P are ( x , y) we know its position. For from 0 we 
have only to measure a distance OM ( = x) along OX and 



coordinates. 


1' 

then from M measure a distance 1f/> /_ \ ,, , 

and we arrive at the position of the point 7 * ° to °f 

m the ti<rure if ()\f ' r c ^ • * or example 

then P is the point (1, 2)° Unit ° f 1<? ' ,gth and 

rou'ekwards"''tVbfcomf 01'^ i/a" ?'?■ lil , le and 
"” e have the same rule as to si.ms (ft “ «eoiuetry 
already met with in Trigonometry student has 

measured TarXl'S ^ ^ ^ those 

parallel to dl e ISe m “ d 

negative. positne and those parallel to <91" are 

If 1\ be in the quadrant YOX' and P If , 1 ™, 
parallel to the axis of y, meet OX' in d/ o i / I 11 
numerical values of the quantities OM and //'/< ‘l he 

and 6, the coordinates of P are (- a and b) and ti e posUion 
Of A is given by the symbol b). position 

Sin ^ larl y > lf Abe in the third quadrant X'dP' both of 

of 0 °,/ rd r d t/T h eSatiVe ,’ 5 nd ’, * the numerical >«££ 

symbol 3 (It - i 3 " " ’ ‘ en ** iS den ° ted thc 

oosifi^nnd Pj ’‘r ‘ n the fourth quadrant its abscissa is 
positive and its ordinate is negative. 

17. E X . Lay down on paper the position of the points 
(i) (2, -1), (ii) (-3, 2), and (iii) (-2, - 3 ) 

a distance 

then 2 parallel to"oy P ° iQt ’ ” measU,e a dlstance 3 al «“g OX', and 
3 plrallef to h Or hird P ° int ’ "' 6 measure 2 aI °»S OX- and then 
the figure otTrLl^ a ” res P ectiveI y the Points P t , P ,, and P, in 

of A^' 1 r? VI ‘ en t l he a , XeK ° f coordin ates are as in the figure 

Ax«!n!?rt ! r lSlt angles > the ^ are said to be Oblique 
Axes, and the angle between their two positive directions 

“aii*br 
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In general, it is however found to he more convenient to 
take the axes OX and OY at right angles. They are then 
said to be Rectangular Axes. 

It may always be assumed throughout this book that 
the axes are rectangular unless it is otherwise stated. 

19. The system of coordinates spoken of in the last 
few articles is known as the Cartesian System of Coordi¬ 
nates. It is so called because this system was first intro¬ 
duced by the philosopher Des Cartes. There are other 
systems of coordinates in use, but the Cartesian system is 
by far the most important. 

20. To find the distance between two jioinls whose co¬ 
ordinates are given. 

Let 1\ and 1\ be the two 
given points, and let their co¬ 
ordinates be respectively (x x ,y x ) 
and (t 2 , y 2 ). 

Draw i and 1\ J/ 2 pa¬ 
rallel to OY, to meet OX in 
J/, and J/o. Draw P..R parallel 
to OX to meet J/, P x in R. 

Then 

P\R = J/ oJ /1 = 0M X — 0 M. = x\ — ax,, 

RP x = M x P x -MJ\ = yi -y iy 

and z P 2 RP x = l 0M x P x = 180° - P x M x X = 180° - to. 

AVe therefore have [ Trigonometry , Art. 164] 

/W = PfF + PPf ~ 2 Pfi . IiP x cos P.,RP X 

= (x x - x..y + (y, - y .y - 2 (x x - t 2 ) (y, - y a ) cos (180*- to) 

= ( x i “ xj 2 + (7i - 72)2+ 2 - Xj (y x - Ys ) cos co...(l). 

If the axes be, as is generally the case, at light angles, 
we have to = 90’ and hence cos<o = 0. ° 

The formula (1) then becomes 

■^i P? = ( x i - -' C V + (y, — y 2 )-, 



distance between two points. 11 

two points ^ ths tUUCe betweeu tl,e 

J&T-*4* + . n 

is /£— 7 l l? di8tan “ of the P uillt (•*.. *.) from the origin 

<*/$ M, »"- •*>- 

“•S J! “- 

will bTfoZltobelruffor 0 air SiSDS ° f C °° rdinat -' «>• formula 

points. 

As a numerical example, let 
M ° e the point (5, G) and P„ 
be the point (-7, -4), so that 
we have 

x i = 5 » */, = 6, x 2 = -7, 
and y a = -4. 

Then 

^2^ + = 7+5 

and =-r 2 + .r„ 

i?Pj = Bil/j + il/jPj = 4 + G 

„. = ~Vt + Vi- 

lhe rest of the proof is as in the last article. 

Similarly any other case could be considered. 

• 22 : To -fiV- d , tU coordinates of the point which divides 

Z iZ l ° (mi : the line joining two given points 

Wri V\) and (a; 2 , y 2 ). 



YV 



• ■ * * » » 

J>1 be the Point (xj, yi ), P 2 the point (at,, y 2 ), and P 
the required point, so that we have 


P\P : PP 2 :: m, : m. 
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D P . be the P oint (*» V) so that if pM t and 

^V- be drawn parallel to the axis of y to meet the axis of 
x in J/,, M y and J/ 2 , we have 

0J/r . = r >. J\ = Vo O.V=x, MP = y, 0M t = a- 21 
and J/ 2 />„ = yj . 

Draw A", and Pit, parallel to OX, to meet MP and 
J/ 2 / J o in Ji x and h\ respectively. 

Then P, It, = .1/,.!/ = 0.1/ _ 0.!/, = a; - a:,, 

^ = •'/.!/. = 0M. - 0 J/ = ax, - a:, 

MP , y _ yi , 

and = .)/./'„ _ .)//> = y ., _ y 

From the similar triangles P,It,P and PRJ\ we have 

Tn i P i P _ P\P, x — a*, 

“ >/• " 


7/1 




a*;. — a* 


•' • 7/t, (a 3 - a) = nu (x - a ,), 


i. e. 

rti.xm. r x, 
x = —-— 1 . 


7/1 x 4- 7/1., 

Again 

m, J\P RJ> y - y, 

O 

"h PP-. JU\ ~y 2 -y’ 

so that 

m i (lR ~y) = r ’h (y - y,), 

and lienee 

_ "h!R + m j/, 


7/1, + m 2 


The coordinates of the point which divides 1\P in 
ternally in the given ratio //i, : m 3 are therefore * 2 


+ Sgl and + m ^i 

I - • 


m, -f m 


+ m 2 


If the point Q divide the line PJ\ externally in the 

IP rsit. lt\ i p «n tliof I* C\ • / J Z> ..... s 17 i. 


same ratio, i.e. so that P X Q : (?/>„ 
would be found to be 


• • 


7,l i • its coordinates 


~ m ?*l und m iy 2 - m, yi 

m i “ m. 


m i “ m 2 


The proof of this statement is similar to that of the 
preceding article and is left as an exercise for the student. 



LINES DIVIDED IX A GIVEN RATIO. 13 

ioinl7k^ thC n ' iddle ^ *- 


a*! + x 
o 


and 


y i + y» 


. i. 


In any triangle ABC prove that 

A r>- + A C- = 2 (.1 D- + DC -), 
where D is the middle point of DC. 

pen die id ar the^axVof y™ ^ *’ * liu ° tl,rou K h B P«- 

(*i . I y 1 t ).' BC7= ‘ , ’ S ° tha ‘ C ' S thG PO ‘ nt <"• 0>> niul Ict ^ be tJie poiut 
Then D is the point . 

Hence 


AD 2 =(x l -0 + yf, and DC-=f~ 



Hence 


Also 


and 


Therefore 

Hence 


2 (AD* + DC"-) = a fx* + y* - + "-] 

= 2.rj 2 + 2 y* - 2ax l -f a 2 . 

AC 2 =(x l -a)* + y l 2 , 

AJJ* = x* + yi *. 

AB 2 + AC 2 = 2x 2 + 2y 2 - 2 ax x + a 2 . 

AB 2 + AC 2 =2 (AD 2 + DC 2 ). 

nrtf*' w tri ? n # le and D > E > and F are the middle points 

S if CS . BC A CA ’ and AB; P rove that the Point which divides AD 
ntenially in the ratio 2 : 1 also divides the lines BE and CF in 
the same ratio. 

Hence prove that the medians of a triangle meet in a point. 

Let the coordinates of the vertices A, B, and C be (x ., ?/,) (x n \ 
and (x a , y 3 ) respectively. V 1 Jlh 1 2 ’ j2,t 

The coordinates of D are therefore au j Va + Vs # 

2 2 

Let G be the point that divides internally AD in the ratio 2 • 1 
and let its coordinates be x and Tf. * * 

By the last article 

.To + x. x 

• m 

2 


2x^ r - 3 + lx,. 


T = 


2 + 1 




X, -f X., + X 


3 


So 


y_yi+y«+Vs 
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In the same manner we could shew that these are the coordinates 
of the points that divide BE and CF in the ratio 2:1. 

Since the point whose coordinates are 


^i±52±£3 > yi + y a + y 3 

3 U 3 

lies on each of the lines AD, BE, and CF. it follows that 
lines meet in a point. 

This point is called the Centroid of the triangle. 


these three 


EXAMPLES. I. 


Find the distances between the following pairs of points. 

1. (2,3) and (5,7). 2. (I, -7) and (-1,5). 

( - 3, - 2) and ( - 0, 7), the axes being inclined at GO 0 . 

(a, o) and (o, b). 5 , (b + c , c + a) and (c + a, « + &). 

(a cos a, a sin a) and (a cos p, a sin p). 

(amp, 2am l ) and ( amp, 2am.). 


3 . 

4 . 

6 . 


7 . 

/ 8- Lft y a ° wn ,n a fipure the positions of the points (1, -3) and 

( 2, 1), and prove that the distance between them is 5. 

und 9 (3 ^'"bey 10 ValUC ° f ^ thC <listancc between t»>e points (x lt 2) 

x ^ ^ De ‘ r °/ 10 ant ^ oue end is at the point (2 - 3) • 

>Uhe abscissa of the other end be 10, prove that its ordinate must be 

11 Prove that the points (2a, 4a), (2a, Ga), and (2a + J3a da) 
are the vertices of an equilateral triangle whose side is 2a. ’ 

12. Prove that the points (-2,-1) (1 01 ll «n /i 
at the vertices of a parallelogram. h ( (h 3) ’ an<l (1 ’ 2 > are 

at the angular points of a rectangle. ' ' ' ’ ' ’ aUj h 1J nre 

14. Provo that the point ( - }{) i s ,] 10 centre of the circle 

mT(”“ , S) 1 " 8 he tnant;le ' vbose an 8 ular points are (1, 1), ( 2, 3), 

Find the coordinates of the point which 

ratio'3 ? 4 V . ideS liDe j ° ining the P oints 0. 3) and (2. 7) in the 

16. divides the same line in the ratio 3 : - 4 

to 1 ,!; -ft S ihT»: B 3 nd the line joining (- 1, 2) 



[Exs. I.] 


examples. 


to ( 


7) i i'L d the i ratio7 l ‘ y 5 ftQti exterui ‘ 11 -'- «>• joining 
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(~3, -4) 


find the coordinatls'ofthe pohuTof traction." 1 ( _ 3 ’ 4) is tlisecteJ ! 


into^four eqwl™ of “/p&u of LTou^ 


qi -p- , . i'~***i o v^i &euuon. 

and externally the^ne^^fn^the^ 1 ’^ " hich divide » internally 

« + &) in the ratio « 3 ?2. 8 P ° U ( “ + *’ a ~ to the Point 


=saw» 


X-1J + 1=0. 


. ^ ^ ko the ceDtroid of a triancle A Tie nnrJ e i, 0 „ *i 

point, prove that 8 auc and O be any other 

3 (GA 2 + GJ3-+ GC 2 ) = BC 2 + CA‘ 2 + AB~, 

OA 2 + OB 2 + OC 2 = GA 2 + GB-+ GC 2 + 3G0 2 . 


and 




fx 2 v i /l' *\ C ’, D — ^ re n poin . ts in a Plane whose coordinates are 
diVi^PH ^3» 2 / 3 )^^^ is bisected in the point G, • G C is 

d^ded^at o n the ratio i : *i C.O is divided at G, in’the’ratio 

exhausted. Shevt ^n^LIVo^atld £ 

Xi+jc 9 + Xi + ...+x n and yi +y 2 + y ;t +...+ ?/w 

n /i 

point?] 8 P ° int “ the Centr ° ° f Mean Po8ltloa of the n given 

distn^o ? rove th ? fc * P oi nt can be found which is at the same 
distance from each of the four points 


«J ’ G"" 2 ’ ’ ( a "' 3 ' >t 3 ) ■ and ( 




■J f 4 ', 2 °]»-°ve that the area of a trapezium, i. e. a *W- 
. two sides parallel, is one half the sum of the 

two parallel sides multiplied by the perpendicular distance 
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Let A BC D be the trapezium having the sides AD and 
BC parallel. 

Join AC and draw AL perpen¬ 
dicular to DC and CX perpendicular 
to AD, produced it necessary. 

Since the area of a triangle is one 
half the product of any side and the 
perpendicular drawn from the opposite; angle, we have 

area A BCD = A A DC + Ad CD 

= h. BC.AL+h.AD.CX 
- ^ (BC + AD) x AL. 



25. To find the area of the triangle, the coordinates of 
whose angular points arc given, the axes being rectangular. 


Let ABC be the triangle 
and let the coordinates of its 
angular points A, B and C be 
( x i> '/«)> (* r -o .'/•.•)> and (x 3 , t/ 3 ). 

Draw AL, BM, and CX per¬ 
pendicular to the axis of x, and 
let A denote the re<juired area. 

Then 



A = trapezium A LXC ~ t rapezium CXMIi- trapezium A LMB 
= (LA + XC) + IXM (XC + MB) -\LM (LA + MB), 

by the last article, 

= 2 [(^J “ x i) (Z/i + 'JA + (•'*•.• - x 3 ) (Vi + l/j) - (x.. - #,) (y x + y 2 )]. 
On simplifying we easily have 

= 1 (*lY 2 “ ^Y? + ^3 — 2 + x 3 Y 1 — xiYs), 


or the equivalent form 

~ h [• t ’i (fo ~ Vi) + x 'i (Z/a ~ y x ) + X 3 (l /1 “ Vi)\ 

If we use the determinant notation this may be written 
(as in Art. 5) 



1 


* 1 , y 1 > 1 

•* 3 * y-a 1 • 

• c 3 y y 31 1 ; 


Cor. I lie area of the triangle whose vertices are the 
origin (0, 0) and the points (x u yj, (x 2 , y. 3 ) is £ (x,y 2 -x# } ). 








area of a quadrilateral. 
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dionlars A ‘fivTnwT' 11015 ' / f the , ftxes bo ° bb ‘l'>e. the perpen- 

>J S , bu. are equal respectively toy, sin c, y., sin a., and y., sin l *' J 
The area of the triangle in this case becomes 

- siu w I r i?/2 “ x AJi + *r 2 >/ 3 - * r a//j + - .rjy 3 }, 

| ,r i» Ifi* 1 

, <f ‘ §sin«x .r 2 , j/ 2 , 1 

l* r 3» Usi 1 

o J??/- In ° ld 5 r that tlle expression for tlie area in Art. 25 mav h« 
a positive quantity (as all areas necessarily are) the points A 11 ^ n d 

C must be taken in the order in which they would be met bv a 

mannp S Jf rt . lDg , fr ° m A aud walkin g ™und the triangle in such a 
nner that the area of the triangle is always on his left hand 

Otherwise the expressions of Art. 25 would be found to be negative 

2 8. To find tlie area of a quadrilateral the coordinates 
oj whose angular points are given. 



Let the angular points of the quadrilateral, taken in 
order, be A, B, C y and D y and let their coordinates be 
respectively {x ly y,), {x. 2i y.,) t (x^ y. i ) i and (x 4 , y 4 ). 

Draw AL, BM, CN y and DR perpendicular to the axis 
of x. 

Then the area of the quadrilateral 
= trapezium ALRD + trapezium DRNC + trapezium CNMB 

— trapezium ALMB 

= \LR {LA + RD) + %RJT(RD + JVC) + \NM{NC + MB) 

- \LM{LA + MB) 

= £{(# 4 - x i) (vi + yj) + (^ 3 - ^4) (2/3 + 2/4) + {*2 - ^3) (y-s + 2/2) 

- - *1) (yi + 2/2)} 

~ 2 {WJa ~ x&i) + (^22/3 - ^ 2 ) + {a^y 4 - x& 3 ) + {xy x - x,yj }. 
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29. The above formula may also be obtained by 
drawing the lines OA, OB , OC and OD. For the quadri¬ 
lateral A BCD 

= A OBC + A OCD - A OB A - A OAD. 

But the coordinates of the vertices of the triangle OBC 
are (0, 0), (x 2 , y 2 ) and (.x* u , y ..); hence, by Art. 25, its 
area is i (.r„y s - x.^y.,). 

So for the other triangles. 

The required area therefore 

= i ~ + (^4 - x&z) - (.r^ - a:,^) - (a*,y 4 - .c 4 y,)] 

= i [(* x *i Vi ~ x &i) + (^3 ~ + (^4 ~ X i!/ 3 ) + (^1 ~ X \Va)\ 

In a similar manner it may be shewn that the area 
of a polygon of n sides the coordinates of whose angular 
points, taken in order, are 

(•*i> !/))> ( x a y»)> ( j 3> yz ),• • • (•*■„, 

* s i [(^12/2 - x 'iU\) + (-^3 - av/ 2 ) + ... + (x* n y, - x,y n )]. 

EXAMPLES. II. 

Find tho areas of the triangles the coordinates of whose angular 
points are respectively 

I. (1,3), (-7,0) and (5, -1). 2. (0, 4), (3, 6 ) and (- 8 , -2). 

3. (5, 2), (-0, -3) and (-3, -5). 

4. (< 1 , b + c), («, b-c) and (-<?, c). 

5. ( a,c + a ), («, c) and (-a, c-a). 

6 . ( (l cos , b sin 0 ,), (a cos <p 2 , b sin <p 2 ) and (a cos <p s , b sin <pj\. 

7. ( am i 3 . (am„ 3 , 2am.,) aud (am*, 2 <i»« 3 ). 

8 . (nmjmj, a (wq + m»)) t {am 2 m iy a (m.,-r w* 3 )} and 

{am 3 )vi|, a (wij + i/ij)}. 

9 - l""' 1 ' ,t] - [""=• ;rj ond f 1 • 

Prove (by shewing that the area of the triangle formed by them 13 
zero) that the following sets of three i^lnts are in a straight line : 

10. (1.4), (3, -2), and (-3, 10). 

11 . (“4»8), (-5,0), and (-8,8). 

12 . (a, 6 + c), (b, c + a), and (c, a+ 6). 



[Exs. II.] 


POLAR COORDINATES. 
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«J8? iS&rs? “■* —- —• 

13. (1, 1), (3,4), (5, -2), and (4, -7). 

14. (-1,G), (-3, -9), (o, -8), aud (3,9). 

P aud Ph?™® th f. OI ?R in * ami if tbe coordinates of any two points 
P, and P. be respectively (.r,, y,) and (.r,. y a ), prove that 1 

OPj. OPo . cos PjOPo = jrj.ro + y ,y.j. 

w v,!L°: ^° lar Coordinates. There is another method, 

. hlch is often used, for determining the position of a point 
in a plane. r 


Suppose O to be a fixed point, called the origin or 
pole, and OA a fixed line, called the initial line. 

\6iJaP ai ^i ° ther . P ° infc f j n . the P lane of the paper and 
•J , - lh e Position of P is clearly known when the 

^^8 ® XOP and the length OP are given. 

j [l^ or giving the angle XOP shews the direction in which OP is 
direction 11 / 6W1Ug th ® distauce 0P telIs the distance of P along this 


The angle XOP which would be traced out by the line 

UI in revolving from the initial line OX is called the 

vectonal angle of P and the length OP is called its radius 

'ector. The two taken together are called the polar co¬ 
ordinates of P. 


If the vectorial angle be 6 and the radius vector be r , the 
position of P is denoted by the symbol (?•, 0). 

. The radius vector is positive if it be measured from the 
ongin O along the line bounding the vectorial angle; if 
measured in the opposite direction it is negative. 


,... Construct the positions of the points (i) (2, 30 c ). 

(ii) (3, 150°), (iii) (-2, 45°), (iv) K) K h 

(-3, 330°), (v) (3, -210°) and (vi) 

(-3, -30°). ' V ' 

(i) To construct the first point, 
let the radius vector revolve from 
OX through an angle of 30°, and 
then mark off along it a distance 
equal to two units of length. We 
thus obtain the point P 2 . 

(ii) For the second point, the ra 
through 150° and is then in the poaitS 

filAn/v *4 _•_ i ^ 



. V —— — — — ^ iii VliO LJ ViJl L 

along it we arrive at P 2 . 


a .v^ecfor revolves from OX 
i me^|T^r^g a distance 3 


■ 

f 

V 


A.:,:. A 


I St c\o 




t- r t te 


\ 




20 


COORDINATE GEOMETRY. 


(ui) For .the third point, let the radius vector revolve from OX 
through *4-3° into the position OL. "We have now to measure along 
(, L a distance-2, i.e. we have to measure a distance 2 not along OL 
but in the opposite direction. Producing LO to 1\ , eo that Ol\ is 
“ units of length, we have the required point 1*. A . 

f° ur th point, we let the radius vector rotate from 
().\ through 330 into the position OM and measure on it a distance 
-3, t e. 3 in tlie direction MO produced. We thus have the point 1*. 
which is the same as the point given by (ii). 

(v) If the radius vector rotate through -210°, it will be in the 
position and the point required is P n . 

fvi) For the sixth point, the radius vector, after rotating through 
3 is in the position OM. We then measure -3 along it, i.e. 3 in 
the dnection MO produced, and once more arrive at the point 1\. 

32. It will be observed that in the previous example 
tin? same point 1\ is denoted by each of the four sets of 
polar coordinates 

(3, 150 ), (-3, 330°), (3, -210°) and (-3, -30°). 

In general it will be found that the same point is given 
by each of the polar coordinates 

(/*, 0), (— r, 180° + 0), Jr, -(36O’-0)} and J-r, -(180’-0)1, 

or expressing the angles in radians, by each of the co¬ 
ordinates 

0)» (~ r , ~ + 0) y Jr, - (2?r - 0)\ and J- r, — - 0)\. 

It is also clear that adding 3G0° (or any multiple of 
3(30 ) to the vectorial angle does not alter the final position 
of the revolving line, so that (r, 0) is always the same point 
as (r, 0 + n . 3G0°), where n is an integer. 

8°, adding 180° or any odd multiple of ISO’ to the 
\ectorial angle and changing the sign of the radius vector 
gives the same point as before. Thus the point 

[-r, 0 + (2n+ 1) 180°] 

is the same point as [- r, 6 + 180°], i.e. is the point [r, $]. 

33. Jo find the length of the straight line joining two 
points whose polar coordinates are given. 

Let A and Jl be the two points and let their polar 
coordinates be (r„ 0,) and (r 2 , 0 a ) respectively, so that 

0A = r i, OJl = r„ t XOA = 0 J , and l. XOB = 0 2 . 



POI.All COORDINATES. 
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Then (Trigonometry, Art. 1G4) 

AJP - OA- i OB- - 20A . OB cos A 0B 

= rp + r 2 2 - 2;y, cos (0, - Of 

T °, Jhl,{ , th '' a, ' e " 0/ tr “'»V'e the coordinates of 
ti/i 06 e angular jyoints are given. J 

( r Jfbe the , b nl ^ tri ; U, S Ie a >>: 1 let O',, ^), ('•„ ft,), and 
V 7 3 j t'a; oe the polar coordinates of 

its angular points. , ^ 

We have v 1 C 

aabc = aobc + a or a 

-A OB A .(1). 

.Now 

a one = bon. oc sin noc 

[ Trigonometry , Art. 198] o 
= b ?y * a sin (<9 3 - Of 

So A OCA = bOC. OA sin CO A = sin (0 l - OJ, 
and A OAB = bOA . OB sin A OB = br 1 r 2 sin (0 A — #.,) 

= - Jr,r 2 sin (0 2 - tfj). 

Hence (1) gives 

A ABC = £ [r 2 r 3 sin (0 3 - 0. 2 ) + Vl sin (0 i - 0 3 ) 

+ 7y„sin (0. 2 - 0,)]. 

35. 1 o change from Cartesian Coordinates to Polar 

Coordinates , and conversely. 

Let P be any point whose Cartesian coordinates, referred 
to rectangular axes, are x and y, 

and whose polar coordinates, re¬ 
ferred to 0 as pole and OX as 
initial line, are (r, 6). 

Draw PM perpendicular to OX 
so that we have 

OM=x, MP = y , i_ MOP = 0, 
and Qp =r x J "o 

From the triangle MOP we 
have 

x = OM = OP cos MOP — r cos 0 .(1 

y — MP = OP sin MOP — r sin 6 .(2), 



r= 0P= fOM 2 + MP 2 — Joe* + y 2 


( 3 ). 
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and 


tan 0 = 


Ml' y 

CLl/ x 



Equations (1) and (2) express the Cartesian coordinates 
in terms of the polar coordinates. 

Equations (3) and (4) express the polar in terms of the 
Cartesian coordinates. 

I he same relations will be found to hold if P be in any 
other of the quadrants into which the plane is divided by 

XOX' and Yor. 

Ex. ( 'luiiujc to Cartesian coordinates the equations 

(1) r=asinO , and ( 2 ) = a^ cos^. 

(1) Multiplying the equation by r, it becomes r- = </rsintf, 

»'.<*. by equations (2) and (3), x- \-y-=ay. 

(2) Squaring the equation (2), it becomes 

r=acoe 2 - = (1 + cost?), 

*•£. 2r 2 = ar -f ar cos t?, 

2 (x 2 + r/ 2 ) = a N /i»Tp + no-, 

(2x 2 + 2;/ - ux) 2 = a 2 (x 2 + i/ 2 ). 


EXAMPLES. HI. 


Luy down the positions of the points whose polar coordinates are 


1. (3, 15°). 2. ( - 2, - 00 c ). 3 . 

5. (-1. - 180 °). 6. (1. - 210 °). 7 . 



(4, 135°). 4 . ( 2 , 330 c ). 

(5. - 675°). 8 . («. . 

11 . (-*.-£)• 


Find the lengths of the straight lines joining the pairs of points 
whose polar coordinates are 


12. (2, 30") and (4, 120°). 
14. (*, ^ and ( 3r;, ^. 


13. (-3, 45°) and (7, 10o c ). 




[Exs. III.] 


examples. 
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15. Prove that the points (0. 0), (s. ' ) . and (». Z) f olm an equi- 

lateral triangle. V “ \ b / 1 

points n are' e aTCaS ° f triftu " les the coordinates of whose angular 

16. (1, 30°), (2, 60°), and (3. 90°). 

17. (-3, -30°), (5, 150°), and (7. 'dlO 3 ). 

18. l) ’ ( a > I) • and (- 2«. - ^) ■ 

points“ d th<i P ° Iar coordinates (drawing the figure in each case) of the 

19. tf = N /3, ?/ = l. 20. a*= — s / 3, y = 1. 21. x=-l, ? / = 1 . 

the no"!nW rtGSi f D CO ° 1 1 i . nates drawing a figure in each case) of 
uie points Pilose polar coordinates are ' 


23 -(- 5 -l)- 24 .( 5 ,-?). 

Change to polar coordinates the equations 

25. a- + 7/ 2 = a 2 . 26. 2 / = a*tana. 27. * 2 -f ?/ 2 = 2a x. 

28. x*-y*=2ay. 29. a?=y*(2a-x). 30. (x 2 + ?/ 2 ) 2 = a 2 (x 2 - y* )m 

Transform to Cartesian coordinates the equations 
31. r=a. 32 0 = tan -1 m. 33. r = accs0. 

34. r = a sin 20 . 35. 7- 2 _ a 2 cos 20. 36. r 2 sin 20 = 2a 2 . 


• (*• 5 ) ■ 
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■ ( 5 ’ 3) • 


37. r- cos 2 d = a 2 . 


38. r- cos 


39. r* = a*sin|. 


40. r (cos 30 + sin 30) =51* sin 0 cos 0. 


L 



CHAPTER III. 


LOCUS. EQUATION TO A LOCUS. 

36. AY hen a point moves so as always to satisfy a 
given condition, or conditions, the path it traces out is 
called its Locus under these conditions. 

I* or example, suppose 0 to be a given point in the plane 
of the paper and that a point 1 * is to move on the paper so 
that its distance from 0 shall be constant and equal to a. 
It is clear that all the positions of the moving point must 
lie on the circumference of a circle whose centre is 0 and 
whose radius is a. The circumference of this circle is 
therefore the “ Locus” of P when it moves subject to the 
condition that its distance from O shall be equal to the 
constant distance a. 

37. Again, suppose A and Ji to be two fixed points in 

the plane of the paper and that a point P is to move in 

the plane of the paper so that its distances from A and Ji 

are to be always equal. If we bisect AJi in C and through 

it draw a straight line (of infinite length in both directions) 

perpendicular to A li, then any point on this straight line 

is at equal distances from A and Ji. Also there is no 

point, whose distances from A and Ji are the same, which 

does not lie on this straight line. This straight line is 

therefore the “Locus’ of P subject to the assumed con¬ 
dition. 

38. Again, suppose A and Ji to be two fixed points 
and that the point P is to move in the plane of the paper 
so that the angle APB is always a right angle. If we 
describe a circle on AJi as diameter then 1° may be any 
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point on the circumference of this circle, since the angle 
in a semi-circle is a right angle; also it could easily be 
ie\yn that APB is not a right angle except when /lies 
on this circumference. The “Locus” of P under the 
assumed condition is therefore a circle on AB as diameter 


39. One single equation between two unknown quail 
titles x and y , e.y. 

x + y=l .( 1 ), 

cannot completely determine the values of x and y. 



>1 

f > • • • 


Such an equation has an infinite number of solutions. 

Amongst them are the following : 

x ~ * = 2,| *= 3,1 

^=1/’ y = 0)’ y = - l)> y = — 2 f ’ *” 

^ = - 1 d x = -2,\ 

y= 2J ’ y — 3/’ •” 

L^t us mark down on paper a number of points whose 
coordinates (as defined in the last chapter) satisfy equation 

Let OX and OY be the axes of coordinates. 

If we mark off a distance OP l (=1) along OY , we have 
a point P x whose coordinates (0, 1) clearly satisfy equation 

If we mark off a distance OP 2 (= 1) along OX, we have 
a point P 2 whose coordinates (1,0) satisfy (1). 
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Similarly the point P 3i (2, - 1), and 1 \, (3, - 2), satisfy 
the equation (1). 

Again, the coordinates (— 1, 2) of P 5 and the coordinates 
(- 2, 3) of P 6 satisfy equation (1). 

On making the measurements carefully we should find 
that all the points we obtain lie on the line PJ\ (produced 
both ways). 

Again, if we took any point Q y lying on I\P. ly and draw 
a perpendicular Q. 1/ to OA , we should find on measurement 
that the sum of its x and y (each taken with its proper 
sign) would be equal to unity, so that the coordinates of Q 
would satisfy (1). 

Also we should line! no point, whose coordinates satisfy 
(1), which does not lie on P X P». 

All the points, lying on the straight line PJ\, and no 
others are therefore such that their coordinates satisfy the 
equation (1). 

This result is expressed in the language of Analytical 

Geometry by saying that (1) is the Equation to the Straight 
Line PJ\. b 


40. Consider again the equation 

r + .( 1 ). 

Amongst an infinite number of solutions of this equa¬ 
tion are the following: 

O 


* = 2,) 

R 

II 

GJ 

Ol 

II 

H 

X= 1 1 

<< 

II 

o 

y=l /’ 

ii 

ii 

*=?b 

*=- 1.) 

a = -s/2.) 


y = 2J ’ 

CO 

II 

y = s/2 J 

’ y= l J 

* = -2,1 

x— s /3,| 

* = “ «/ 2 > 1 

*=■-1. ) 

ll 

o 

V 

y =-i /’ 

II 

1 

/ 

IG 

1 

II 

* = 0, ) 

2/ = -2/’ 

*=i» ) 

y=-V a/’ 

*=v/2, ) 

and 

y=-i J 



equation to a locus. 


27 


p c 3 

Y - p 4 

p 

•a* 

# 

• 

• 

• 

• 

• 

\Q 

,'':\p 

• • 

+ • § 

# # • * 

p: 

r 9\ 

% 

O M /fj . 

• 

p\ 

»p 

.* T6 

p\ 

* P —.. 

■ P 

... • p 

*12 

p 14 

*7 r* 


points 11 / 1 ';- 6 r nt V re r « s Pf ctive ‘y represented by the 

/ V 13 ’ 7 a* • •• 7 i«. and they 
will all be found to lie on the 

(lotted circle whose centre is O 
and radius is 2. 

. ^ so > if we take any other 
point Q on this circle and its 
ordinate QJf, it follows, since 
OJ/- + J/Qi = OQ 2 = 4, that the a; 
and y of the point Q satisfies (1). 

The dotted circle therefore 
passes through all the points whose 
coordinates satisfy ( 1 ). 

the lan gu age of Analytical Geometry the equatioh 
(1) is therefore the equation to the above circle. 

• As anotller example let us trace the locus of the 

point whose coordinates satisfy the equation 

T . . » S = 4 *.(!)• 

" we > rive x a negative value we see that ?/ is im¬ 
possible; for the square of a 

real quantity cannot be nega¬ 
tive. 

We see therefore that there 

a r® :no points lying to the left 
of OY. 

If we give x any positive 
value we see that y has two 

leal corresponding values which 

aie equal and of opposite signs. 

The following values, 
amongst an infinite number of 
others, satisfy (1), viz. 

x~0, 



~ 0 ?) *= 1 , l x=2, 

= 0/’ y = + 2 or - 2/ ’ y = 2 v /2 

-s}. 


y 

X= 4 1 

y = + 4 or - 4 J ’ 


:}• 


x= 16 , 


or - 2^/2 

X = + CO , ) 

y = 8 or — 8 f ’ y — + ao or — 00 / ’ 

P T * e first of these points and P x and Q lt 

2 and Q 2j P z and Q 3i ... represent the next pairs of points. 


• • • 
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If we took a large number of values of x and the 

corresponding values of y, the points thus obtained would 

be found all to lie on the curve in the figure 

© * 

Both of its branches would be found to stretch away to 
infinity towards the right of the figure. 

Also, if we took any point on this curve and measured 
with sufficient accuracy its .rand y the values thus obtained 
would be found to satisfy equation (1). 

Also we should not be able to find any point, not lying 
on the curve, whose coordinates would satisfy (1). 

In the language of Analytical Geometry the equation 
fl) is tie* equation to the above curve. This curve is called 
Parabola and will be fully discussed in Chapter X. 

42. I f a point move so as to satisfy any given condition 
it will describe some definite curve, or locus, and there can 
always be found an equation between the x and y of any 
point on the path. 

1 his equation is called the equation to the locus or 
curve. Hence 


Def. Equation to a curve. The equation to a 
curve is the relation which exists between the coordinates of 
any point on the curve , and which holds for no other points 
except those lyimj on the curve. 


43. Conversely to every equation between a: and y it 
will be found that there is, in general, a definite geometrical 
locus. 

Thus in Art. 39 the equation is #+y=l, and the 
definite path, or locus, is the straight line P x P t (produced 
indefinitely both ways). 

In Art. 40 the equation is x* + y 2 = 4, and the definite 
path, or locus, is the dotted circle. 

Again the equation y= 1 states that the moving point 
is such that its ordinate is always unity, i.e. that it is 
always at a distance 1 from the axis of x. The definite 
path, or locus, is therefore a straight line parallel to OX 
and at a distance unity from it. 
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V 1 th ^ n f xt f ha P ter ^ "ill be fomul that if the 

product"' bl? ‘ e !"' S f de S ree <«>■ if it contain no 

C0r.t S nond1 qUiU,eS ’l Or g ler P °" erS ° f * JUld V) the locus 

coiresponding is always a straight line. 

it the equation be of the second or higher denee the 
coi iesponding locus is, in general, a curved "line. ° 

W<5 append a fe "' si»'pl® examples of the forma¬ 
tion of the equation to a locus. 

fromlwo'nhi/'!!" 1 " w , veS , S ° “ K al »‘ bru <‘ of it, distances 

find the equation tJTtflocuf """ “ C °" S """ entity a ; 

be a^Tv uninV Vie s . tr . ni 8 b ‘ lines as ‘be axes of coordinates. Let (.r, y) 
Ui , P ? satisfymg the given condition. We then have * + ,, = a 

on 1, relat *. ou connecting the coordinates of any point 

tV •?, I s 1S the equation to tlie locus. 

a Straight mie° Und tbC nCXt cha P ter that this equation represents 


/ Ml „ 2 * 2 1l f sum °J the squares of the distances of a moving point 

aultitu o^° Jl *? d P°"' ts K 0) and (-«, 0) is equal to a constant 
? intity 2c . Find the equation to its locus. 

(?» V) be any position of the moving point. Then, by Art. 20, 
the condition of the question gives 


{( x - «) 2 + if-} + {(x + a) 2 + y 2 } = 2c 2 , 

%e ‘ X 2 +7/ 2 = C 2 -« 2 . 

• being the relation between the coordinates of any, and every, 

point that satisfies the given condition is, by Art. 42, the equation to 
the required locus. 


This equation tells us that the square of the distance of the point 

th' l dloru or \gi n is constant and equal to c 2 — a 2 , and therefore 
e locus of the point is a circle whose centre is the origin. 


Eac. 3. A point moves so that its distance from the point (-1,0) 
18 alicays three times its distance from the point (0, 2). 

,, ( x * V) bo <*W7/ point which satisfies the given condition. We 

then have 

V(* + l) a ■+ (</ - Op=3 J(X - op + (y - 2f, 
so that, on squaring, 

ar 2 + 2x +1 + y 2 = 9 {x 2 + y 2 - 4y + 4), 

i e - 8 (x 2 + y 2 ) - 2x - SGy + 35 = 0. 

This being the relation between the coordinates of each, and 
every, point that satisfies the given relation is, by Art. 42, the 
required equation. 

a circl W ^ ^ ^ oun< *> * u a later chapter, that this equation represents 
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EXAMPLES. IV. 

By taking a number of solutions, as in Arts. 39—41, sketch 
the loci of the following equations : 

1. 2x-f3^ = 10. 2. Ax-y = l. 3. **- 2ax + y 2 = 0. 

4. x- - 4</x + y 2 + 3« 2 = 0. 5. xj 2 = x. 6. 3j* = j/ 2 - 9. 



A and li being the fixed points (ri, 0) and (- a, 0) respectively, 
obtain the equations giving the locus of P, when 

8. PA 2 - PIf 2 — a constant quantity — 2k~. 

9. PA = nPL>, n being constant. 

10. PA +PB = c , a constant quantity. 

11. PIP + PC 2 = 2PA‘, C being the point (c, 0). 

12. l'ind tlie locus of a point whose distance from the point (1, 2) 
is equal to its distance from the axis of \j. 

bind the equation to the locus of a point which is always equi¬ 
distant from the points whose coordinates are 

13. (1, 0) and (0, -2). 14. (2, 3) and (4, o). 

15. (« + &, a-b) and (u-b, a + b). 

bind the equation to the locus of a point which moves so that 

16. its distance from the axis of x is three times its distance from 
the axis of y. 

17. its distance from the point (a, 0) is always four times its dis¬ 
tance from the axis of y. 

18. the sum of the squares of its distances from the axes is equal 
to 3. 

19. the square of its distance from the point (0, 2) is equal to 4. 

20. its distance from the point (3, 0) is three times its distance 
from (0, 2). 

21. its distance from the axis of x is always one half its distance 
from the origin. 

22. A fixed point is at a perpendicular distance a from a fixed 
straight line ami a point moves so that its distance from the fixed 
point is always equal to its distance from the fixed line. Find the 
equation to its locus, the uxes of coordinates being drawn through 
the fixed point and being jjarallel and perpendicular to the given 

23. I» the previous question if the first distance be (1), always half, 

and 1 2), always twice, the second distance, find the equations to the 
respective loci. 


CHAPTER IV. 


the straight line, rectangular coordinates. 


77 , To f lnd the equation to a straight line which it 
parallel to one of the coordinate axes. 


Let CL be any line parallel to the axis of 'll and passing 
through a point C on the axis of x such that OC = c. 

Let P be any point on this line whose coordinates are 
& and y. 


Then the abscissa of the point P is 
always c, so that 

x = c .( 1 ). 

^I 1 * 8 being true for every point on 
the line CL (produced indefinitely both 
ways), and for no other point, is, by 
Art. 42, the equation to the line. 

It will be noted that the equation does 
coordinate y. 



not contain the 


. Similarly the equation to a straight line parallel to the 
axis of x is y = d. 


Cor. The equation to the axis of x is y = 0. 
The equation to the axis of y is x = 0. 


47. To find the equation to a straight line which cuts 
°m a, given intercept on the axis of y and is inclined at a 
given angle to the axis of x. 

Let the given intercept be c and let the given angle be a. 
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Lot C be a point on the 
Through C draw a straight 
line LCL 'inclined at an angle 
a (= tan" 1 m) to the axis of x, 
so that tan a = m. 

The straight line LCL' is 
therefore the straight line 
required, and we have to 
find the relation between the 
coordinates of any point P lyi 

Draw PM perpendicular 
through C parallel to OX. 


axis of y such that OC is c. 



ng on it. 

to OX to meet in X a line 


Let the coordinates of P be x and y, so that OM = x 
and MP = y. 


Then MP = iVP + MX = CX tan a+OC = m.x + 




y = mx-f c. 


This relation being true for any point on the given 
straight line is, by Art. 42, the equation to the straight 
line. 


[In this, and other similar cases, it could be shewn, 
conversely, that the equation is only true for points lying 
on the given straight line.] 

Cor. The equation to any straight line passing through 
the origin, i.e. which cuts off a zero intercept from the axis 
of y, is found by putting c = 0 and hence is y = mx. 


48 . The angle a which is used in the previous article is the 
angle through which a straight line, originally parallel to OX, would 
have to turn in order to coincide with the given direction, the rotation 
being always in the positive direction. Also rn is always the tangent 
of this angle. In the case of such a straight line as All , in the figure 
of Art. 60, in is equal to the tangent of the auglc XAP (not of the 
angle I*AO). In tins case therefore m, being the tangent of an obtuse 
angle, is a negative quantity. 

The student should verify the truth of the equation of the last 
article for all points on the straight lino LCL', and also for straight 
Hues in other positions, e.g. for such a straight line as A.jD s in the 

figure of Art. 69. In this latter case both m and c are negative 
quantities. 

. L careful consideration of all the possible cases of a few proposi¬ 
tions will soon satisfy him that this verification is not always 
necessary, but that it is sufficient to consider the standard figure. 
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intercept 3fronf the negative (Urectiou^rth^ 1 -“® cutti "K . off »» 
at 120 ° to the axis of x> is ax,s °f y, and inclined 

y = x tan 120° +(-3), 

Y' y ~ — x s /3 — 3 , 

°f s&g: z «*» 

J 0 "1 f J£, oV’l “ nd 0 >' *"<■ ■« 

Join ^1/i and produce it in¬ 
definitely both ways. Let P be Y 

any point (x, y) on this straight \ 

line, and draw PM perpendicular § sP 
to OX. 

We require the relation that °x~~ 
always holds between x and y so 
long as P lies on AB. 

By geometry, we have 

ompb mp ap 

OA AB' ancl ~OB=AB * 


AB 
AB * 


z.e. 


OM MP PB + AP 
OA + OB AB = 1 ’ 

X y 
—I- — — 1 


, f- lnS It l h u le , f i° re , the rec l uired equation ; for it is the 
relation that holds between the coordinates of any point 

lying on the given straight line. J 1 

bye*pres?inVthTfac?thJ h fV, PreCedi ? 8 i. article may be also obtained 
and equal to OAB, ° f ^ ° £ ‘ he trian ^ 

h ax y + ibxx=^axb f 

and hence ^ 4-^=1 

a b 

thrown Thl'nniPiZ 1 'if T' 10 " t0 the ttraight Line passing 
opposite signs, from the two^es^" 0 ° ff lnteTce P U ' e 1 ual b ’“ °J 

_^Let the intercepts cut oft from the two axes be of lengths a and 


2 
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The equation to the straight line is then 


(i -a 


= 1 , 


. . x- ,/ = a ./n 

n S 4^h^r ld,t l O, \ th0 strai - ht Hne is to RO through the point 
- 4), these coordinates must satisfy (1), so that 1 

3 - ( - 4) = u, 

nml therefore a = 7 

'1 ho required equation is therefore 

P ! ( nnd ls Slu U l,uU thf portion of it between the axesis 

divided by the point in the ratio of 1 : 2. 

Let the required straight line be * + | = 1. This meets the axes 
in the points whose coordinates are (a, 0) and (0 b) 

the ’ lino joinine ,l,e3£ 


2 . n + 1 .0 2.0+1 . b 

imr an< >- 

-+1 2+1 


i.e. 


If this bo the point ( - 5, 4) we have 

2 a . 4 b 
-o = — and 4=-, 

6othftt n= - Y and 6=12. 

The required straight line is therefore 

x V . 

‘ = 1 , 


and l. 


-V 12 




oy -Sx = GO 


S3. To find the equation to a straight line in terms of 
the perpendicular let fall upon it from the origin and the 
angle that this perpendicular makes with the axis of x. 

Let OR he the perpendicular from O and let its length 
be ]>. ° 

Let « be the angle that Oil makes ^1 Y 
with OX. B \ 

Let P be any point, whose co- \ _ 
ordinates are a: and y, lying on ABi L>\ D 

draw the ordinate PJf 9 and also ML / 

perpendicular to Oil and PX pernen- X*' N>, J\ A _ 

dicular to ML. ^ OM \ 


N< 
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the straight line. 


Thei 


and 


But 


OL = OJf cos a . /1 , 

Lit -- Xr=- x.-\r/\ . ’ 

‘ - VJ/ /’ = 90° - z XMO = _ mo L __ „ 

T-R = 31 P sin a. /.), 

Hence, adding (1) and (2), we have 

OJf cos a + d/P sin 0L +LR^oii = v . 

* e - x cos a + y sin a = p. 

Tliis is the required equation. 

• S4 ' . In Arts - 47 — 53 "' e have found that the correspond 

“ih " y ‘ nt *" * -•< >•' "= 

For the most general form of such an equation is 

Ax + £y + C = 0 ./jx 

and ^ are constants, f.e. quantities which do 

points'onTthe^locus. * ~ *>r ah 

the kJcuil’f the iquitionO).^ 3 ’ ^ ^ *** ^ ° U 

Since the point (a?,, y,) lies on the locus, its coordinates 
when substituted for a: and y in (1) must satisfyTt 

Hence Ax x + By 1 + C = 0 . (O). 

-Ax 2 + Jfty., + C = 0 ./3\ 

* nd ^ x 3 + By* + C — 0 ./4\ 

t] Tlnd V r eqUati ° nS hoW between the three quanti- 
sA B y and C , we can, as in Art. 12, eliminate them. 

the result is 

yi, l 

. x *> y** 1 I=° .(5). 

I y^j 1 | 

trianHe A h t ' 25 ’ th . 6 relation ( 5 ) sta tes that the area of the 
triangle whose vertices are (*„ Vl ), (*„ , A ), and (*,, ^ is 

Also these are any three points on the locus. 
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1 he locus must therefore be a straight line; for a curved 
line could not l.e such that the triangle obtained by joining 
any three points on it should lie zero. * J ° 

tree Art™?. P F P or1he OD e,;ua!ror eCedinK al *° 

Ax + By+C—0 

may he written 




C 
B ’ 


and this is the same as the straight line 

'J = nu: + c, 

The equation Ax + By + C= 0 

therefore represents a straight line cutting oil an intercept from 
the axis of ,J ami inclined at an angle tan"' d\ to the axis of j. 

56. We can reduce the general equation of the first 

ree Ax + fjy + c = 0. /1 \ 

to the form of Art. 53. 

*or if ,, be the perpendicular from the origin on fl) 

and <x the angle it makes with the axis, the equation to the 
straight lino must he 


degree 


Hence 


x cos a + y sin a— p = 0 . (oy 

This equation must therefore he the same as (1). 

cos a sin a — p 

~JF = ~c ’ 

\/cos 3 a -f sin 3 a 1 

,, JA 1 + J!> 

ilence 


cos a 


A ‘ 

sin a 


C -A '-—]} 


J A 1 + J f- 


cos a = 


A 


sin a = 


-z . c 

,— - ~ , and n = — - . - . - 

V A - + IP Ja z + jf 


\ lA' + lP* 

The equation (1) may therefore he reduced to the form (2) 

Kw * 1 * • i i /tt: — . ' / 


i w ---vv VUV iv/i 1 U V W / 

constant lfc * by + and arranging it so that the 
constant term is negativ’e. 




57. E 


Here 


THE STRAIGHT LINE. 

Red"ce to the perpendicular form the equation 

x + ltj 3 + 7 = 0 . 

s /a -+ a* = s /mr= x /4= 2 . 
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( 1 ). 


Dividing (1) by 2 , we Lave 


i.e. 


i.e. 


% x + y-~ + $ = o, 

.r cos 240 ° -f ? / sin 240 ° - £ = q 


the first dljreT* ** Kne * iven h V of 

Let the equation be 

(a) This can be written in the form .* ' 

x y 


C + 

B 


= 1. 


Comparing this with the result of Art. 50, we see that it 

represents a straight line which cuts off intercepts - C - a „d 

G . ^ 

~~B trom the axes - Its position is therefore known. 

If C be zero, the equation (1) reduces to the form 

A 

V ~ B x ’ 

and thus (by Art. 47, Cor.) represents a straight line 
passing through the origin inclined at an angle tan- (- A ) 

to the axis of *. Its position is therefore known. V 

(ft) The straight line may also be traced i* 

the coordinates of any two points on it. 7 m ® 

If we put y= 0 in (1) we have x = -£. 

/ C \ A 

0 ) therefore lies on it. 


The point 
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( 


If we put x = 0, 

C\ 

0, - \ lies on it. 

Hence, as before, 


line. 


N'e have y — — so that the point 
we have the position of the straight 


59. Ex. Trace the straight lines 

(1) 3x-4y + 7 = 0; (2) 7-r + 8// + 9 = 0; 
(3) 3 y = x\ (4) x = 2; (5) y=- 2. 



(1) Putting y = 0, we have x = - J, 
and putting j = 0, we have y = \. 

thehne 8Uring ° A ' ^ aloDg tbe axis of x we have one point on 


Measuring OTl x {—%) along the axis rf y we have another point. 
Hence A X D X , produced both ways, is tlio required line. 

. ^ Putting in succession y and x equal to zero, we have the 

intercepts on the axes equal to - £ and - §. 

If then OA 2 = - 9 and 011.,= - $, we have A 3 lf 2 the required line. 

(3) The point (0, 0) satisfies the equation so that the origin is on 
the line. ° 


Also the point (3, 1), i.e. C 3 , lies on it. The required line is 
therefore OC 3 . 

^. ^J 1 ® hne 2 is, bv Art. 40, parallel to the axis of y and passes 
through the point A 4 on the axis of x such that OA 4 = 2. 

.t ^. y* 1 .® line y= - 2 is parallel to the axis of x and passes through 
the point li 6 on the axis of y, such that OH i= - 2. 

Straight Line at Infinity. 'Wc have seen 
that the equation Ax + Jhj + (? = 0 represents a straight line 



STRAIGHT LINE JOINING TWO POINTS 
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which cuts off intercepts and - £ f 

F j ana p iiom the axes of 

coordinates. 

^ vanis]), but not />’ nr /'* ± 

of a? is infinitely «reat Tl> ’ * n ^ erce P fc on the axis 
then reduces to °tft, T equatlcm of tlle straight line 
Art Aft “ ' he f01,11 2/ = constant, and hence as in 

A.t 46 represents a stra.ght line parallel to dr 

tercepts £ are n ho^ . + va,lisl1 - but not <?, these two in- 

o- - o. “ jssys :sz; tN * «-%» ii ~ 

o-™. r sr* lio " 

2a; — 3y + 5 = 0 and 10.c - 15y + 25 = 0 
represent the same straight line. 

ser,to nVerSeIy ’ if tWO e( l uation s of the first decree renre 

the other H tF r S J V ine ’ ° ne equation m °st be equaf to 

her nmltiphed by a constant quantity so tint 

ratios of the corresponding coefficients^iust be the same. 

For example, if the equations 

a iX + b x y + c, = 0 and A lX + B x y + C x = 0 

represent the same straight line, we must have 

_ b\ Ci 

A i ~ ~B X = C[ • 

62. To find the equation to the straight line which 
passes through the two given points (x, y') and (x\ y"). 

By Art. 47, the equation to any straight line is 

y mx + c .( 1 ). 

By properly determining the quantities m and c we can 
make (1) represent any straight line we please. 

If (1) pass through the point (x, y), we have 

y' = mx + c .(9). 

Substituting for c from (2), the equation (1) becomes 

y-y' = m (x - x ). (3). 
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This is the equation to the line going through (x, y) making 

an angle tan" 1 m with OX. If in addition (3) passes through 
the point (x", y"), then ° 



1 

> 

II 

giving 

O © 

y" — ?/ 

»» = ‘4 — , 


X — X 

Substituting 

this value in (3), • 

equation 

y-y'- y " -y '( 

y y X" — X' 


as the required 


63. Ex. Find the equation to the straight line which passes 
through the points (-1, 3) and (4, -2). 

Let the required equation be 

y = tux -f c .(1). 

Since (1) goes through the first point, we have 

3= -tube, so that c = m + 8. 

Hence (1) becomes 

y = mx + m + 3.(2). 

If in addition the line goes through the second point, we have 

— 2 = 4w + w3, so that m~ — 1. 

Hence (2) becomes 

y=-x + 2, i. e. x + y = 2. 

Or, again, using tlie result of the last article the equation is 

i. 

y 4-x — 2. 


r ^° definitely the position of a straight line we 
must have always two quantities given. Thus one point 
on the straight line and the direction of the straight line 
will determine it; or again two points lying on the straight 
line will determine it. ° b 

Analytically, the general equation to a straight line 
will contain two arbitrary constants, which will have to be 
determined so that the general equation may represent any 
particular straight line. 

Thus, in Art. 47, the quantities in and c which remain 
the same, so long as we are considering the same straight 
line, are the two constants for the straight line. 
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Similarly, in Art. 

constants foY the straight’line. < l l,antlt,es * an <* ar © the 


Which l0CUS the * ua " titie » * -Hi * 

called Current S t t ,"” 7 P ° lnt °'\ the locus - 
traced out W a poTnt^h ^^ ~ 

EXAMPLES. V. 

Find the equation to the straight line 

axi^of^ond^indin'ed'at •tff^tothe'axis'of POritiv - directi °'> the 

incld,ed U to i t a ifo°a ff se a s n ~ 5 fr ° m the axis of ^nd being equally 

axis 3 of C ;‘and R in lrd Lllo'To OX™™ ** directi °“ »f the 

an angL U lau-4 ff to a ?he n a C X Ts el of 3 fc °“ tbe axis of * Alined at 
Fmd the equation to the straight line 

5. cutting off intercepts 3 and 2 from the axes. 

6. cutting off intercepts - 5 and C from the axes 

»-S <?”«? J 3 «aSSf-«S 5 * *“•» -**••• ■- 

(1) equal in magnitude and both positive. 

(2) equal in magnitude but opposite in sign. 

the poinfc^ 1, ^^an^cmt^flTequa^distances f rom*the^two ^xes* r ° Ug k 

the 9 gi™ point (T^and ist a T^ t b nC Wbich *““• through 
part intercepted between the axes glVGn point bisects th « 

the noint n f d *> the straight line which passes through 

aawass s&r, r um - * **— 

Trace the straight lines whose equations are 

11 . * + 2 y + 3 = 0. 12 . 5 x — 7 y — 9 — o. 

13. 3x + 7j/ = 0. 14. 2x-3y + 4 = 0 . 

foUow^g^paiTo^points': ^ Straieht lin6S passin e ‘^ugh the 


15. (0, 0) and (2, -2). 
17. (-1,3) and (6, -7). 


16. (3, 4) and (5, 6). 
18. (0, -a) and (6, 0). 
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[Exs. V.) 


19. 

20 . 


22 . 

23. 

24. 


(a, b) and (<i + b t a - b). 

("I,-, 2at,) and („!./, 2a,..). 21 . and (a,,, 

(a cos <p x a sin 0 |) and (u cos <p., , a sin 0 .,). 

(a cos 0 ,, sin 0 ,) and (a cos 0 a , o sin 0 ,). 

(a sec 0 ,, b tan 0 ,) and (a sec <p.., b tan 0 S ). 

Find the equations to the sides of the triangles the coordinates of 
whose angular points are respectively 

25. (1, 4), (2, -3), and (-1, -2). 

26. (0. 1 ), ( 2 , 0), and (- 1 , - 2 ). 

27. Find the equations to the diagonals of the rectangle the 
equations of whose sides are .r = ,/, x = a', y = b , and ij = b\ 

28. Find the equation to the straight line which bisects the 
distance between the points (a, b) and (a', b') and also bisects the 
distance between tho points (-a, b) and (<i' t -l’). 

29. Find the equations to the straight lines which go through the 
origin and trisect the portion of the straight line 3 x + i/ = 12 which 
is intercepted between the axes of coordinates. 


Angles between straight lines. 

66. Jo find the angle between two given straight lines. 

Let the two straight lines he yl A, and A A*, meeting the 
axis of x in A, and A 2 . 




T. Let their equations be 

y = jn l x + c l and y = in,x + c 2 .(1). 

By Art. 47 we therefore have 

tan A A, -V = m x , and tan A A a A’ = j/l 2 . 

-d L = A A, X — i A L..X. 
tan A, A A 2 = tan [A A, A — A A 2 AT] 
tan A A j A — tan A A 2 X 
1 + tan A Aj X . tan A A« X 1 + 


Now 



angles between straight lines. 

Hence the required angle --- _ L , A L 
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= m 2 


1 + 




tit/u" s"L^LTLfth™^\f a tl q C a r i,y <*> b f ^ P-itive qunn* 
»t is the tangent of the obtuse angled V6Cn 5 if "native, 

IT. Let the equations of the straight lines he 

A lX+ J} ll/ + Cl = 0, 

a,K \ . . . J,* + Ay + C s = 0. 

By dividing the equations hv /? and /i tl , 

written 1 * » aiKi -"21 they may be 

A . C, 


and 


,v A’ 

A - C.» 

!>.» 7/, 


Comparing these with the equations of (I.), we see that 

/f 4 


7?ij- tt , and ?/?., = — ~ 2 

-'■*1 " 7>. 


Hence the required angle 


-tin-! m i-™2 , 

— tan -= tan 1 

A 4- w, m.y 


±x 

B 


■ - (- % 


1 + 


tan" 1 


(- (- 


A 

B 


(3). 


A, A., + B 1 B 2 

III. If the equations be given in the form 
x cos a. + y sin a — p l= z 0 and « cos fi + y sin B = 0 

Sh’sritsr £r “ “»•*** ™ k '„ 

t J 1 - at an 2 le betw een two straight lines in which 
origin lies, is the supplement of the an<de between the 

is X"- 8 ’ and the angle between thes e perpendiculars 

the [ two’lin^ftheu d thf poh d “ ‘ 7? ‘ ° a'n d” 7 r™ * he ° r - gin upon 

hence the angles and a.‘e edLere^r supplement.J 
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67. To find the condition that two straight lines may 
be parallel. * 

Two straight lines are parallel when the angle between 
them is zero and therefore the tangent of this angle is zero. 

The equation (2) of the last article then gives 

mj = m 2 . 

„ strai *M lines whose equations are given in the 

m form are therefore parallel when their “m’s” are the 

sanie, or, in other words, if their equations differ only in 
the constant term. 

The straight line A x + By + C = 0 is any straight line which is 
parallel to the straight line Ax + l!y + C = 0. For the -m's” of the 
two equations are the same. 

B tra^hMine C Jrt ti0n A + = 0 clearly represents the 

Ax +By + C = 0 SCS °” 8 P ° int {X '' ’ /l “ ,,d ' 9 P arallel 

Hie result (3) of the last article gives, as the condition 
for parallel lines, 

ft i d 2 — A i //, = 0, 

A \ d 2 

ft x ft . * 


i.e. 


®, 0 ;, „ Ex - th i equation to the straight tine, which passes 

o igh the point (4, - 5), and which is parallel to the straight line 

3 x + iy + 5 — 0.(n 

form' 0 Stra ‘ 8llt lino which is Parallel to (1) has its equation of the 

3x + 4?/ + C=0..(2). 

[For the “m” of both (1) and (2) is the same.] 

This straight line will pass through the point (4, -5) if 

3 x 4 + 4 x ( - 5) + (7=0, 
if <7=20-12 = 8. 

The equation (2) then becomes 

3x + Ay + 8 = 0. 

69. To find the condition that two straight lines , whose 
equations are given,, mag be perpendicular. 


Let the straight lines be 


and 


y~m x x + Cj, 
y = 7n?x + c 2 . 





CONDITIONS OF PERPENDICULARITY. 

If 6 be the angle between them we have, by Art. 66, 
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tan 0 = ~ 


. 0 )- 

tlnol «l eS b<3 Pe, ' Pendiculai > then 0 = 90”, and therefore 

be iSnite Sl and a tht °l e< » uation <‘) ->«t therefore 

is zero ’ Can ° nl >' happe " "' hen its denominator 

The condition of perpendicularity is therefore that 

1 + m 1 m. 2 = 0, i.e. nij m 2 = — l. 

The straight line y = m x + c , is therefore perpendicular 
to y = m 1 x + Cj, if m. 2 = - 1 


7)1 


It follows that the straight lines 

A 1 x+B i y + C l = 0 and + B. 2 y + <? 2 = 0, 


- v ^ j 

which 7n x — and rn. 2 = - ~ , are at right angles if 


i.e. if 


(- 4 ) (-*)—• 

•^ 1^2 +^^ = 0 . 


straight lines” ^ pr6Cedin S arfcicIe fol >— that the two 

A X x + B x y + C X = 0. n) 

and . o . 

are at right angles; for the product of their m 's 

A x B x 

Also (2) is derived from (1) by interchanging the coefficients 
of x and y, changing the sign of one of them, and changing 
the constant into any other constant. h 


The straight line through (a/, y’) perpendicular to (1) is (2) 
where - A,y' + C 2 =0, so that C 2 = A lV '- B r c’. 

This straight line is therefore 

B 1 (x-x')~A 1 (y — y') = 0 
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l'ind the equation to the straight line which passes 
through the point (4, -5) and is perpendicular to the straight line 

3x + 4y+ 5 = 0.(1). 

First Method. Any straight line perpendicular to (1) is by the 
last article 

lx-3»/ + C = 0.(2). 

[We should expect an arbitrary constant in (2) because there are 
an infinite number of straight lines perpendicular to (1).] 

The straight line (2) passes through the point (4, -5) if 

4x4-3x(-5) + C = 0, 

C= - 1C- 15= -31. 

The required equation is therefore 


4x-3y = 31. 

Second Method. Any straight line passing through the given 
point is 


r/-(-5) = m(x-4). 

This straight line is perpendicular to (1) if the product of their 
w s is - 1, 

>f m x ( - $)= - 1, 

if m = j. 

The required equation is therefore 


2/ + 5=$(x-4), 

4x-3// = 31. 

Third Method. Any straight line is y = mx + c. It passes through 

the point (4, -5), if 

-5 = 4m + e.(3). 

It is perpendicular to (1) if 

”»x(-2)= - 1 . (4). 

Hence m = f and tlicn (3) gives c = -*J. 

The required equation is therefore y=*x - A,*, 

4x - 3y = 31. 

(In the first method, we start with any straight line which is 
perpendicular to the given straight line and pick out that particular 
straight line which goes through the given point. 

In the second method, we start with any straight line passing 
through the given point and pick out that particular ouc which is 
perpendicular to the given straight line. 

In the third method, we start with any straight line whatever and 

determine its constants, so that it may satisfy the two given 
conditions. ° 

The student should illustrate by figures. 1 

,, Ex * , Fi ][ d //j f equation to the straight line which passes through 
the point (x , y ) and is perpendicular to the given straight line 

yy'=2a (x + x'). 
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the straight line. 

The given straight line is 

. . V'/~ 2«/.r-2fi.r' = 0. 

Any straiglit line perpendicular to it is (Art. 70) 

2a !/ + *y'+C = 0 . 

S5 

£ 5 ^' +: y/c=°, • 

Substituting in ( 1 ) f or C the required equation is therefore 

2a (y-y')+y , (x-.v)=o. 

To fi nd . the ^nations to the straight lines which 

S Z° U? a 9 , 1l ' e . n F°‘ tU (*’ y) make a given angle « 
7mt/l t/le given straight line y = mx + c. J 

be ZVY b n l he given poi " fc and let the given straight line 
oe making an angle 0 

with the axis of x such that 

tan 6 = m. 

In general ( i.e . except when 
a is a right angle or zero) there 
are two straight lines PJ/R and 
PAS making an angle a with 
the given line. 

Let these lines meet the axis of a; in R and S and let 
the^xTs^f ^ ngleS * and with the Positive direction of 

iXS c% " ,uire<l 

y - y = tail <h X (x - x) ./ 2 Y 

and y - y' = tan cf>' X (x - x') . (O) 

Now = LMR + Z. RLM = O. + 0, 

and </>'=/- LJSTS+ l. SLjY= (180° - a) + 0 . 

Hence 

tan <f> = tan (a + 0) = — a + tan * = tan a + m 

1 tan a tan 0 1 — ni tan a ’ 

tan <£' = tan (180° + 0 — a) 

= tan (6-a.)= tan ^ — tan a _ m - tan a 

1 + tan 0 tan a 1 + tan a * 



and 
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On substituting these values in (1) and (2), we have 
the required equations 

vi + tan a 


as 


y-y = 


and 


1 — m tan a 
vi — tan a 


- ( X - x), 


y-y = i-7— —x). 

1 + m tan a 


stru 


EXAMPLES. VI. 

Fiml the angles between the pairs of straight lines 

1. -t-j/ n / 3=.5 and v /3x+?/ = 7. 

2. x-4y = 3 and Gx-y=ll. 3. y = 3x + 7 and 3y-x = 8 . 

4. V - (2 - x /3) x + 5 and y = (2 + N /3) x - 7. 

5. ("**' - mu) y = (mn + a 2 ) x + w » am j + Wl 5) y ^ ^ x + wj3 

G. Find the tangent of the angle between the lines whose inter¬ 
cepts on the axes are respectively a, - b and b, -a. 

7. Prove that the points (2, - 1), (0, 2), (2, 3), and (4. 0) are the 

cooi<1 mates of the angular points of a parallelogram and find the 
angle between its diagonals. 

I' ind the equation to the straight line 

8\„ P i SSin 5 th ?" gl ' thc P° iut (-■ 3) and perpendicular to the 
straight lino lx - 3»/ = 10 . 

9. passing through the point (-0, 10) ami perpendicular to the 

10 passing through the point (2. -3) and perpendicular to the 
stinight line joining the points (3, 7) and ( - G, 3). 

11 passing through the point (-4, -3) and perpendicular to the 
st*night line joining (1,3) and (2, 7). 

12. Find the equation to the straight line drawn at right angles to 

the straight line - - | = 1 through the point where it meets the axis 
of x. 

13. Find the equation to the straight line which bisects, and is 
jwrpendicular to, the straight line joining the points (a, b) and 

thimol^r 0 that * V 10 c, l l,ation . to tho straight line which passes 
S,.* 6 P ol,, ‘ ( acos3 *> and is perpendicular to the 

straight line x sec 0 + y cosec 0=a is x cos 0- y sin 0 = a cos 20. 

15. Find the equations to the straight lines passing through (x\ ?/) 

and respectively perpendicular to the straight lines b K 1 V) 

*x' + yy'=a 2 . 


CExs. VI.] 


examples. 
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and 


•r.r ?/?/' 


+ * y'=a-. 

and 1 lxtf r ntlly: e the q ySt n n/'' ( e '»« ‘"/f "hicl. divide, internally 
and which are perpendicular to this’linc the ratio of 4 : 7 

inclined at 4./ to' 1 1 1 o°stra i’ht \ int'vo straight lines each 
and find also the area included by the*tliree lineF'^ 1 their e< l uations 

““ 2 ? ffla'-VScSt oTJt‘P" 

10 are y + 2 = 0 “ nJ J-A + ! + V8 = 0. 

given lines! P ( ’ ° } aud make e( * ual with the two 

o^J 3 o> £° i ! l “ t ,! he pointy, y') is on one side or , 

quantify AP Tp^CisniV ^ +C = ° —^ ^ 
(«/ y) ^ be the S iven slight line and P any point 

Through /> draw P<^, parallel to 
the axis of y, to meet the given 
straight line in Q , and let the co¬ 
ordinates of Q be (x\ y"). 

hav^^ nCe ^ ^ GS ° n tbe S* ven l* ne , we 

Ax' + By" + C = 0, 

so that y" = _ Ax' + C 



B 


( 1 ). 


* fc 1S f clear from the figure that PQ i 3 drawn parallel to 
the positrve or negative direction of the axis of /accordin' 

as P is on one Rule, or the other, of the straight line LM 
z ; e - according as y" is > or < y\ ’ 

Xm6 * acc ording as y" - y' is positive or negative. 
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Now, by (1), 

• 9 9 

y -y =- 






+ %' + c\ 


Tlie point (x , y ) is therefore on one side or the other of 
LM according as the quantity Ax' + By 1 + C is negative or 
positive. 


Cor. 

side of tl 
have the 
as C. 


The point (a:', y') and the origin are on the same 
>e given line if Ax + By' + C and A x0 + 7/x0 + 6' 
same signs, i.e. if Ax' + By' + C has the same sign 


If these two quantities have opposite signs, then the 
origin and the point (x\ y’) are on opposite sides of the 
given line. 


74. 1 he condition that two points may lie on the 

same or opposite sides of a given line may also be obtained 
by considering the ratio in which the line joining the two 
points is cut by the given line. 

For let the equation to the given line be 

Ax + By + C = 0.(1), 

and let the coordinates of the two given points be (a?,, y,) 
and (.r 2 , y 2 ). 

J he coordinates of the point which divides in the ratio 
,n \ : r// 2 the line joining these points are, by Art. 22, 

+ ^ m,i/ 8 + 7/i.a/, 

7a, 4- m 2 /a, + /a 2 . 

If this point lie on the given line we have 


J 


j + n m \ih + "Wt + c = 0 

7a, + w* a m,+77* a ’ 


n , 7a. Ax, + Bt/. + C 

■o that —- —_ 1 

A x, 2 + By 2 + C .' '* 

If the point (2) be bctivcen the two given points (x lt y,) 
and (a* 2 , y.,\ {,c. if these two points be on opposite sides of 
the given line, the ratio m x : ?a a is positive. 

In this case, by (3) the two quantities Ax^ + By x + C 
and Ax^ + //y 2 + C have opposite signs. 

1 lie two points (x ly y x ) and (a^,, y 2 ) therefore lie on the op- 
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posite (or the same) sides of the straight line Ax + R,/ + C = 0 
accoiding as the quantities Ax, + J},/ + C and Ax- + 7!,, + r 
have opposite (or the same) signs. 3 + ^ + 6 

Lengths of perpendiculars. 

7S. To find the length of the perpendicular let fall from 
a given point upon a given straight line. 



(i) Let the equation of the straight line be 

x cos a + y sin a — p = 0. (1 ) t 

so that, if p be the perpendicular on it, we have 

ON and l. XON— a. 

Let the given point P be (x, y'). 

Through P draw PR parallel to the given line to meet 
UA produced in R and draw PQ the required perpendicular. 

If OR be p\ the equation to PR is, by Art. 53, 

x cos a 4- y sin a —p' = 0. 

Since this passes through the point (x\ y'), we have 

of cos a -f y sin a — p == 0, 
so that p ' — x' cos a + y sin a. 

Hut the required perpendicular 

= PQ = NP = OP - ON = j/-p 
= x' cos a + y' sin a — p.(2). 

The length of the required perpendicular is therefore 

obtained by substituting x and y for x and y in the given 
equation. 

(ii) Let the equation to the straight line be 

Ax + By + C = 0. 

the equation being written so that C is a negative quantity. 






COORDIN AT K G EOM LTIt V. 



As in Art. 56 this equation is reduced to the form (1) 
by dividing it by \Ll 2 + If. It then becomes 

Ax Jhi C 


+ — 


II 


\U- + JP \A-+Jf s] A 3 + IP 


= 0 . 


cnce 


COS a = 


A 


JJ 


sill a — — 


and — 7 ) = 


V A - + If s'A 1 + If ’ 1 s/A 2 + If 

J he perpendicular from the point (x, y) therefore 

= x cos a 4- y sin a — p 

_ Ax' + By' + C 

s/A2 + ’ 

The length of the perpendicular from (x\ y) on (3) is 
therefore obtained by substituting x and y' for x and y in 
the left-hand member of (3), and dividing the result so 
obtained by the square root of the sum of the squares of 
the coellicients of x and y. 

Cor. 1. T1 ie perpendicular from the origin 

= C- JA* 4- 

Cor. 2. The length of the perpendicular is, by Art. 73, 
positive or negative according as (x\ y) is on one side or 
the other of the civen line. 


I he length of the perpendicular may also be 
obtained as follows : 

As in the figure of the last article let the straight lino 
meet the axes in L and M, so that 

OL = - ^ and 0M= - j . 

^ JJ 

Let l'Q be the perpendicular from P (x\ y) on the 
iven line and PS and PT the perpendiculars on the axes 
of coordinates. 

We then have 


rr 

O 


A PML 4- A MOL = A OLP 4 - A OPM, 

i.e., since the area of a triangle is one half the product of 
its base and perpendicular height, 

PQ . LM 4- OL . 0M= OL . PS + OM . PT. 



examples. 
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since C is a negative quantity. 
Hence 


.4 /; * c )> 


PQ 


so that 


/ 


A^ + U- 

Ati 


( C)+ a'7j~-a x v + {-b) 


v; I X OJ 


2>q _ •*-* + - 5 *// + £? 

Ja*T7p ' 


EXAMPLES. VII. 

Find the length of the perpendicular drawn from 

1. the point (4, 5) upon the straight line 3x + 4y = 10. 

2. the origin upon the straight line - - ^=1. 

3 4 

3. the point ( — 3, — 4) upon the straight line 

12(x + 6) = 5(y — 2). 

4. the point ( b t a) upon the straight line - - ^=1. 

a b 

, ?. Find the length of the perpendicular from the origin upon the 
traignt line joining the two points whose coordinates are 

(a cos a, a sin a) and {a cos /3, a sin /9). 

6. Shew tha t the product of the perpendiculars drawn from the 
two points (=*= tJaP—b-y 0) upon the straight line 

— cos 0 + % sin 0 = 1 is b 2 . 
a b 

7* If . P an ^ p’ be the perpendiculars from the origin upon the 
straight lines whose equations are x sec 0 + ?/cosec 0 = a and 

a; cos 0 — y sin 0= a cos 20, 
prove that 4p*+p’ 2 = a 2 . 

8. Find the distance between the two parallel straight lines 

y = mx + c and y = mx + d. 

9. What are the points on the axis of x whose perpendicular 
distance from the straight line 

a a 

10. Shew that the perpendiculars let fall from any point of the 
straight line 2a: + lly=5 upon the two straight lines 24x + 7y = 20 
and 4x — Sy = 2 are equal to each other. 
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[Exs. VII.] 


11. Find the perpendicular distance from the origin of the 
perpendicular from the point (1, 2) upon the straight line 

x-y/Sy + 4 = 0. 

77. To find the coordinates of the point of intersection 

two (jiven straight lines. 

L<*t the equations of the two straight lines be 

+ b x y + c x =0.(1), 

aI1( l aje + btf + c*^ 0.(2), 

and let the straight lines be AL X and A L 2 as in the figure 
of Art. GO. 

Since (1) is the equation of AL X> the coordinates of any 
point on it must satisfy the equation (1). So the coordi¬ 
nates of any point on AL., satisfy equation (2). 

Now tlie only point which is common to these two 
straight lines is their point of intersection A. 

The coordinates of this point must therefore satisfy 
both ( 1 ) and ( 2 ). 

If therefore A be the point (a*,, y x ) y we have 

a i x i + by, + c x = 0.(3), 

and <* 3*1 + b. 2 y x + <*•, = 0.(4). 

Sol ving (3) and (4) we have (as in Art. 3) 


O', 


?/i 


1 


h x c t - b.,c l c x a 2 — cm x a x b 2 - a.,b x ’ 

so that the coordinates of the required common point are 

b x c 2 - b 2 c x ^ ^ c x a 2 — cm x 
a l b 2 -aj) i a l b 2 —aJ> l 

78. The coordinates of the point of intersection found 
in the last article are inlinite if 

a x b 2 — aj> x = 0 . 

But from Art. G7 wo know that the two straight lines 
are parallel if this condition holds. 

Hence parallel lines must be looked upon as lines whose 
point of intersection is at an infinite distance. 
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’nJina££ ,d the CO ‘ ,<lilio ' 1 that traight lines may 

Let their equations be 

a i x + y + c t ~o .(i ^ 

a.*x 4- 5.,?/ -f c.> — 0. / o \ 

, V-h 

«» r + I>,y + C 3 = o.(3). 

of m y A J' t ; J 7 the coo, ' cHnatl ‘ s of tllc point Of intersection 
°t (1) and (2) are 

b x c. 2 — 5,r, ^ ^ c-jt/oj- <yr 




1 y CVI1V 

• , lf tl *? three straight lines meet in a point, the point of 
intersection of (1) and (2) must lie on (3). Hence the 
values (4) must satisfy (3), so that 


a 


x 6j+ j. x 


3 '' » » • ‘ i/*> -—— 

e. a 3 (b y c 2 - 5oC,) + b 3 (c x a 2 - c 2 a,) -f c 3 (a,6 2 - a 2 b x ) = 0, 

2 ‘ e * 0/1 (^2 C 3 — ^3 c s) + by (c. 2 a 3 — c.jCi.,) + c x ( ajb 3 — aj>. £ ) = 0 ... (5). 

. Aliter. If the three straight lines meet in a point let 
1 he (x lf y x ) f so that the values x x and y . satisfy tlie 
equations (1), (2), and (3), and hence 

a x Xy + b x y x + c, = 0, 

Cl^Xy + b.g/y 4- c 2 = 0, 

and a^y + b.g/y + c 3 = 0. 

The condition that these three equations should hold 
etween the two quantities x x and y x is, as in Art. 12 

1 b Xi Cy 

^2) b'2y ^2 | = 0, 

, ^ 3 > b 3 j c 3 

which is the same as equation (5). 

80. Another criterion as to whether the three straight 
mes o£ the previous article meet in a point is the following. 

If any three quantities q , and r can be found so 

that 

p (cLyX 4- b x y 4- Cy) + q (a.p: 4- b.aj 4- c. 2 ) + r (ci^oc 4- b^y 4 - c 3 ) = 0 
identically , then the three straight lines meet in a point. 
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For in this case we have 

+ I'M + C 3 - - ~ («!••*? + &i!/ + <?,) - ~ (OyC + -f c._.) ...(1). 

Isow the coordinates of the point of intersection of the 
first two of the lines make the right-hand side of (1) vanish. 
Hence the same coordinates make the left-hand side vanish. 
I he point of intersection of tlie first two therefore satisfies 
the equation to the third line and all three therefore meet 
in a point. 

81. Ex. 1. SJu'ic that the three straight lines 2x - 3y -f- 5 = 0, 
3x + 4j- 7 =0, and 9x — C>y + 8 = 0 meet in a point. 

If we multiply these three equations by 3, 1, and -1 we have 
identically 

3 (2x - 3 y + 5) + (3x + 4 y - 7) - (Ox - uy + 8) = 0. 

The coordinates of the point of intersection of the first two lines 
make the first two brackets of this equation vanish and hence make 
the third vanish. The common point of intersection of the first two 
therefore satisfies the third equation. The three straight lines 
therefore meet in a point. 

Ex. 2. Prove that the three perpendiculars drawn from the 
vertices of a triangle upon the opposite sides all meet in a point. 

I.et the triangle be ABC and let its angular points bo the points 

( r i. .Vd, (J-.,, and (x 3 , y 3 ). 

The equation to PC is i/ - »/„ = - - ,2 (x - x.d. 

J he equation to the perpendicular from A on this straight lino is 

y 3 v 2 

y (Ih - 2/a) +X (x 3 - x 8 ) = y x (y 3 - y->) + x, (x 3 - x 2 ). (1). 

So the perpendiculars from B and C on CA and AB arc 

V (H i “ 2/ 3 ) + x (*1 - **) = y, (y, - y 3 ) + x,_. (x, - x 3 ).(2), 

Und V (2/a - 2/i) + x (x, - x,) = y 3 (y 3 - y x ) + x 3 (x 2 - x.).(3). 

On adding these three equations their sum identically vanishes 
The straight lines represented by them therefore meet in a point. 

This point is called the orthoccntro of the triangle. 

82. Jo find the equation to any straight line tvhich 
passes through the intersection of the two straight lines 

a& + h x y + c x = 0 . (1), 

wuZ CLp: + bfy + c 2 = 0 . (2). 
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intersections 


OF STRAIGHT LINES. 


y») be tho common point of the equations (l) 
w f. ma « v ’ as . in Art. 77, find the values of and 
id then the equation to any straight line through it is J 


V ~ Vi = m (n - a*,), 
where m is any quantity whatever. 

Aliter. If .4 be the common point of the two straight 
lines then both equations (1) and (2) are satisfied by the 
coordinates of the point A. 

Hence the equation 


“i x + + Cj + A (ci.yX + b.gj + c.,) = 0.(3) 

is satisfied by the coordinates of the common point A, 
where A. is any arbitrary constant. 

But (3), being of the first degree in x and y , always 

represents a straight line. 


It therefore represents a straight line passing through A. 

Also the arbitrary constant \ may be so chosen that (3) 
may fulfil any other condition. It therefore represents 
any straight line passing through A. 


03. Eat. Find the equation to the straight line which passes 
through the intersection of the straight lines 

2x-3y + 4 = 0, 3 x + 4t/-5=0. (1), 

and is perpendicular to the straight litie 

6.r - 7g + Q = 0 .(2). 

. Solving the equations (1), the coordinates x lt y x of their common 
point are given by 

__ Ei __ _ _ Vi ___ \ __ i 

(-3) (-5)-4x4 4x3 — 2x( — 5) 2x4-3x(-3) ir ’ 

BO that x x = - and y l — 

The equation of any straight line through this common point ia 
therefore 

y ~ f-f — m ( x +t 3 * )* 

This straight line is, by Art. 69, perpendicular to (2) if 

m x f = — 1, i.e. if vi = — J. 

The required equation is therefore 

y-If =-*(*+A). 

119a: + 102y = 125. 
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Alit4sr. Any straight line through the intersection of the straight 
lines (1) is 

2x - 3y + 4 + \ (3.r + 4ij - 5) = 0, 

(2 + 3\) x + y (4\ - 3) + 4 - 5X = 0.(3). 

This straight line is perpendicular to (2), if 

C (2 -f 3\) - 7 (4\ - 3) = 0, (Art. 69) 

‘•‘’•if X = ?3. 

The equation (3) is therefore 

* (2 + W + V ( '«V - 3) + 4 - W = 0, 

119x+102i/-125 = 0. 


Bisectors of angles between straight lines. 


1 ° f in< l the equations oj the bisectors of the angles 
between the straight lines 


and 


a i x + b x y + r, = 0 
a.jX + b n jj + c 2 = 0 


( 2 ). 



Let the two straight lines be AT X and A /, 2> and let the 
bisectors of the angles between them be AJf x and A .l/ 2 . 

I^<*t P be any point on either of these bisectors and 
draw PN X and PA\ perpendicular to the given lines. 

I he triangles PAX x and P A iV 3 are equal in all respects, 
so that the perpendiculars PN X and PN % are equal in 
magnitude. 

Let the equations to the straight lines be written 
so that c, and c. 2 are both negative, and to the quantities 

J + aut ^ si + 5 a 2 the positive sign be prefixed. 






equations to 


BISECTORS 


OF ANGLES. 



anr) 1 /’ V P oint *>, tl>e numerical values of PX. 

ana are (by Art. To; 1 


+ b x k + o t aji + b.,k + c. 

and ‘ - _ 

J a.r ■+■ bJ 


Ja' + b^ 


(1 )• 


OU AJf " i e ' 011 the ^sector of the angle 

S nt Paid J° Straigl r HneS I n which the origin lies, the 
point P and the origin lie on the same side of each of the 

t vo lines. Hence (by Art. 73, Cor.) the two quantities (1) 

nave the same sign as Cl and c 2 respectively. 

~ ^is case, since c\ and c 3 have the same sign, the 
quantities (1) have the same sign, and hence 

a xh 4- b x k + Cj __ a.Ji 4 - b.Jc + c.> 
a \ + b-i >Ja.? + b<? 

But this is the condition tliat the point (4, k) may lie on 
the straight line 


a \ x + b x y + c x __ a.yX 4 - b.gj + c. 2 

Ja* + b* ~ a* T b} ’ 

which is therefore the equation to A Af x . 

If, however, P lie on the other bisector A J/ 2 , the two 

quantities (1) will have opposite signs, so that the equation 
to AM 2 will be 4 


a \ x + b x y 4 - c x _ a T x 4- bg/ 4 - c 2 

+ b* ~ +T 2 »” ' 

The equations to the original lines being therefore 
ananged so that the constant terms are both positive (or 
oth negative) the equation to the bisectors is 

+ blZ + Ct j.a^ + bgy + Ca 

+ b x 2 Va/ + b 2 2 ’ 

the upper sign giving the bisector of the angle in which 
the origin lies. 


j. 6 * Find the equations to the bisectors of the angles 

between the straight lines 

3x-4y + 7 = 0 and 12x - - 8 = 0. 

Writing the equations so that their constant terms are both 
positive they are 


3x — 4y 4 - 7 = 0 and - Vlx + 5y + 8 = 0. 




60 


COORDINATE GEOMETRY. 


The equation to the bisector of the angle in which the origin lies 
is therefore b 

3x - ltj + 7 _-12.r + r„j + 8 
>/&+ 4- ~ JlW+5* ’ 

13 (3x - iij + 7) = 5 ( _ 12x + oy + 8), 

99x - 77y + 51 = 0. 

The equation to the other bisector is 

3t - Ay -f 7 -12.r + 5y + 8 


i.e. 

i.f. 


v'3-+4 : * \ / 12 2 + 5* ’ 

13 (3x - itj + 7) + 5 ( - 12x + o\j + 8) = 0, 


21x + 27y -131 = 0. 

86 . It will be found useful in a later chapter to have 
the equation to a straight line, which passes through a 
given point and makes a given angle 0 with a given line, in 
a form different from that of Art. G2. 

Let A be the given point (/*, k) and L'AL a straight 
line through it inclined at an 
angle 0 to the axis of x. 

Take any point P, whose 
coordinates are (x, y), lying on 
this line, and let the distance 
AP be r. 

I)raw PA[ perpendicular O 
to the axis of x and AN perpendicular to PM. 

I hen x — h — AX — AP cos 0 = r cos 0 , 

anc ^ V — & = A r P = AP sin 0— r sin 0. 

X-h y — k 
cos 0 



A a.*) ! N 


M X 


Hen 


ce 


= r 


( 1 ). 


sin 6 

Ibis being the relation holding between the coordinates 
of any point P on the line is the equation required. 

Cor . F roin (1) we have 

x = h + r cos6 and y = £ + rsin0. 

The coordinates of any point on the given line are 
therefore h + r cos 0 and k + r sin 0. 

87. To find the length of the straight line drawn 

straight line^ ^ * ***" direction to meet a 9 iven 
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Let the given straight line be 

<i) Sv t ':j;Te l d :r;i , i e tl r , ‘ :1 ' •* —*«»<** 

of /are the C ° r ° Ilar ^ to the last article the coordinates 

h -f- ?• cos 0 and k + r sin (9. 

Since these coordinates satisfy (1) we have 

A (h + r cos 6 ) + 7? (X; + r sin 0) + <7 = o. 

A h 4- /i/j + C 

.(2), 


r = — 


A cos 6 + B sin 0 
giving the length AP which is required. 

of t)?e°™ Fl 'r n V ,e P , ' ecedi “g m:l y deduced the length 
Ot the perpendicular drawn from (A, A) upon (1). 

For the “m” of the straight line drawn through A is 

tan 0 and the “ m ” of (1) is ~y t - 

This straight line is perpendicular to (1) if 

tan 6 x (— 4) = — 1, 

tan 6 — 


i.e. if 


so that 
and hence 


cos 6 
A 


A ’ 

sin 6 1 


B JA 2 4- i* 2 


^ COS 0 4- B sin 0 = _ ^^2 + jp 

Va* 4- i ? 2 

Substituting this value in (2) we have the magnitude 
ot the required perpendicular. 


EXAMPLES. VIII. 

coor dinates of the points of intersection of the straight 
lines whoce equations are 0 

1. 2x — 3y 4 - 5 = 0 and 7x + 4y = 3. 
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y 


- + ^1 and Ui 
a b b a 



3. y = w,.r-}-ami y = jii.jc + — . 

m i * ' tn „ 

4. -r cos + y sin 0 j = // and x cos <t*, + y sin <f>„=a. 

5. Two straight lines cut the axis of r at distances a and - a and 
the ax.s of y at distances b and b' respectively ; find the coordinates 
ot their point of intersection. 

6 . Find the distance of the point of intersection of the two 
mraight lines 

2/ - 3j/ + 5 = 0 and 3 j* + 4i/ = 0 
from the straight line 

5x - 2y =0. 

7. Shew that the perpendicular f.oin the origin upon the 
straight line joining the points 

('* cos a, a sin a) and (a cos ft, a sin ft) 
bisects the distance between them. 


8. Find the equations of the two straight lines drawn through 
the point (0, n) on which the perpendiculars let fall from the point 
[* a t arc each of length a. 

Prove also that the equation of the straight line joining the feet 
of these perpendiculars is y + 2x = 5a. 

9. 1’ind the point of intersection and the inclination of the two 
lines 

Ax + Iiy = A + P> and A (x - y) + I) (x + y) = 2/>*. 

10. Find the coordinates of the point in which the line 

2i/-3x + 7 = 0 

meets the lino joining the two points (G, - 2) and ( - 8, 7). Find also 
the angle between them. 


11. Find tho coordinates of the feet of the perpendiculars let fall 
from the point (o, 0) upon the sides of the triangle formed by joining 
he hreo points <4 3). (-4. 3). and (0, -5); prove also that the 
points so determined lie on a straight line. 

* 1 ?*, Fi . nd tho coordinates of the point of intersection of the 
straight lines 

2x - 3y = 1 and 5y - x = 3, 

and determine also the angle at which they cut one another. 

13. Find the angle between tho two lines 


+ 2/ + 12 = 0 and x + 2//-l=0. 

Pnni?L a,B °| th r coordinale8 of their Point of intersection and the 
equations of lines drawn perpendicular to them from the point 
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A 1). auddl': 4)*^ "^ht^ in “ te ? «*«? respectively 
on the axes. ‘ ° ^ ine * and find its intercepts 

Pr° v e that the f ol l° wiDg sets of tbree Iines mect in a inl- 


15 . 

16 . 

17 . 

18 . 


2x 3y_7, 3.c — 4y = 13, and 8.r - 1 1 ^ = 33 . 

3.r + 4 !/ + 6 = 0, 6x + oy + 0 = 0, and 3 .r + 3 y + 5 = 0. 


X If 

~ + 7 = 1, 
a b * 


X y 

b + « = 1 - and V = *- 


15 r°- V 1 S that ,^n three St,ai8ht liues " hose equations are 
all meet in a point. 12 * + 10 * ~ 3 = 0, and C.r + CCy - 11 = 0 

t wo h6W als ° that the thha »»• bisects the angle between the other 

19 . Find the conditions that the straight lines 

*>ay meet in anoint* + ^ =+ ^ ' J = "** + "* 

angular ^ 0 “°™**" ° f the ° rtho “ ntre of the ‘-angles whose 

20. (0, 0), (2, - 1 ), and (-1, 3). 

21 . (1,0), (2, -4), and (-5,-2). 

22 . In any triangle ABC, prove that 

(1) the bisectors of the angles A, B t and C meet in a point, 

) prinfoTth*'^ the ! ine V oinin 8 each vertex to the middle 
and (3\ thS ♦ to®.opposite side, meet in a point, 

L!n2 L i llDe ? fcl J roueh the middle points of the sides 
perpendicular to the sides meet in a point. 

Find the equation to the straight line passing through 

AS. the point (3, 2) and the point of intersection of the lines 

2x + 3y = 1 and 3 x-4y = G. 

24 . the point (2, - 9) and the intersection of the lines 

2x + 5y — 8 = 0 and 3x — 4y = 35. 

25 . the origin and the point of intersection of 

x-y -4 = 0 and 7x + y + 20=0, 
proving that it bisects the angle between them. 

26 . the origin and the point of intersection of the lines 

2 + | = l and f + | = l. 

27 . the point (a, b) and the intersection of the same two lanes. 

28 . the intersection of the lines 

x-2y - a = 0 and x + 3y -2a = 0 
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and parallel to the straight line 

3.r + = 0. 

29. the intersection of the lines 

r + 2y + 3 = 0 and 3x-i-4y + 7 = 0 
and perpendicular to the straight line 

y - x = 8. 

30. the intersection of the lines 

3 x - Ay + 1 = 0 and 5x + y - 1 =0 
and cutting off equal intercepts from the axes. 

31. the intersection of the lines 

2x-3i/ = 10 and x + 2y = 6 
and the intersection of the lines 

16x - lOy = 33 and 12x +14y + 29 = 0. 

32. If through the angular points of a triangle straight lines be 
drawn parallel to the sides, and if the intersections of these lines l>e 
joined to the opposite angular points of the triangle, shew that the 
joining lines so obtained will meet in a point. 

33. bind the equations to the straight lines passing through tho 
point of intersection of the straight lines 

Ax + l!y + C = 0 and A'x + IVy + C = 0 and 

(1) passing through the origin, 

(2) parallel to the axis of y, 

(3) cutting off a given distance a from the axis of y, 
and (1) passing through a given point (x\ y'). 

34. Prove that the diagonals of the parallelogram formed by the 
four straight lines 

s /3x + y = 0, n /3 y + x = 0, K /3x -f y = 1, and s /3y x = 1 
arc at right angles to one another. 

35. Prove the same property for the parallelogram whose sides 
are 


x 7 / x i/ , 

—("7 — 1 > r + ’- = 1 , 

a b b a 



and 


j + ~ 

b a 



36. One side of a square is inclined to the axis of x at an angle a 
and one of its extremities is at the origin ; prove that the equations 
to its diagonals are 

y (cos a - sin a) =x (sin a + cos a) 
an( I y (sin a 4-cos a) +x (cos a - sin a) =a 

where a is the length of tho side of the square. 

bind the equations to the straight lines bisecting the angles 
between tho following pairs of straight lines, placing lirst tho bisector 
of the angle in which the origin lies. 

37. x + y v /3 = 6 + 2 N /3 and x - y v '3 = 6 - 2 N ' 3 . 
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38. l‘2.r + 5// -4 = 0 and 3x + 4y + 7 = 0. 

39 . 4r + 3y - 7 = 0 and 24.r + 7// -31= 0. 

40 . 2.c + f/ = 4 and y + 3.r = 5. 

41 . Fiud the bisectors of the angles between the straight linos 

"~ b = Y~^ (*-") «nd y -b = _^L 

triaie‘L tl the'L Unt! ?" S to , th °, !,isccfo, ' q of ‘l>° internal angles of the 
o s the equations of whose sides are respectively 

42 . 3x + 4i/ = fi, 12.r — oy = 3, and 4.r - 3y + 12 = 0. 

43 . 3.r + 5y=15, .r + y = 4, and 2x + y = G. 

foo^f the e ?. lm i ion r s to tl,e straight lines passing through the 

df + iv^ = 0 Pe ft nd 1C K lar r ° ra A hC poi ! lt (f. *> «Pon the straight line 
and the gPven stralghlline" 8 ‘ U1S between ,he P^pemlicular 

th?ough F the d n t o 1 ?nt d n re ^ i ° n l? T , . , , ich a strai P ht l; '« must be drawn 
® t _ P u nt j 1 ’ j!’ so that lts P° lnt of intersection with the line 
* + i/ = 4 may be at a distance £^6 from this point. 
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CHAPTER V. 


THE STRAIGHT LINE ( continued). 

POLAR EQUATIONS. OBLIQUE COORDINATES. 

MISCELLANEOUS PROBLEMS. LOCI. 

88. To find the general equation to a straight line in 
polar coordinates. 

Let j) he the length of the perpendicular (9 T from the 
origin upon the straight line, and 
let this perpendicular make an 
angle a with the initial line. 

Let P he any point on the 
line and let its coordinates he r 
and 0. 

The equation required will 
then he the relation between r, 0 } p, and a. 

From the triangle OYP we have 

p = r cos YO P = r cos (a - 6) = r cos (0 - a). 

The required equation is therefore 

r cos (0 -a) =p. 

tUo t e 0 qaa^„ 8 of™i“ g 63°] Carte8i0n COOrdinaU!a this beco “ ea 

. . fi n d the polar equation of the straight line 

joining the jxnnls whose coordinates are (r lf 0 X ) and (r a , 0 2 ). 
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THE STRAIGHT LINE. 


on the^W 1 H bC the V' 0 giV ‘ M1 P ° i,lts ,lntl 7> a »y point 
on tne line joining them J 1 

whose coordinates are r and 

r B 

Then, since 

A A OB — A A OP + a POP, 
we have o - - 

\ ?\?y sill A OB = £ r x r sin A OP + £ r?\, sin POB, 

X ' € ' ?V '- Sln (** ~ * 1 ) = ? V* sin (0 - 0,) + rr 8 sin (0 3 - 0), 




s in (ft.^-ft,) _ sin (ft- ft,) sill (ft, - ft) 

r r, + r. 


OW.IQUK COORDINATES. 


®°- , In P| evlous chapter we took the axes to be 
eetangular. In the great majority of cases rectangular 

axes are employed, but in some cases oblique axes may be 
used with advantage. J 


In the following articles we shall consider the proposi- 

ions m which the results for oblique axes are different 

trom those for rectangular axes. The propositions of Arts. 

00 and 62 are true for oblique, as well as rectangular 
coordinates. ° ’ 


9 ?*‘ To find equation to a straight line referred to 
axes xnclxned at an angle oj. 

Let LPL' be a straight line which cuts the axis of Y at 
a distance c from the origin and is 

inclined at an angle 6 to the axis 
of x. 

I^t P be any point on the 
straight line. Draw PNM parallel 
to the axis of y to meet OX in Jf y 
and let it meet the straight line 
through C parallel to tlie axis of x 
in the point X. 

-^ e t P be the point ( x, y'), so that 

CN = OJf = x. and jVP = MP — OC = y — c 




68 


COORDINATE G EOM ETR V. 

Since z CPX = 4 PXX' - , PCX' = o,-6, we have 
y-c XP sin XCP sin 0 


X 


I lend 


ON sin CPN sin (to — 0)' 

sin 0 

y = x- 


sin (to - 6) 
r Ihis equation is of the form 

y = mx + c, 

where 

sin# sin# 


+ c 


(!)• 


m 


tan # 


sm (o) 0) sin to cos #- cos to sin 6 sin to - cos <o tan $ 

m sin to 


and therefore 


tan 0 = 


1 + m cos to ’ 

In oblique coordinates the equation 

y = mx + c 

therefore represents a straight line which is inclined at an 
Angle 

O 


tan -1 


m sin co 


1 + m cos co 

to the axis of x. 

^ 10,11 ( 0 * by putting in succession # equal to 90® 
and JO -to, we see that the equations to the straight lines, 
passing through the origin and perpendicular to the axes of 

x and y> arc respectively y =- — and y = -x cos <„. 

COS to 

92 . The axes be in;/ oblique, to find the equation to the 
strait/lit lme y such that the perpendicular on it from the origin 

is q length p and makes angles a and B with the axes of x 
and y. 

Let LJf he tlie given straight line and OK the perpen- 
dicular on it from the origin. 

Let P be any point on the 

straight line ; draw the ordinate M 

I IS and draw Aj? perpendicular / / v p 

to OK and PS perpendicular to 
NR. 

Let P be the point (. x, y) so J; 
that, ON =x and NP = y. ° 
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Phe lines J\ P and Ol are parallel, 
to XR° 0K and SP arC paralIel > ench l>eing perpend icular 

_ Thus i SPJV= c KOM = /?. 

We therefore have 

^ = ^ = OR + SP = 6L\ cos a + iVP cos fB - .r cos a + y cos /?. 
Hence a; cos a + y cos (3 — j) = 0 , 

being the relation which holds between the coordinates of 
any point on the straight line, is the required equation. 

To find the angle between the straight lines 

y = mx + c and y = nix + c', 
the axes being oblique. 

If these straight lines be respectively inclined at angles 
6 > and 0 to the axis of a:, we have, by the last article, 

m sin oj 


, * 7)1 sin <*> 

tan 0 = -- and tan O' = 

1 + 171 cos o> 

The angle required is 0 ~ O'. 

Now 


1 + in' cos o> ’ 


tan (0 — 

tan 6 — tan O' 

1 + tan 0 . tan O' 

in sin oj 

in sin oj 

1 + 771 COS OJ 

1 + m cos oj 

1 m sin oj 

m sin oj 


1 + m COS OJ 1+771 cos OJ 

— 771 s * n (1 + m ' cos oj) — rri sin oj (1 + m cos oj) 
(1+771 COS Oj) ( 1 + TTl cos Oj) + 771711 sin 2 OJ 
__ (m — m) sin oj 

1 + (m + m) COS OJ + 771771 * 

The required angle is therefore 

l (m — in') sin oj 


tan 


1 + (m + 7m') cos oj + mm ' 

^ or - 1- The two given lines are parallel if m = m'. 
Cor. 2. The two given lines are perpendicular if 

l + (m + m') cos co + mm' = O. 
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94. 

form 


If the straight lines have their equations in the 
Ax + By + C = 0 and A'x + B'y + C' = 0, 

A , , A' 

7,1 = ~ jy and m = - • 

Substituting these values in the result of the last article 
the angle between the two lines is easily found to be 

A'B-AB' 


then 


tan 


AA' + BB’ -(AB' + A’B) cos <a 
The given lines are therefore parallel if 

A 'B - A I> = 0. 

They are perpendicular if 

A A + BB =(AB + A'B) cos w. 


sin o). 


95. Ex. The axes being inclined at an angle of 30°, obtain the 
equations to the straight lines which pass through the origin and are 
inclined at 45° to the straight line x + y = 1. 

Let either of the required straight lines be y = mx. 

The given straight line is y= - x + 1, so that m'= - 1. 

"We therefore have 


, = tan (d=45°), 


(m - m') sin u» 

1 + (»» + m') cos u) + mm 

wliere »u' = - 1 and w = 30°. 

This equation gives-- 1 + --= ±1. 

Taking the upper sign we obtain m = —J- . 

V’* 

Taking the lower sign we have m= - v /3. 

The required equations are therefore 

V — - and y = - ~ x, 
y + v /3x = 0 and <J^y + -r = 0. 


96. To find the length of the perpendicular from the 
point (x\ y') upon the straight line Ax + By + C = 0, the axes 
being inclined at an angle o>, and the equation being written 
so that C is a negative quantity . 
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Let the given straight line meet the axes in L and M, 

so that OL = - ( and OM^ - C 

A B 

Let B be the given point (x\ y). 

Dr«a^ the perpendiculars PQ , PR y 

and PS on the given line and the 
two axes. 

Taking Oand P on opposite sides 
of the given line, we then have 



A LPM + a MOL — A OLP 4 - A OPM, \ 
i.e. J J Q . LM + OL . OM sin to ^ OL . PR + OM . PS ... (1). 

Draw PU and PV parallel to the axes of ?/ and x. so 

that PC r = y' and PV = x. 

# 

Hence PR = PU sin PUR = y' sin to, 

and PS=PVsinPVS = x ' sin to. 

Also 


LM = JOL* + OM* -2QL. OM cos 


OJ 


/CP CP_ _ 

V A* + n *" 


o 


CP 

AB 


COS to 




2 + jp 


2 cos to 
~AB~ 


since O is a negative quantity. 

On substituting these values in (1), we have 


PQ * (- <7) x 


/ 


V A 2 


1 

B 2 


C 

= — -j . y’ sin to 


/ • 


2 cos to C 2 

AB~ + ~AB 

C , . 

-g . a; sin to, 


sin to 


so that 




Ax' + By' 4- C 


VA 2 4 - B 2 — 2 AB cos a) 


. sin co 


Cor. 

have the 


If to — 90°, i.e. if the axes be rectangular, 
result of Art. 75. 


we 
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EXAMPLES. IX. 


1. The axes being inclined at an angle of 00°, find the inclination 
to the axis of x of the straight lines whose equations are 

(1) y = 2.r + 5, 

and (2) 2y = ( v /3-l)x + 7. 

2. The axes being inclined at an angle of 120°, find the tangent 
of the angle between the two straight lines 

8 .r + 7i/=l and 28 j - 73//= 101. 

3. With oblique coordinates find the tangent of the aiude 
between the straight lines 

y = wix -f c and my + x = d. 



1( y~x tan and y = x tan represent two straight lines 


at right angles, prove that the angle between the axes is -. 

4 

5. Prove that the straight lines y + x = c and y=x + d are at 
right angles, whatever be the angle between the axes. 

6 . Prove that the equation to the straight lino which passes 
through the point (//, k) and is perpendicular to the axis of x is 

■r + y cos u> = h + k cos u). 

7. Find the equations to the sides and diagonals of a regular 
hexagon, two of its sides, which meet in a corner, being tho nxes of 
coordinates. 


8. From each corner of a parallelogram a perpendicular is drawn 
upon the diagonal which does not pass through that corner and these 
are produced to form another parallelogram; shew that its diagonals 
are perpendicular to the sides of the first parallelogram and that they 
both have the same centre. 

9. If the straight lines y = m l x + c l and y = rru i x + r 2 make equal 
angles with the axis of x and be not parallel to one another, prove 
that r/ij + wij -f 2m 1 wij cos u> = 0. 

10 . The axes being inclined at an angle of 30°, find the equation 
to the straight line which passes through the point (-2, 3) and is 
perpendicular to tho straight line y + 3x = G. 

11 . Find the length of the perpendicular drawn from the point 
(1, —3) upon the straight line Gx-f-3y — 10 = 0, the angle between the 
axes being 00°. 

12 . Find the equation to, and tho length of, the perpendicular 
drawn from the point (1, 1) upon the straight lino 3j + 4y-f 5 = 0, the 
angle between the axes being 120°. 


[Exs. IXJ THE STRAIGHT LINE. 


PROBLEMS 
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an „L 3 - J,w;f°?r linrtt0S * P? int P deterred to axes meeting at an 

fj' k) ; 1>l '; ,ve that the lon ^ th of the straight line joining 
the feet of tlie perpendiculars from P upon the axes is J ° 

sin oj fh- 4- A - 4- 2 hk cos oj. 

axes 14 whJ^°7Ln pi ^ Cn P .° int {K *> Porpendiculars are drawn to the 

the len^ h nf H.i 1 ^ n l ,d tho,r feet *»*« joined. Prove that 
e len 0 tli of the perpendicular drawn from (//, A) upon this line is 

Jik sin 2 co 

f ft- 4- k- + 2hk cos o> ’ 
and that its equation is hx — ky = h- — A 2 . 

Straight lines passing through fixed points. 

97. If the equation to a straight line he of the form 

ax + by + c ± \ (ax + b'y + c) = 0.(1), 

where X is any arbitrary constant , it always passes through 
one fixed point whatever be the value of X. 

For the equation (1) is satisfied by the coordinates of 
the point which satisfies both of the equations 

ax + by + c = 0, 

an d ax + b’y 4- c = 0. 

This point is, by Art. 77, 

/ be' — b'c ca — c'a\ 

\fi6'— a'b 9 ab' — db)’ 

and these coordinates are independent of X. 


Given the vertical angle of a triangle in magnitude and 
position, and also the sum of the reciprocals of the sides which contain 
it; shew that the base always passes through a fixed point. 

Take the fixed angular point as origin and the directions of the 
sides containing it as axes ; let the lengths of these sides in any such 
triangle be a and b , which are not therefore given. 


We have 


11 4. 1 , 

—h T = const. = t (say) 
a b k 


(1). 


The equation to the base is 


i-e., by (1), 


t.e. 


X 7/ 

\ (x-y) + T.-i = o. 
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Whatever be the value of a this straight line always passes through 
the point given by 

x-i/ = 0 and ^ — 1 = 0, 
i.c. through the fixed point (k, /;). 


98. Prove that the coordinates of the centre of the 
circle inscribed in the triangle, whose vertices are the points 
( x u ?/i), (- r 2 , y 2 ), and (x di 7/ a ), are 

ax, 4 bx., 4 c.r 3 " ^ j ay, 4 by 2 + cy : , 
a 4 b 4 c a 4 b 4 c ’ 

where a , b } and c are the lengths of the sides of the triangle. 

Find also the coordinates of (he centres of the escribed 
ci rcles. 


( W /) 


Let ABC be the triangle and let AD and CF be the 
bisectors of the angles A and C 
and let them meet in O’. 

Then O' is the required point. 

Since AD bisects the angle 
BAG we have, by geometry, 

BD DC BD 4 DC a 
BA “ AC ~ BA 4 AC ~ b + c ’ 

so that 





O 


DC=-. 


ha 


b + c' 

Also, since CO' bisects the angle AC D, we have 

AO AC b b + c 
O'D “ CD “ ba ~ 


a 


b + c 


The point D therefore divides BC in the ratio 

BA : AC, i.e. c : b. 

Also O' divides AD in the ratio b + c : a. 
Hence, by Art. 22, the coordinates of D are 

and w,_±p. 

c + b c + b 
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Also, by the same article, the coordinates of O' are 


r ▼ ^ 

Id 


(b + c) 


C.tV, 

x 


bx 


c + b + aa ' 1 ' ^ (6 + c) X + «y, 


i.e . 


(6 + c) + rt (6 + c) + a 

a.r 1 + 6.v a 4- c.r 3 ^ gy, + 6 y a + c y 3 
a+6+c a+b+c 

Again, if be tlie centre of the escribed circle opposite 

, _”} e an gle A y tlie line CO, bisects the exterior angle of 
ACB. ° 

Hence, by geometry, we have 

AO, AC b+c 

0,D CD ~~ a 

Therefore 0, is the point which divides AD externally in 
the ratio b + c : a. 

Its coordinates (Art. 22) are therefore 


(b + c) 


cx. 


bx 


c + b 


— ax 


t.e. 


(b + c) — a 
— ax, + bx. 2 + cx 3 


— a + b + c 


and 


and 


<» ~> ^ - “*■ 
(b + c) — a 

— a y, + by., + cy 3 
— a + b + c 


Similarly, it may be shewn that the coordinates of the 
centres of the escribed circles opposite to B and C are 

_ i • i 


respectively 


ax, — bx 2 + cx 3 ay, — b ?/ 2 + cy 3 


fax, — < 
\ a — 




and 


( ax, + bx o — cx 3 
a + b — c ’ 


a — b + c 

a Ui + by 2 - cy 3 \ 
a + b — c J ’ 


As a numerical example consider the case of the 
triangle formed by the straight lines 

3:r+4y-7 = 0, 1 2x + by —17=0 and ox + I2y - 34 = 0. 

These three straight lines being BC, CA y and AB 
respectively we easily obtain, by solving, that the points 
A, B y and C are 

/2 19 \ /— 52 67 \ . .. 

\7 ’ 7 )’ ( 16 ’ 16/ and ^ 
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Hence 


a — 



52 iV /67 ,\ 2 /G8 2 51 2 

0 V + VIC V " V 1G 2 + 1G 2 


-oz 
16 


17 /,**—T*- 85 
“16 n/4 ' + 3 “ 16 ’ 


b = 


\ 



and 




5 2 12 2 13 

+ — ~ 


c — 



2 52\ 2 /19 67\ 2 / 

7^16/ + (7 '16/ “ V 


396 a + 165* 


112 2 


- “,/ioo - 429 


Hence 


112 


85 


a *‘ = l6 X ^ 


2 

7 


170 85 19 1615 

112’ a ' Jl ~ 16 * 7 ~TTJ ; 


bXn = — 


13 -52 




676 13 67 871 

; 4 ^= T X IG=112 ; 


- / 16 112 

429 . 429 

=n"2 ; and = m 

The coordinates of the centre of the incircle are therefore 


i.e. 


170 676 429 

112 H2 + 1)2 
85 13 429 

16 + T + H2 

-1 

16 


and 


and 


1615 

871 

429 

112 + 

112 

+ 112 

85 

13 

429 ’ 

16 + 

— + 
/ 

112 

265 



112* 




The lengtli of the radius of the incircle is the perpen 
dicular from , y-y^ upon the straight line 


3rc + 4y - 7 = 0, 
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&nd therefore 



1 



4- 


/ 

( 




V3- + 4- 


__ 2 1 4 - 10G0— 784 250 01 

0 x 112 = 0~xTl 2 = TT2* 

The coordinates of tlie centre of the escribed circle 
" nc 1 ^ ouc hes the side BC externally are 


170 

676 

429 


1615 

871 429 

112 

112 

+ 112 

and 

112 + 

112 + 112 

85 

13 

429 

85 

13 429 ’ 

16 + 

y + 

U 2 


16 + 

7 + 112 



- 417 


- 315 




a 

and 

. • 



Similarly the coordinates of the centres of the other 
escribed circles can be written down. 


Find the radius , and the coordinates of the centre, of 
he circle circumscribing the triangle formed by the points 

(0, 1), (2, 3), and (3, 5). 

Let (xj, ?/j) be the required centre and R the radius. 

Since the distance of the centre from each of the three points is the 
same, we have 

x i 2 + (2/i - l) 2 = (a* - 2) 2 4- (y x - 3)2 = (x x - 3) 2 4- {y x - of = R*. . . (JL) . 
From the first two we have, on reduction, 

x i 4-2/i = 3. 

From the first and third equations we obtain 

Cxj 4- 8?/ 1 = 33. 

Solving, we have x,= — § and — 

Substituting these values in (1) we get 

j?=Wio. 


Ex. Prove that the middle points of the diagonals of a com¬ 
plete quadHlateral lie on the same straight line. 

[Complete quadrilateral. Def. Let OACB be any quadrilateral. 
Let AC and OB be produced to meet in E, and BC and OA to meet in 
F. Join AB, OC, and EF. The resulting figure is called a complete 
quadrilateral; the lines AB, OC , and EF are called its diagonals, and 
the points E , F , and X> (the intersection of AB and OC) are called its 
vertices.] 
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Take the lines OAF and QBE as the axes of x and y. 



Let OA — 2a and 0B = 2b, so that A is the point (2a, 0) and B is 
the point (0, 2b); also let C be the point (2b, 2k). 

Then the middle point of OC, is the point (h, k), and M, the 
middle point of AB, is (a, b). 

The equation to LM is therefore 



-b = 


k-b 

h-a 


(x - a), 



(/j - a) y - (k - b) x = bh - ak 



k-b 

Again, the equation to BC is y-2b = — x. 

Putting »/ = 0, we )iavc x= ? y 1 2 , so that F is tho point 

U — o 

(«•;)■ 

Similarly, E is the point ^0, - • 

Hence N, the middle point of EF, is £ » j '• 

These coordinates clearly satisfy (1), i.t. N lies on tho straight 
lino LM. 



?LES. 



1. A straight line is such that the algebraic sum of tho perpen¬ 
diculars let fall upon it fiom any number of fixed points is zero; 
shew that it always passes through a fixed point. 

2 . Two fixed straight lines OA' and O Y are cut by a variable line 
iu tho points A and B respectively and B and Q are tho feet of the 
perpendiculars drawn from A and B upon the lines OBY and OAX. 
Shew that, if AB pass through a fixed point, then FQ will also pass 
through a fixed point. 
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duced toL-anlTsoutu BF t "7 isOS t f Ies bc P~- 

ahvays pass throujh Ifilod point. = ^ ^ th ° iine Kl " 

TOMS 

prove that there P er ' ,c "f ,c,, '' lr , on il from "• third fixed point (I, 3), 

passes‘and findi^ V °"* thr0ngh which this lin « 

tri.m!75f the ce . n , tre “ nd radi| is of the circle which is inscribed in the 
o oimed by the straight lines whose equations are 

5. 3 x4-42/4-2 = 0, 3x —42 /4-12 = 0 , and ^r-5y = 0. 

6 . 2x 4-42/4-3 = 0, 4x 4-32/4-3 = 0, and x4-l=0. 

7. y — 0, 12 x-52 /=0, and 3x4-4//-7 = 0. 

in the th ^ the coordinates of the centre of the circle inscribed 

8+^/10 1 o'- ^To an " 1 ar P ° intS aie (1 ’ 2) ' < 2 ’ 3 >’ » nd (»• 1) are 

6 and 6 * 

Find also the coordinates of the centres of the escribed circles. 

• the coordinates of the centres, and the radii, of the four 

rde 3 which touch the sides of the triangle the coordinates of whose 
angular points are the points (G, 0), (0, 6/, and (7, 7). 

fi 1( K the position of the centre of the circle circumscribing 

tne triangle whose vertices are the points (2, 3), (3, 4), and (G, 8). 

Find the area of the triangle formed by tbe straight lines whose 
6 quations are 

11 . y = x, y = 2x, and y = 3x4- 4. 

12. y 4- x = 0, y=x 4 - 6 , and y = 7x + o. 

13 . 2y + x - 5 = 0, 7/4 -2x—7 = 0, and x-y 4-1=0. 

f v 3x ~?y + = 0, 2x - 3// 4- 4a = 0, and 5x - 7 / 4- a = 0, proving also 

tnat the feet of the perpendiculars from the origin upon them are 
coin near. 

15 . 

a a 

— . and ?/ = 77i«x 4- - 
77/o 


16 . 


y — ax — be, y = bx — ca, and y = cx — ab. 

a a 

y~m 1 x+— t y = m,yX 4-, and y = m T x + 

1,1 1 m n 


17 . 

18 . 
19 . 


- •> 

2/ =7M i* T + Cj, ?/=7 w 2 x4-c 2 , and the axis of?/. 
y=m 1 x 4 - Cj, y = vi.jX -f- c 2 , and y = m 3 x + c 3 . 

Prove that the area of the triangle formed by the three straight 

CC -4- £)•?/ 4- —— 0 /I T f- /> •»/ /* n on/l /r i 7. i « f \ : ~ 




► 

a x , b x , c, 

< 

■ 

a a » ^2 » ^2 

■ 

> 

a 8* ^3 * c 3 

4 


: (a x b 2 a. 2 b l ) (a^b 3 — a 3 b 2 ) (a 3 b l — a x b 3 ) 
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Prove that the area of the triangle formed by the three straight 


20. 

lines 

x cos a + y sin a -p l = 0, x cos p + y sin p-]>*,= 0, 

and a:cos 7 + y sin 7 -p 3 = 0, 

is , {_g, s[n (7 - p) + ;> 2 sin (a - 7 ) + 7 > 3 sin (p - a) } 2 

sin (7 - p) sin (a - 7) sin [p - a) 

21. Prove that the area of the parallelogram contained by the 
lines 

it/ - 3x -a = 0, 3// - lx + a = 0, 1 tj - 3x - 3a = 0, 
and 3y _ lx + 2a = 0 is 2a-. 

22. Prove that the area of the parallelogram whoso sides are the 
straight lines 

a,x + bji/+Ci = 0, a l x + b l y + d l = 0 t a^x + h.# + c a = 0, 

and ajc + h.,y + rf 2 = 0 

is K -c t ) (d-j-r s )' 

a j b 2 — « 2 />j 

23. The vertices of a quadrilateral, taken in order, are the points 
(0, 0), (4, 0), (G, 7), and (0, 3) ; find the coordinates of the point of 
intersection of the two lines joining the middle points of opposite 
sides. 


24. The lines x + y + 1 =0, x - y + 2 = 0, 4x + 2y + 3 = 0 1 and 

x + 2y - 4 = 0 

aro tho equations to the sides of a quadrilateral taken in order; find 
the equations to its three diagonals and the equation to the lino on 
which their middle points lie. 


25. Shew that the orthoceutre of tho triangle formed by the three 
straight lines 


y = m x x + , y = ,/ux + ~ , and y = m s x + ^- 


is the point 


tu 


tn. 


in 


/ 1 1 1 1 \) 

l- a, a l — + — + — +-H . 

( \m l m 2 m 3 j 


26. A and U arc two fixed points whose coordinates arc (3, 2) and 
(5, 1) respectively; AUP is an equilateral triangle on the side of Alt 
remote from the origin. Find the coordinates of P and the ortho- 
centre of tho triangle A UP. 


102. Ex. The base of a triangle is fixed; find the 
locus oj the vertex when one base angle is double of the 
other. 
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* lxe( I base of the triangle 
middle point 0 as origin, the direc¬ 
tion of OB as the axis of x and a Y 

perpendicular line as the axis of y. 

Let A0~ OB — a. 

If P be one position of the ~a O 

' ei tex, the condition of the problem then gives 

' PBA = 2z PA B, 

\' e ' 7T - — '20y 

l,e • — tan<£ = tan20. 

-L^ P be the point (A, A). AYe then have 

y-= tan 6 and -——— = tan <£>. 

Substituting these values in (1), we have 

„ Jc 

2 (A + a) k 


take its 



B N X 


0 )• 


k 

Ji¬ 


ll 


a 


a 


(h + a) mi -k* 9 


' - 0.vJ 

*•- (h + ay + Jr = 2 (A 2 - a% 

*• e • A 2 - 3Ji 2 - 2 ah + a 2 = 0. 

Lut this is the condition that the point (A, A) should lie 
on the curve 


y 2 — 3ar* — 2ax + a 2 = 0. 

This is therefore the equation to the required locus. 

103. Ex. From a point P perpendiculars PJf and 
PN are drawn upon two fixed lines which are inclined at an 
angle o> and meet in a fixed point O ; ifiP move on a fixed 
straight line, find the locus of the middle point of 2f A T . 

Let the two fixed lines be taken as the axes. Let the 
coordinates of P, any position of the 
moving point, be (A, k). 

Let the equation of the straight 
line on which P lies be 

Ax + By +(7 = 0, 

so that we have 

A h + BJc + C = 0 .(1). 
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Draw PL and PL' parallel to the axes. 
We then have 


and 


OM— OL + Lj\f — 0[j -f LP COS tii = h + k cos to, 
— OL + L i\ = LP + L'P cos to = k + h cos u>. 


M is therefore the point (h + k cos to, 0) and iV is the point 
(0, k + h cos to). 

Hence, if (x, y) be the coordinates of the middle point 
of J fX t we have 


2x = h + k cos to . (2), 

an( l -f = k 4- h cos to . (3). 


Equations (1), (2), and (3) express analytically all the 
relations which hold between x\ y, h, and k. 


Also h and k are the quantities which by their variation 
cause Q to take up different positions, if therefore between 
(1)» (-)> an d (3) we eliminate h and k we shall obtain a 
relation between x and y' which is true for all values of h 
and k, i.e a relation which is true whatever be the position 
that P takes on the given straight line. 



rom (2) and (3), by solving, we have 


, 2 (x — y cos to) 

n - --- 


sin 2 to 


ind k = 


2 (y — x cos w) 


Sill to 


Substituting these values in (1), we obtain 

2A (x / - y cos to) f 27? (y - x cos to) + C sin 2 to = 0. 

l>ut this is the condition that the point (x\ y) shall 
always lie on the straight line 

2A (x - y cos to) + 2 JJ (y - x cos o>) + C sin 2 w = 0, 
i.e. on the straight line 


x (A Jl cos to) + y (/? — A cos to) + k C sin 2 o> = 0, 
which is therefore the equation to the locus of Q. 


Ex. A straight line is drawn parallel to the 
base of a given triangle and its extremities are joined trans- 
versely to those of the base; find the locus of the point 
of intersection of the joining lhies. 
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Let the triangle be OAB and take O as tlie origin and 
the directions of OA and 0B 
as the axes of x and y. 

Let OA = a and OB = b, 
so that a and b are 'given 

quantities. 

Let A B' be the straight 
line which is parallel to the 
base AB, so that 

OA OB ~ X ( Say 

and hence OA ' = Aa and OB' = A b. 

For different values of A we therefore have different 
positions of A'B\ 

The equation to AB' is 

x y 

a + XZ> = 1 . 

and that to A B is 

— ^ = 1 ^ 

A a b 1 . 

Since P is the intersection of AB' and A'B its coordi¬ 
nates satisfy both (1) and (2). Whatever equation we 
derive from them must therefore denote a locus going 
through P. Also if we derive from (1) and (2) an equation 
which does not contain A, it must represent a locus which 
passes through P whatever be the value of A; in other 

words it must go through all the different positions of the 
point P. * 

Subtracting (2) from (1), we have 






x_y 
a b ’ 

This then is the equation to the locus of P. 
always lies on the straight line 

b 


Hence P 
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which is tlie straight line OQ where OAQJl is a parallelo- 
gram. r 

Aliter. By solving the equations (1) and (2) we 
easily see that they meet at the poiqt 

(a + i"> XT! 4 )- 

lienee, if P he the point (/,, k), we have 

j A , A 

1 = rri a an(l /c = ;— t *>• 

Hence for all values of A, i.e. for all positions of the 
straight line A B\ we have 


h k 
a~ b' 


Hut this is the condition that the point (/,, k). i.e. P. 
should he on the straight line 


a b * 


The straight line is therefore tl 


ie required locus. 


105. Ex. A variable straight line is drawn through 
a given point 0 to cut two fixed straight lines in 11 and S; 
on it is taken a point P such that 


_2 1 1 

OP OP + os ; 

shew that the locus of P is a third fixed straight line. 

Take any two fixed straight lines, at right angles and 
passing through 0, as the axes and let the equation to the 
two given fixed straight lines be 


and 


Ax + By + (7=0, 

Ax + By + C" = 0. 

.transforming to polar coordinates these equations are 
A cos 0 + B sin 6 


1 

r 


nrwl !_ -A cos $ P> sin 6 
r ~~ C 
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If the anirle 


therefore 


A Oli be 6 tlio values of and ~ Jlro 


- £fgjg_ + K sin 6 n A A' cos 0 + ]}' sin 6 

O' C' 

^ e therefore have 

2 A cos 0 4- B sin 0 A' cos 6 + B' sin 0 

C' 


OB 


a 

A A'\ . /B B’ 






sin 0. 


The equation to the locus of P is therefore, on a<min 
transforming to Cartesian coordinates, 


C + C 

and this is a fixed straight line. 


(A A'\ /B B'\ 

= - x (c + c')-v(c + -^ 


C'J 9 


EXAMPLES. XI. 


PC Q baSe BC ( = 2d) of a triangle ABC is fixed; the axes being 

of the vertexT“vhen lar ^ ** thrOUgh ifcs middle P oinfc > find the locus 


1 . 

2 . 

3 . 

other. 


the difference of the base angles is given ( = a). 

the product of the tangents of the base angles is given ( = X). 

the tangent of one base angle is m times the tangent of the 


m M 1 ?®? square of one side added to n times the square of 
other side is equal to a constant quantity c 2 . 

a P, 0 . 111 , 4 P Perpendiculars PM and PN are drawn upon two 
llnes which are inclined at an angle w, and which are taken as 
ene axes of coordinates and meet in O; find the locus of P 

5. if OM+ON be equal to 2c. 6. if OM-ON be equal to 2d. 

7 . if PM + PN be equal to 2c. 8. if PM- PN be equal to 2c. 

9 . if MN be equal to 2c. 

10 . if MN pass through the fixed point (a, b). 

11 . if MN be parallel to the given line y=mx. 
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[Exs. 


12. -I wo fixed points A and B arc taken on the axes such that 
OA=a and OB = b; two variable points A' and B' are taken on the 
same axes; find the locus of the intersection of All’ and A'D 

(1) when OA' + OB' = OA + OB, 

and (2) when —-^ = —L _ _L_ 

OA' OB' OA OB' 

13. Ihrough a fixed point P are drawn any two straight lines to 
cut one fixed straight line OX in A and B and another fixed straight 
line (>\ in C and 1) ; prove that the locus of the intersection of the 
straight lines AC and BI) is a straight line passing through O. 

14. OA and OY are two straight lines at right angles to one 
another; on 01' is taken a fixed point A and on OA' any point B\ 
on AB an equilateral triangle is described, its vertex C being on the 
side of AB away from O. Shew that the locus of C is a straight 
line. 

15. If ft straight line pass through a fixed point, find the locus of 
the middle point of the portion of it which is intercepted between two 
given straight lines. 

1G. A and B are two fixed points; if PA and PB intersect a 
constant distance 2c from a given straight line, find the locus of P. 

17. Through a fixed point O are drawn two straight lines at right 
angles to meet two fixed straight lines, which are also at right angles, 
in the points P and Q. Shew that the locus of the foot of the 
perpendicular from 0 on PQ is a straight line. 

18. Find the locus of a point at which two given portions of the 
same straight line subtend equal angles. 

19. Find the locus of a point which moves so that the difference 
of its distances from two fixed straight lines at right angles is equal 
to its distance from a fixed straight line. 

20 . A straight lino AB, whose length is c, slides between two 
given oblique axes which meet at 0\ find the locus of the orthoceutre 
of the triangle OAB. 

21. Having given the bases and the suin of the areas of a number 
of triangles which have a common vertex, shew that the locus of this 
vertex is a straight line. 

22. Through a given point O a straight line is drawn to cut two 
given straight lines in R and .S’; find the locus of a point P on this 
variable straight lino, which is such that 

(1) 2 OP = OR + OS, 

(2) OP 1 —OR . OS. 


and 



XI.] 
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dmwn Gl 't Gn * 7 w S !- aight lin ° S nml a 11x0,1 l >oint through O is 
drawn a straight line meeting these lines in the points 7*\, 7,'. A*,. 

...is,, and on it is taken a point 7i such that 


»» _ 1 1^1 1 
Oii ~ Oil, 4 ' O/A + Olx.j + •' * * OA\, : 
shew that the locus of Tv is a straight line. 

24. A variable straight lino cuts ofT from » given concurrent 
straight lines intercepts the sum of the reciprocals of which is con¬ 
stant. Shew that it always passes through a listed point. 

25. If a triangle ADC remain always similar to a given triangle, 
and if the point A be fixed and the point D always move along a 
given straight line, find the locus of the point C. 

26. A right-angled triangle ADC, having C a right angle, is of 
given magnitude, and the angular points A and D slide along two 
given perpendicular axes; shew that the locus of C is the pair of 

straight lines whose equations are ?/ — =fc - x. 

a 


27. Two given straight lines meet in O, and through a given point 
P is drawn a straight line to meet them in Q and 11 ; if the 
parallelogram OQSR be completed find the equation to the locus 


. 28. Through a given point O is drawn a straight line to meet two 
given parallel straight lines in P and Q; through P and Q are drawn 
straight lines in given directions to meet in II ; prove that the locus of 
R is a straight line. 



CHAPTER VI. 


ON EQUATIONS REPRESENTING TWO OR MORE 

STRAIGHT LINES. 


106. Suppose we have to trace the locus represented 
by the equation 

y 2 - 3 xxj + 2.I- 2 - 0.(1). 

I his equation is equivalent to 


(y ~ x ) (y ~2x) = 0 .( 2 ). 

It is satisfied by the coordinates of all points which 
make the lirst of these brackets equal to zero, and also by 
the coordinates of .all points which make the second 
bracket zero, i.e. by all tlie points which satisfy the 
equation 

y-x- 0.(3), 

and also by the points which satisfy 


y-2x= 0 .( 4 ). 

Rut, by Art. 47, the equation (3) represents a straight 
line passing through the origin, and so also does equa¬ 
tion (4). 

Hence equation (1) represents the two straight lines 
which pass through the origin, and are inclined at angles of 
45° and tan -1 2 respectively to the axis of x. 


107. Ex. 1 . Trace the locus xy = 0. This equation 
is satisfied by all the points which satisfy the equation 
x — 0 and by all the points which satisfy y — 0, i.e. by 
all.the points which lie either on the axis of y or on the 
axis of x. 
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The required locus is therefore the two axes of coorcli- 
nates. 


• . ?• Trace the locus af> — f>.c + 6 = 0. This equation 

is equivalent to (.-• - 2) (a- - 3) = 0. It is therefore satisfied 

1 . 1 , P omts .' vluch satisfy the equation a - 2 = 0 and also 
) all the points which satisfy the equation x — 3=0. 

But these equations represent two straight lines which 
are parallel to the axis of y and are at distances 2 and 3 
respectively from the origin (Art. 10). 


Ex. 3. Trace the locus xy — 4x — by + 20 = 0. This 

equation is equivalent to (.t — 5) (y — 4) = 0, and therefore 

Represents a straight line parallel to the axis of y at a 

c is ance 5 and also a straight line parallel to the axis of x 
at a distance 4. 


108- Let us consider the general equation 

aar + 2hxy + by 2 = 0.(I). 

On multiplying it by a it may be written in the form 

(a 2 x 2 + 2 ahxy + h 2 y 2 ) - (h 2 - ab) y 2 = 0, 

e ‘ {(ax + hy) + y h 2 — a b } {(ax 4 - hy) — y Jh 2 — ab) = 0. 

As in the last article the equation (1) therefore repre¬ 
sents the two straight lines whose equations are 


ax + hy + y /i 1 — ab = 0 .(2), 

an< ^ ax -f- hy — y Jit 1 — ab = 0.(3), 

each of which passes through the origin. 


Bor (1) is satisfied by all the points which satisfy (2), 
and also by all the points which satisfy (3). 

These two straight lines are real and different if A 2 ;>«6, 
I’eal and coincident if h 2 = ab , and imaginary if h 2 Cab. 

[For in the latter case the coefficient of y in each of the 
equations (2) and (3) is partly real and partly imaginary.] 

In the case when h 2 <ab, the straight lines, though 
themselves imaginary, intersect in a real point. For the 
origin lies on the locus given by (1), since the equation (1) 
is always satisfied by the values x = 0 and y = 0. 
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109. An equation such as (1) of the previous article, 
which is such that in each term the sum of the indices of x 
and y is the same, is called a homogeneous equation. This 
equation (1) is of the second degree; for in the first term 
the index of x is 2 ; in the second term the index of both x 
and y is 1 and hence their sum is 2 ; whilst in the third 
term the index of y is 2. 

Similarly the expression 

3.r* + 4 xry — bxy* -f Oy 1 

is a homogeneous expression of the third degree. 

The expression 

.Tr 3 + 4 ary - 5 xy- + Of - 7 xy 

is not however homogeneous ; for in the first four terms 
the sum of the indices is 3 in each case, whilst in the last 
term this sum is 2. 

From Art. 10S it follows that a homogeneous equation 
of the second degree represents two straight lines, real and 
different, coincident, or imaginary. 


110. The axes being rectangular , to find the angle 


between the straight lines given by the equation 

ax 1 + 2 hxy + by 1 = 0.(l). 

Let the separate equations to the two lines be 

y—m x x — 0 and y — mjc — 0.(2), 

so that (1) must be equivalent to 

b(y- m x x) (y - m&) = 0.(3). 


Equating the coefficients of xy and a? in (1) and (3), we 
have 

— b (;n, + m 2 ) = 2//, and bm x m 2 = a, 


nij + m 2 


24 
b * 


a 


and vi,nu — T . 

6 


so that 
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If 0 be the angle between the straight lines (2) 

Lxr A (I ° V ' 


have, by Art. 66, 


we 


tan 0 = w<a 


1 + m .jWi-a 


/ (m, + nu)- — 4 m l hl 2 

1 4 - 



Hence the 


required angle is found. 


Hi* Condition that the straight lines of the previous 
article may be (1) perpendicular , and (2) coincident. 

o (l) If a 4- b = 0 the value of tan 0 is oo and lienee 6 is 
90 • the straight lines are therefore perpendicular. 

Hence two straight lines, represented by one equation, 
are at right angles if the algebraic sum of the coefficients of 
an d y 2 be zero. 

For example, the equations 

or — y 2 = 0 and 6.T 2 4-11 xy — 0>y~ = 0 
both represent pairs of straight lines at right angles. 

Similarly, whatever be the value of h, the equation 


or 4 - 2 hxy — y- — 0, 

represents a pair of straight lines at right angles. 

(2) If Id = ab , the value of tan 0 is zero and lienee 0 is 
zero. The angle between the straight lines is therefore 
zero and, since they both pass through the origin, they are 
therefore coincident. 


This may be seen directly from the original equation. 
For if h 2 = ab, i.e. h = Jab , it may be written 

ax? 4 - 2 Jab xy 4 - by 1 = 0 , 

z - e - (Jax 4- Jby) 2 = 0, 

which is two coincident straight lines. 
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112. To find the equation to the straight lines bisecting 
the angle between the straight lines given by 

ax 1 4 - 2 hxy + by 1 = 0.(1 

Let the equation (1) represent the two straight lines 



Tj x OM j and L.X) J/ 2 inclined at angles 0 X and 0 2 to the axis 
of x, so that (1) is equivalent to 

b(y-x tan 6 X ) (y - x tan 0 2 ) = 0. 


Hen 


ce 


tan 0 X + tan 0 2 = — , and tan 6 X tan 0 2 = ^ ...(2). 

Let OA and OB he the required bisectors. 

Since z AOL x = z LjOA , 

1 AOX-O x =G 2 - l AOX. 

2 z AOX = 0 x + 0 2 . 

Also z BOX = 90° + z A OX. 

2 z BOX = 180° + 0, + 0 2 . 

Hence, if 0 stand for either of the angles A£LY or BOX , 
we have 

tan 20 = tan (0, + 6 2 ) = *■ + tan = _ , 

1 — tan tan 0 2 b — o’ 

by equations (2). 

But, if (a:, y) be the coordinates of any point on either 
of the lines OA or OB , we have 

tan 6 = -. 
a; 
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- tan 20 - 2 taH ° y 

b — a 1— tan 2 0 


2 y_ 

X 


2-W 


1 - 


v~_ 

X~ 


• * 


a- - y 


o * 


t-e. 


X 2 — y : 


a — b b 

This, being a relation holding between the coordinates 
of any point on either of the bisectors, is, by Art. 42, the 
equation to the bisectors. 


The foregoing equation may also be obtained in the follow 
ing manner: 


bet the given equation represent the straight lines 

y — m l x = 0 and y — fn. 2 x = 0 . 


so that 


2 h , a 

f/q + m 2 = —— and m y m. 2 = - 


( 1 ). 

( 2 ). 


The equations to the bisectors of the angles between the straight 
hues ( 1 ) are, by Art. 84, 


7/ - 77 /1 X 

- 2-7V 1 : 

>/i 4- 77tj 2 

^14- 77 / 2 2 V 1 4- 77I2 2 

or > expressed in one equation, 

\y 77*2 X 

_ y ~rru 2 x ^ j 7/-77*’ 1 x ^ 

U/l + T7/2 2 

v'l 4- 77l2 2 j 1^/14- 7/h 2 

i.c. 

(2/ — TTlj x ) 2 (?/ - 77 i 2 x) 2 _ 


— 77/.,X 


4- ni -2 


y - ) _ 


Ji + 


m 


j}- 


1 4- 1 4- m 2 2 

(1+W12 2 ) ( y 2— 277^X1/4-771^x2) — (1 4" Wlj 2 ) ( IJ 2 — 2w 2 Xf/ 4- 77i 2 2 X 2 ) = 0, 
** e ' (wi 2 2 — m£) (x 2 — 7/2) 4- 2 ( 77*2 772 2 — 1 ) ( 77*2 — 7/io) X\J = 0, 

i ’ e ' ( 77*2 4- 77 * 2 ) (x 2 - 7/ 2 ) 4- 2 ( 77*2 777 . 2 - 1) X1J = 0. 

Hence, by (2), the required equation is 

-27* 


(x 2 -t/ 2 ) 4-2 (f - 1 ) X V = ° 


i.e. 


x 2 — y 2 x y 

~J~-b ~h * 
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EXAMPLES. XII. 


Find what straight lines are represented by the following equations 
and determine the angles between them. 


1. x 2 -7xy + 12»/ 2 =0. 

3. 33x 2 -71xi/-ll// 2 = 0. 

5 . i / 2 -10 = 0 . 

7. x 2 + 2xy sec $ + y‘ 3 = 0. 


2. 4x 2 -24xy + ll>/ 2 =0. 

4. x 3 - Gx 2 + 1 lx - 6 = 0. 

0. i/ 3 -x</ 2 - 14x 2 y + 24x 3 = 0. 

8. x 2 + 2xy cot 6 + y 7 = 0. 


9. Find the equations of the straight lines bisecting the angles 
between the pairs of straight lines given in examples 2, 3, 7, and 8. 


10. Shew that the two straight lines 

x 2 (tan 2 0 + cos 2 0) - 2 xy tan 0 -f y- sin 2 0 = 0 

make with the axis of x angles such that the difference of their 
tangents is 2. 


11. Prove that the two straight lines 

(x 2 + y 2 ) (cos 2 0 sin 2 a + sin 2 0) — (x tan a- y sin 0) 2 
include an angle 2a. 

12. Prove that the two straight lines 

x 2 sin 2 a cos 2 0 + 4 xy sin a sin 0 + y 2 [ 1 cos a - (1 + cos a) 2 cos 2 0 ] = O 
meet at an angle a. 


GENERAL EQUATION OP THE SECOND DEGREE. 

114. The most general expression, which contains 
terms involving x and y in a degree not higher than tlie 
second, must contain terms involving x 2 , xy , y 2 , x } y, and a 
constant. 

The notation which is in general use for this ex¬ 
pression is 

ax 1 + 2/ixy + by 2 + 2 yx + 2 fy + c .(1). 

1 he quantity (1) is known as the general expression of 
the second degree, and when equated to zero is called the 

general equation of the second degree. 

The student may better remember the seemingly 
arbitrary coefficients of tlie terms in the expression (1) 
if the reason for their use be given. 




GENERAL EQUATION TO TWO 


STRAIGHT LINKS. 



The most general expression involving terms only of 
the second degree in .r, ?/, and c is 

na* a 4- by 2 4 - cz‘ + 2 t'yz + 2 gzx 4- 2h.ry . (2), 

''here the coefficients occur in the order of the alphabet. 

If in this expression we put ~ equal to unity we get 

ua* 2 + by- + c + 2fiy + 2gx 4- 2 Jury, 


'vhich, after rearrangement, is the same as (1). 

^Now in Solid Geometry we use three coordinates x, y, 
* n d Also many formula? in Plane Geometry are derived 
from those of Solid Geometry by putting c equal to unity. 

We therefore, in Plane Geometry, use that notation 
corresponding to which we have the standard notation in 
Solid Geometry. 


US. In general, as will be shewn in Chapter XV., 
the general equation represents a Curve-Locus. 

. a certain condition holds between the coefficients of 

its terms it will, however, represent a pair of straight lines. 

This condition we shall determine in the following 
article. 


116. To find the condition that the general equation 
the second degree 

ax 2 + 2 hxy 4- by 2 + 2 gx 4- 2fy 4- c = 0.(1) 

may represent two straight lines. 

If we can break the left-hand members of (1) into two 
factors, each of the first degree, then, as in Art. 108, it 
will represent two straight lines. 

If a be not zero, multiply equation (1) by a and arrange 
in powers of x; it then becomes 

a^x 2 + 2 ax {liy 4 - g) = — aby 2 — 2 afy — ac. 

On completing the square on the left hand we have 
aPx* 4 - 2ax (hy 4 - g) 4- {hy 4 - g) 2 = y 2 (Jt 2 — ab) 

+ (gh -af) + g 2 -ac, 


(ax4-4y4'P’)==fcr N /2/ 2 (A 2 — ab) 4 - 2y(gh — of) + g 2 —ac ...(2). 
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From (2) we cannot obtain x in terms of y, involving 
only terms of th ejirat degree, unless the quantity under the 
radical sign be a perfect square. 

The condition for this is 


(<jh - off = (/r - ab) (cf - 
i.e. (J-Jc — lajtjh + arj~ = y*fc — abg~ — 
C;li ice 'ling and dividing by a, we 


«c)» 

ac/r + crbc. 
have the required 


com 


liti 


ion, viz. 


abc -f 2fgh — af 2 — bg 2 — ch 2 = 0 . (:)). 


117. The foregoing condition may be otherwise obtained thus: 
The given equation, multiplied by (<i), is 

arx* -f 2ahxy -f aby 7 + 2a yx -f 2 afg -f ac = 0.(4). 

The terms of the second degree in this equation break up, as in 
Al t. 108, into the factors 


ax + hy - y N / li J - ab and ax + hy + y N / A- - ab. 

If then (1) break into factors it must be equivalent to 

\ax + (A v / A J - ab) y + A\ {ax + (A + \/ A 2 - ab) y + /»} = 0, 
where A and II are given by the relations 

a (.4 +B) = 2ga . (5), 

A (h + S /A J - ab) + i: (A - Jh s -ab) = 2fa . (6), 

and A li = ac . (7). 

The equations (5) and (fi) give 

A + Il^g, and A - /: = . 

N / A* — ab 

The relation (7) then gives 

4 ac = 4AH = (A + II) 7 - {A - li) 7 

- 4^-4 

4 a*- at ’ 


i.e. (fa - gb) 7 = (g 7 - ac) ( h 7 - ab), 

which, as before, reduces to 

abc + 2fgh -af 7 — bg 7 — ch 7 =0. 

Ex. If a be zero, prove that the general equation will represent 
two straight lines if 

2fgh-bg 7 -ch 7 =0. . 

If both a and b be zero, prove that the condition is 2fg - ch=0. 
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*111© relation (3) of Art. 116 is equivalent to the 

expression 

«•> K u 

b , f — 0. 

<J> f, c I 

This may be easily verified by writing down the value 
of the determinant by the rule of Art. 5. 

A geometrical meaning to this form of the relation (3) 
will be given in a later chapter. [Art. 355.] 

The quantity on the left-hand side of equation (3) is 
called the Discriminant of the General Equation. 

The general equation therefore represents two straight 
lines if its discriminant be zero. 


119. Ex. X. Prove that the equation 

12x 2 + 7xi/ - 10?/ 2 + 13x + 45?/ - 35 = 0 
represents two straight lines , and find the angle between them. 
Here 


a = 12, h = \, 5= -10, g = ^y /=Vb and c=-35. 

Hence abc + 2fgh — af 2 — bg 2 - ch 2 

= 12 x ( - 10) x ( - 35) + 2 x V- x x|-12x (-V) 2 - ( - 10) x (V) 2 

-(-35) (X) 2 

= 4200 + - 6075 + +1 ijLA 

= - 1875 + 5 ^^ = 0 . 

The equation therefore represents two straight lines. 

Solving it for x, we have 


, 7?/ + 13 / 7?/ + 13\ 2 10.?/ 2 — 45// + 35 {7ij + 13\ 

I+I T2- + l 2 r)= -12 + \ 24 ) 


24 


)•- 


24 


-( 


23?/ — 43\ 2 


24 


)• 


x + 


7?/ + 13_ . 2 3 y -43 


24 


24 


t. e. 


2u — 7 -5i/ + 5 

*= -V or — 4 — 


The given equation therefore represents the two straight lines 

3x=2y — 7 and 4x=-5?/ + 5. 



98 


COORDINATE GEOMETRY. 


The “m’s” of these two lines are therefore $ and and the 
angle between them, by Art. CO, 

= ‘ an " , iVt ( r-«= tan - , (-v ) . 


Ex. 2. Find the value of h so that the equation 

Or 2 + 2hxy + 12 y- + 22.c + 31 y + 20 = 0 
may represent txco straight lines. 

Here 

a = G, l = 12, <7 = 11, j = V , and c = 20. 

The condition (3) of Art. 110 then gives 

20/t 2 -3*i;i + H°- z = 0, 

*>. (h - V) (20/1-171) = 0. 

Hence h = or 

lulling the first of these values, the given equation becomes 

Go: 2 + 1 Ixy + 12 y 2 + 22a: + 31 y + 20 = 0, 

(2x + 3»/ + 4)(3x + 4i/ + f>) = 0 

Taking the second value, the equation is 

2 Ox 2 + 57 xy + 40i/ 2 + i$2. x + *i*y + 2$* = 0, 
i.e. (4 x+ »y+ *f)(5x + &y + 10) = 0. 



?LES. 


XIII. 


Prove that the following equations represent two straight lines; 
find also their point of intersection and the unglo between them. 

1. Gy 2 - xy - X- + 30y + 36 = 0. 2. x 2 - 5xy + iy 2 + x + 2y - 2 = 0. 

3. 3 y- -8 xy- 3x 2 - 29x + 3y - 18 = 0. 

4. i/ 2 + xi/ — 2x 2 — 5x - y - 2 = 0. 

5. Provo that the equation 

x 2 + G xy + 9y 2 + 4x + 12y - 5 = 0 
represents two parallel lines. 

Find the value of k so that the following equations may represent 
pairs of straight lines : 

6. 0x 2 + llxi/ - 10y 2 + x + 31y + A- = 0. 

7. 12x 2 - 10xy + 2p 2 + llx - 5y + A = 0. 

8. 12x a + A*xy -f 2</ 2 + llx - 5y + 2 = 0. 

9. Gx 2 + xr/ + A»/ 2 -llx + 43i/-35 = 0 . 



EExs. XIII.] 


examples. 
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10. kxy - 8x + [)y - 12 = 0. 

11. x* + \*xy + 1/2 - ox - ly + k = 0. 

12. 12x 2 + xij- Gy 2 - 29.r + Sy + k = 0. 

13. 2x 2 + xij — ?/ a + A*x 4- Gy — 9 = 0. 

14. x 2 + kxy + i/ 2 - 5x - 7// + G = 0. 

. l >rove - tliat the equations to the straight lines passing through 

“ any ‘ e “ " Uh the “«*»* 

x 2 + 2.ry sec 2a -fy 2 =0. 

16. What relations must hold between the coefficients of the 
equations 

(i) ax- + by 2 + cx + cy = 0, 
and (ii) ay 2 + bxy + dy + ex = 0, 

so that each of them may represent a pair of straight lines? 

are 7 * eqUations to a pair of opposite sides of a parallelogram 

— 7x + G — 0 and ?/- — 14*/ + 40 = 0 ; 
find the equations to its diagonals. 

120. To prove that a homogeneous equation of the nth 
degree represents n straight lines , real or imaginary , which 
all pass through the origin. 

Let the equation be 

y n + A , xy n ~ l + AgptPy"-* + A.pt?y n “ 3 + ... + A n x n = 0. 

On division by x n , it may be written 


©' © 


n-l 


©" '+■—+^«“0....(l). 


This is an equation of the nth degree in and hence 

X 

must have n roots. 

Let these roots be m lt ?«._>, ?n. Jf ... m n . Then (C. Smith’s 
Algebra, Art. 89) the equation (1) must be equivalent to 
the equation 

(i - m ) a - f (i @ ° ■ (*>■ 

The equation (2) is satisfied by all the points which 
satisfy the separate equations 

^ — TO, = 0, ^-TO 2 =0, ... ^-TO„ = 0, 
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\.e. l>y all the points which lie on the n straight lines 

U ~ m v c !/ ~ = 0, ... y — m n x~ 0, 

all of which pass through the origin. Conversely, the 
coordinates of all the points which satisfy these n equa¬ 
tions satisfy equation (1). Hence the proposition. 

121. Ex. 1 . The equation 

i/ 3 -Or»/ 2 + 11 x n -y- 0x3 = 0, 

which is equivalent to 

(i/-x)(y-2x)(//-3x) = 0, 

represents the three straight lines 

rj-x = 0, y - 2.r = 0, and y- 3x = 0, 
all of which pass through the origin. 

Ex. 2 . The equation if - 5y- + Cnj = 0, 

2/(J/“2)(y-3) = 0, 
similarly represents the three straight lines 

!/= 0, y = '2, and t/ = 3, 
all of which are parallel to tho axis of x. 


122. lo find (he equation to the two straiyht Zincs 
joinitty the oriyin to the points in which the straiyht line 

f.c + my = n .(1 ) 

meets the locus whose equation is 

ax 7 + 2 hxy + Inf 4- 2 yx + 2fy + c = 0. .(2). 

The equation (1) may be written 


lx 4 my j 
n 



The coordinates of the points in which the straight line 
meets the locus satisfy both equation (2) and equation (3), 
and hence satisfy the equation 


a.r 4 - 2 hxy 4 -by 7 + 2 (yx + fy) 


+ c 




[l 1 or at the points where (3) and (4) are true it is clear 
that (2) is true.] 

Hence (4) represents some locus which passes through 
the intersections of (2) and (3). 
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Hut, since the equation (4) is homogeneous and of tl.e 
second degree it represents two straight lines passiu 
through the origin (Art. 10S). P 

It therefore must represent the two straight lines join¬ 
ing the origin to the intersections of (2) and (3). 


it 

o 


, f ■ 11 W preceding article may be illustrated geo¬ 

metrically it we assume that the equation (2) represents 
some such curve as PQliS in the figure ' ' P 



Let the given straight line cut the curve in the points 
/ and Q. r 

The equation (2) holds for all points on the curve PQItS. 

The equation (3) holds for all points on the line PQ. 

Jioth equations are therefore true at the points of 
intersection P and Q. 

The equation (4), which is derived from (2) and (3) 
holds therefore at P and Q. 9 

But the equation (4) represents two straight lines, eacli 
of which passes through the point O. 

It must therefore represent the two straight lines OP 
and OQ. 


124. Ex. Prove that the straight lines joining the origin to the 
points of intersection of the straight line x-y = 2 and the curve 

5x 2 + 12 xy ~ 8y 2 8x — 4j/ -f 12 = 0 

make equal angles with the axes. 

As in Art. 122 the equation to the required straight lines is 

x — y\ 2 

-a ) =°.“>• 


5x 2 + 12 xy - 8 y 2 + (8x - 4 y) X -^- + 12 ^ 
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For this equation is homogeneous and therefore represents two 
straight lines through the origin; also it is satisfied at the points 
where the two given equations are satisfied. 

Now (1) is, on reduction, 

jr=4**, 

so that the equations to the two lines are 

y = '2x and y=- 2x. 

These lines are equally inclined to the axes. 

125. It was stated in Art. 115 that, in general, an 
equation of the second degree represents a curve line, 
including (Art. 116) as a particular case two straight lines. 

In some cases however it will be found that such 
equations only represent isolated points. Some examples 
arc appended. 

Ex. 1. What is represented by the locus 

(x- y + c)° + (x + y- c) 3 = 0?.(1). 

We know that the sum of the squares of two real 
quantities cannot he zero unless each of the squares is 
separately zero. 

The oidy real points that satisfy the equation (1) 
therefore satisfy both of the equations 

x — y + c = 0 and x + y — c = 0. 

But the oidy solution of these two equations is 

x = 0, and y = c. 

The only real point represented by equation (1) is therefore 

( 0 , c). 

The same result may be obtained in a different manner. 
The equation (1) gives 

(x - y + c) a = - (x + y - cf, 

i.e. x — y + c = ± V— 1 (x + y — c). 

It therefore represents the two imaginary straight lines 

*0 - %/=!)-y(l + n/^1) + c(1+n/ITi) = 0, 
and x(l + J- — J— l) + c (l — s /~l) = 0. 
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Each of these two straight lines passes through the 
leal point (0, c). A\ e may therefore say that (1) represents 
wo imaginary straight lines passing through the point 
\^j c )' 


Ex. 2. What is represented by the equation 

(x-= - a-f + (,f- _ l-f = 0 1 

As in the last example, the only real points on the loc-us 
are those that satisfy bot/t of the equations 

a- 2 — « 2 0 and y- — b 2 = 0, 

x e ' x = a , and y = =t b. 

The points represented are therefore 

(a, 6), (a, — b), (— a, 6), and (— a , — 6). 


Ex. 3. What is represented by the equation 

x 2 + y 2 + a 2 =. 0 ? 

The only real points on the locus are those that satisfy 
all three of the equations 

x = 0, y = 0, and a = 0. 

lienee, unless a vanishes, there are no such points, and 
the given equation represents nothing real. 

The equation may be written 

** + y 2 = - « 2 , 

so that_it represents points whose distance from the origin 
is av-1. It therefore represents the imaginary circle 
whose radius is aj~ 1 and whose centre is the origin. 


126. Ex. 1. Obtain the condition that one of the straight lines 
given by the equation 

ax 2 + 2 hxy 4- by 2 = 0 .( 1 ) 

may coincide with one of those given by the equation 


a'x 2 + 2 h'xy 4- b'y 2 = 0.(2). 

Let the equation to the common straight line be 

y-m 1 x = 0 . (3). 

The quantity y - must therefore be a factor of the left-hand of 
both (1) and (2), and therefore the value y = m,x must satisfy both m 
and (2). * \ / 
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Wo therefore have 

iwtj 2 + 2hm x + a = 0 


and &'toj 2 + 2h'm l + a' = 0.(5). 

Solving (4) and (5), we have 

m , 2 m , 1 


2 (/ia' - h'a) ab'-a'b 2(bh'-b'h)' 
ha-ha 9 f ab'-a'b ) 2 

" bh'-b'/r'" 1 = (2 (&/*'-67i)J ’ 
so that we must have 

(ab' - <i'fc)*= 4 (W - /i'a) (6V - M). 


Ex. 2 . Prove that the equation 

m (x 3 - 3xy 2 ) + ij 3 - 3x 2 1 / = 0 

represents three straight lines equally inclined to one another. 

Transforming to polar coordinates (Art. 35) the equation give3 

m (cos 3 0 - 3 cos 0 sin 2 0) 4- sin 3 0 - 3 cos 2 0 sin 0 = 0, 

i.e. m (1 - 3 tan 2 0) + tan 3 0 - 3 tan 0 = 0, 

3 tan 0-tan 3 0 


i.e. 


m = 


1-3 tan 2 0 
If in = tan a, this equation gives 

tan 30= tan a, 

the solutions of which are 


= tan 30. 


i.e. 


30 = a, or ISO’ + a, or 360° + a, 
» = “, or 00’ + ?, or 120’ + ?. 


The locus is therefore three straight lines through the origin 
inclined at angles 

?. 60° + ?. and 120’ + ? 

to the axis of x. 

They are therefore equally inclined to one another. 


Ex. 3. Prove that two of the straight lines represented by the 
equation 

ax 3 * bx 7 y *cxy 2 -f dy 3 = 0 . (1) 

will be at right angles if 

a 2 + ac + Id + <P= 0. 

Let the separate equations to the three lines bo 

y - m x x = 0, p-ttiyTsO, and y-ni*c=0, 
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so that the equation (1) must be equivalent to 

d(y - vijx) (y - nujc) (y - m. J x) = 0, 

and therefore m _i_ _ c 

1,1 i m a + m 3 = - -.(2), 

w, a wl 3 + + wi 2 wi 2 = ^. 

^ . 

in addition, rSt t "° ° f th6Se Straight liues be at ri °' ht an 8 Ies we have, 

From (4) and (5), we have ~ . 1 

a 

77,3 = d' 

and therefore, from (2), 

The equation (3) then becomes 

a( c+a\ b 

d\ d ) 1 ~d' 

* ,e ‘ a 2 + ac + bd + d 2 = 0. 

EXAMPLES. XIV. 

1. Prove that the equation 

y 3 - x 3 + 3xy (y - x) = 0 

represents three straight lines equally inclined to one another. 

2. Prove that the equation 

y 2 (cos a + */3 sin a) cos a-xy (sin 2 a - J3 cos 2a) 

+ x 2 (sin a - *J3 cos a) sin a = 0 

represents two straight lines inclined at 00° to each other. 

Prove also that the area of the triangle formed with them by the 
straight line 

(cos a - *J3 sin a) y — (sin a + *J3 cos a) x + a 0 
• a 2 

IS 

4.J3 ’ 

and that this triangle is equilateral. 

3. Shew that the straight lines 

(A 2 - 3 BP) x 2 + 8 ABxy + {B 2 - 3 A 2 ) y 2 =0 

form with the line Ax + By-\-G =0 an equilateral triangle whose area 
. G 2 

18 J3 (A' 2 + B 2 ) ■ 
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lExs. 


4. Find the equation to the pair of straight lines joining the 
origin to the intersections of the straight line y = rnx -f c and the curve 

n « o 

x- + y — a-. 

Prove that they are at right angles if 

2c-= a- (1 + m 2 ). 

5. Prove that the straight lines joining the origin to the points 
of intersection of the straight line 

Ax + hy = 2 hi: 

with the curve (x - li)- + (y - k) 2 =c 2 

are at right angles if lr+ k 2 = c 2 . 

6. Prove that the angle between the straight lines joining the 
origin to the intersection of the straight line y = 3x + 2 with the curve 

2J2 

x 2 + 2 xy + 3 y 2 + 4x + Sy - 11 = 0 is tan -1 . 

O 

7. Shew that the straight lines joining the origin to the other two 
points of intersection of the curves whose equations are 

ax 2 + 2 lixy + by 2 + 2gx = 0 

and <i'x 2 + 2lixy -f b'y 2 -f 2y'x — 0 

will he at right angles if 

g(a' + b')-g'{a + b)=0. 

What loci are represented by the equations 

8. x--y- = 0. 9. x 2 -xy = 0. 10. xy - ay = 0. 

U x 3 - x 2 - x + 1 = 0. 12. x*-xy' = 0. 13. x* + y* = 0. 

14 . x 2 + 1 / 2 = 0. 15. **y = 0- 16. (x 2 -l)(y 2 -4) = 0. 

17. (X 2 - l) 2 + {y- - D 2 = 0. 18. (!/ - - c) 2 + (y - m'x - c')= = 0. 

19. (x- - a-)- (x 2 - b 2 ) 2 + c» (y 2 - a 2 ) 2 = 0. 20. (* -a) 2 -y 2 = 0. 

21. (x-f f/) 2 - c 2 = 0. 22. r = a sec {0 - a). 

23. Shew that the equation 

bx 2 -2hxy + ay 2 = 0 

represents a pair of straight lines which arc at right angles to the pair 
given by the equation 

ax’ 1 + 2 lixy + by 2 = 0. 

24. If pairs of straight lines 

x 2 - 2j'Zi/ - y- — 0 and x 2 - 2>jxy - y' 2 — 0 

bo such tint each pair bisects the angles between the other pair, prove 
that pq= - 1. 

25. Prove that the pair of lines 

a 2 x 2 + 2h ( a + 6) xy + b 2 y 2 = 0 
is equally inclined to the pair 

ax 2 + 2 hxy + by- = 0. 
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26. Shew also that the pair 

ax 2 + 2/;xy + fcy 2 + \ (x 2 + y 2 ) = o 
is equally inclined to the same pair. 

27. If one of the straight lines given by the equation 

ax 2 + 2 hxy + by- = 0 
coincide with one of those given by 

a'x- + 2 h'xy + b'y 2 = 0, 

and the other lines represented by them be perpendicular, prove that 


Jm'b' h'ab , 

> = = W 


aa bb\ 


b' — a' b — a 

th» «*«•«M° f V ? that t ? e * ( l uation to the bisectors of the angle between, 
the straight lines ax^+2hxy + by 2 = 0 is 

h ( x2 -V*) + (b-a) xy = ( ox 2 - by 2 ) cos 
the axes being inclined at an angle w. 

29. Prove that the straight lines 

ax 2 +2hxy + by 2 = 0 

make equal angles with the axis of x if ^acosw, the axes bein- 
inclined at an angle co. ° 

30. If the axes be inclined at an angle io, shew that the equation. 

x 2 -f- 2 xy cos io + y- cos 2a> = 0 
represents a pair of perpendicular straight lines. 

31. Shew that the equation 

cos 3a (x 3 - 3xy 2 ) + sin 3a (y 3 - 3x‘ J y) + 3a (x 2 + y 2 )— 4a 3 = 0> 
represents three straight lines forming an equilateral triangle. 

Prove also that its area is 3 ^/3a 2 . 

32. Prove that the general equation 

axr + 2 hxy + by 2 -f- 2 yx + 2 fy + c = 0. 
represents two parallel straight lines if 

h 2 =ab and by 2 —af 2 . 

Prove also that the distance between them is 


■J-. 


i 2 - a c 


(a + b) * 

33. If the equation 

ax 2 + 2 hxy + by 2 + 2 yx -j- 2 fy + c = O 

represent a pair of straight lines, prove that the equation to the third] 
pair of straight lines passing through the points where these meet the- 
axes is 

ax 2 - 2 hxy + by 2 + 2 yx + 2fy + c-h xy=0. 
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[Exs XXV.] 


34. If the equation 

azr -f 2 key + by- -f 2 yx -f 2 Jy + c = 0 

represent two straight lines, prove that the square of the distance of 
their point of intersection from the origin is 

c(a + b)-P-f 
ab - li 2 

35. Shew that the orthoceutre of the triangle formed by the 
straight lines 

ax- + 2hxy + by 7 = 0 and lx + my = 1 
is a point (x\ y') such that 

^ _ t/ a + h 

l ~ in ~ am- - 2 him + hi 1 * 

36. Hence find the locus of the orthocentre of a triangle of which 
two sides are given in position and whose third side goes through a 
fixed point. 

37. Shew that the distance between the points of intersection of 
the straight line 

x cos a + y sin a - p = 0 
with the straight lines ax 2 +2hxy+ by 2 =0 

2pjh 2 ^ab _ 

b cos 2 a - 2 h ccs a sm a + a sin 2 a * 

Deduce the area of the triangle formed by them. 

38. Prove that the product of the perpendiculars let fall from the 
point (x', y') upon the pair of straight lines 

ax 2 + 2hxy + by 2 = 0 
ax" + 2 hx’y' + by* 

19 J{a-b)*+4h* ‘ 

39. Shew that two of the straight lines represented by the 
equation 

ay* 4 - bxy 3 + cx^y 2 + dx 3 y + ex* = 0 

will be at right angles if 

(b + d) (ad + be) -f (e - a) 9 (a + c + e) = 0. 

40. Prove that two of the lines represented by the equation 

ax* + bx 3 y + cx 2 y 2 + dxy 3 + ay* = 0 
will bisect the angles between the other two if 

e + Ga = 0 and b + d = 0. 

41. Provo that one of the lines represented by the equation 

ax 3 + bx 2 y + cxy 2 + dy 3 — 0 
will bisect the angle between the other two if 

(3a + c) 2 (bc + 2 cd - 3 ad) = (b + 3d) 2 (be + 2 ab - 3 ad). 


CHAPTER VII. 


transformation of coordinates. 

127. It is sometimes found desirable in the discussion 
of problems to alter the origin and axes of coordinates, 
either by altering the origin without alteration of the 
direction of the axes, or by altering the directions of the 
axes and keeping the origin unchanged, or by altering the 
origin and also the directions of the axes. The latter case 
is merely a combination of the first two. Either of these 
processes is called a transformation of coordinates. 

We proceed to establish the fundamental formulas for 
such transformation of coordinates. 

128. To alter the origin of coordinates without altering 
the directions of the axes. 

Let OX and O Y be the original axes and let the new 
axes, parallel to the original, be 


O'X' and O'Y'. 

Let the coordinates of the new 

Y' 


P 

origin O', referred to the original 
axes be Ji and k , so that, if O'L be 

o' 

I 


n' 

perpendicular to OX , we have 

/‘XT 7 _.1 T 7 


X* 


OL — h and LO' = k. O L N 


Let P be any point in the plane 
of the paper, and let its coordinates, referred to the original 
axes, be x and y , and referred to the new axes let them be 
od and y '. 

Draw PN perpendicular to OX to meet OX' in X'. 
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Then 

ON = x, A P = y, ON' = x\ and N'P = y . 

We therefore have 

.c = ON = OL + O' N' = h + x\ 

and y = NP = LO'+ N'P = A + if. 

The origin is therefore transferred to the point (A, A) when 
we substitute for the coordinates x and y the quantities 

x + h and y' + A. 

The above article is true whether the axes be oblique 
or rectangular. 

129. To change the direction of the axes of coordinates, 
without changing the origin, both systems of coordinates being 
recta ngnla r. 

Let OX and O V be the original system of axes and OX' 
and OY' the new system, and let 
the angle, XOX\ through which 
the axes are turned be called 6. V 

Take any point P in the plane 
of the paper. 

Draw PN and PN' perpen¬ 
dicular to OX and OX'\ and also 
X L and N'M perpendicular to OX and PN. 

If the coordinates of P> referred to the original axes, 
be x and y } and, referred to the new axes, be x and y, we 
have 

ON=x , NP=y , ON' = x\ and N'P = y. 

The angle 

MPN' = 90" - ^ MN'P = ' MN'O = l XOX' = 0. 


We then have 

x = ON = OL — MX' = ON' cos 0 - N'P sin 0 

= x cos 0 — y' sin 0 .(1), 

and y = NP = LN' + MP = ON' sin 6 + N'P cos 0 

— x' sin 0 + y cos 0 .(2). 
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. If therefore in any equation we wish to turn the axes 
eing rectangular, through an angle 6 we must substitute ’ 

x' cos 0 — y' sin 0 and x' sin 0 + y' cos 0 

for x and y. 

When we have both to change the origin, and also the 
direction of the axes, the transformation is clearly obtained 
by combining the results of the previous articles. 

If the origin is to be transformed to the point (/< k) 

and the axes to be turned through an angle 0, we have to 
substitute 


h + x cos $ — y sin 0 and k + x sin 0 + y cos 0 
for x and y respectively. 

The student, who is acquainted with the theory of projection of 
stra^ht hncs, will see that equations (1) and (2) express the fact that 
the piojections of OP on OX and OY are respectively equal to the 
sum of the projections of ON' and N'P on the same two lines. 


, 13 °* Ex. l. Transform to -parallel axes through the point (-2 3) 
the equation 

2.r 2 -f 4.r y + 5y 2 — 4x — 22y + 7 = 0. 

We substitute x = x' -2 and y=y' + 3, and the equation becomes 
2 (x' — 2) 2 -f- 4 (x' — 2) (y' + 3)-f5(y' + 3) 2 -4(x'-2)-22 (y' + 3) + 7 = 0, 

2x' 2 + 4x'y'+5y' 2 -22 = 0. 


Ex. 2. Transform to axes inclined at 30° to the oriqinal axes the 
equation 

x 2 + 2 *J3xy — y 2 = 2a 2 . 

For x and y we have to substitute 

a/ cos 30° — y' sin 30° and x' sin 30° + y' cos 30°, 

z* and 

Z z 

The equation then becomes 

(*V3 - V'f + 2 v /3 (xV3 - y') (x' + y V3) - (•*' + y'j3)*=8a*. 
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EXAMPLES. XV. 


1. Transform to parallel axes through the point (1, -2) the 
equations 

(1) y-- 4x + 4y+ S = 0, 
and (2) 2x 2 + y* - 4x + 4y =0. 

2. What does the equation 

(x-a) 2 + (y-b)-=c 2 

become when it is transferred to parallel axes through 

(1) the point (a-c, b ), 

(2) the ])oint («, b - c) ? 

3. What does the equation 


(a -b) (x- + y-) - 2abx = 0 


become if tlie origin be moved to the point 



4. Transform to axes inclined at 45° to the original axes the 
equations 

( 1 ) x 2 -y' = a 2 , 

(2) I7x 2 - lGxy + 17f/ 2 = 225, 
and (3) y* + x* -f Ctx-y 2 = 2. 


5. Transform to axes inclined at an angle a to the original axes 
the equations 

(1) x- +j/ 2 = 

and (2) x 2 + 2xy tan 2a - y- = a-. 

6. If the axes be turned through an angle tan -1 2, what dots the 
equation Axy - 3x 2 = a 2 become? 

7. By transforming to parallel axes through a properly chosen 
point ( U, k), prove that the equation 

12ur - 10-ry + 2y 2 + 1 lx - oy + 2 = 0 
cun be reduced to one containing only terms of the second degree. 

8. Find the angle through which the axes may bo turned so that 

the equation Ax + By + C=0 

may be reduced to the form x = constant, and determine the value of 
this constant. 


131. The general proposition, which is given in the 
next article, on the transformation from one set of oblique 
axes to any other set of oblique axes is of very little 
importance and is hardly ever required. 
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To change from one set of axes, inclined at an 
angle o>, to another set 7 inclined at an, angle cd', the origin 
remaining unaltered. 



Let OX and OY be the original axes, OX' and OY' the 
new axes, and let the angle XOX' be 9 . 

Take any point P in the plane of the paper. 

Draw J J N and PN' parallel to OY and OY' to meet OX 
and OX' respectively in iV and X\ PL perpendicular to OX, 
and N'Jf and N'JP perpendicular to OL and LP. 

Now 

z PNL = z YOX = cd, and PN'JP = Y'OX ■-= o/ + 9. 

Hence if 

ON= x, A r P = y, ON' = x', and N'P = y', 
we have y sin o> = NP sin to = LP = JIN' + JPP 

= ON' sin 6 + N'P sin (X + 9), 

so that y sin o> — x sin 9 + y’ sin (X + 9) . (1). 

Also 

x + y cos cd = ON 4- NL = OL = OM 4- N'JP 

= x cos 9 + y' cos (a/ + 9) .(2). 

Multiplying (2) by sin co, (1) by cos oj, and subtracting, 
we have 

x sin cd =x sin (cd — 9) + y' sin (cd — cd — 9) .(3). 

[This equation (3) may also be obtained by drawing a perpen¬ 
dicular from jP upon OY and proceeding as for equation (1).] 

The equations (1) and (3) give the proper substitutions 
for the change of axes in the general case. 

As in Art. 130 the equations (1) and (2) may be obtained by 
equating the projections of OP and of ON' and N'P on OX and a 
straight line perpendicular to OA r . 
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* 133 . Particular cases of the preceding article. 

(1) Suppose we wish to transfer our axes from a 
rectangular pair to one inclined at an angle to'. In this 
case to is 90', and the formula? of the preceding article 
become 

x = x' cos 0 + y cos (to' + 6>), 
and y — x sin 0 + y' sin (to' + 0). 

(2) Suppose the transference is to be from oblique 
axes, inclined at to, to rectangular axes. In this case to' is 
90 s , and our formula? become 

x sin to = x sin (to — 0) — y cos (to - 0), 
and y sin to =. x sin 0 + y' cos 0. 

These particular formula? may easily be proved in¬ 
dependently, by drawing the corresponding figures. 


j- *• 

Transform the equation — — — = 1 from rectangular axes to 

axes inclined at an angle 2a, the new axis of x being inclined at an angle 

- a to the old axes and sin a being equal to -. 

Jn* + L 2 

Here 0= - a ami a>' = 2a, so that the formula of transformation 
(1) become 

x = (jt' + y r ) cos a and y = (»/'- x') sin a. 

Since sin a= — f^ -— . we have cos a= • . °= ., and hence the 

Ja- + b- J.r-+U‘ 

given equation becomes 

(x' +u r 

a* + b* a 2 + b- 

i.e. x 'y’=\(a 2 + b 2 ). 


* 134 . The degree of an equation is unchanged by any 
transformation of coordinates. 

For the most general form of transformation is found 
by combining together Arts. 128 and 132. Hence the 
most general formula? of transformation .are 

, .sin (to — 0) , sin (a> — a/ — 6) 

x = h + x -^-' + y —-.-, 

sin to sin to 


. , sin 0 , sin (to' + 0) 

y = k + x r .— + y -.- 


sin <o 


and 


sin to 
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For a: and y we have therefore to substitute expressions 
in a; and y of the first degree, so that by this substitution 
the degree of the equation cannot be raised. 

Neither can, by this substitution, the degree be lowered. 
For, if it could, then, by transforming back again, the 
degree would be raised and this we have just shewn to be 
impossible. 

U by any change of axes, without change of oriqin, the 
quantity ax- 4 - 2hxy 4 - by- become 

a'x'* + 2h'x'y' + b'y ' 2 , 

the axes in each case being rectangular, to prove that 

a + b = a' + b', arid ab- h- = a'b' - h”. 

By Art. 129, the new axis of .r being inclined at an angle 0 to the 
old axis, we have to substitute 

x' cos 0 — y’ sin # and x' sin 0 4- y' cos # 
for x and y respectively. 

Hence ax- 4- 2 hxy + by- 

= a (x' cos 0 — y' sin #) 2 -f 2h (x' cos 0 ~ y' sin 0) (.r' sin 0 4- y ' cos 0) 

4- b (x ' sin 0 4- y' cos 0) 2 
= .r' 2 [a cos'- 0 + 2 h cos 0 sin 0 4- b sin 2 0] 

4- 2 x'y' [ — a cos 0 sin 0 + h (cos 0 0 - sin 2 #) 4 - b cos 0 sin #] 


4- y'-[a. sin 2 # — 2 li cos # sin #4 - b cos 2 #]. 

We then have 

a' = a cos-0 4- 2/t cos # sin #4 -b sin 2 # 

= h [(« + b) + (a- b) cos 20 4- 2 h sin 2#].(1), 

b' = a sin 2 # — 2 h cos # sin #4 -b cos 2 # 

= \ [(a 4 - b) — (a — b) cos 2# — 2 h sin 2#].(2), 

and h' =z — a cos # sin #4 - h (cos 2 # — sin 2 #) 4 - b cos # sin # 

= £ [2/t cos 2# - (a - b) sin 2#J .(3). 

By adding (1) and (2), we have a' 4- b' = a b. 

Also, by multiplying them, we have 

4 a'b' = (a 4- b) 2 — {(a — b) cos 2# 4 - 2 h sin 2#} 2 . 

Hence 4a'b' — 4 h’- 


~ (a 4 - b)-- [{ 2 h sin 2# 4 - (a - b) cos 2#} 2 4- {2 h cos 20 - (a - b) sin 2#} 2 ] 
= (a 4 - b) 2 - [(a - b) 2 + 4/* 2 ] = 4 ab - 4h 2 , 
so that a'b' - li'- = ab - h 2 . 

136 . To find the angle through which the axes must be turned so 
that the expression ax 2 + 2hxy + by 2 may become an expression in which 
there is no term involving x'y’. 
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Assuming the work of the previous article the coefficient of x'\j' 
vanishes if h' bo zero, or, from equation (.i ), if 

2h cos 20 = (a - b) siu 20, 

2 h 

i.e. if 


tan 20 = 


The required angle is therefore 


i tan 


-l 


a-b’ 


211 


(l - b 


* 137 . The proposition of Art. 135 is a particular 
case, when the axes are rectangular, of the following more 
general proposition. 

Jf by any change of axes, without change of origin , the 
quantity air + 2hxy + by- becomes ax 1 + 2 lixy -4 b'y 1 , then 

a + b - 24 cos o> a + b' — 24' cos w 


SI TV in 


a 


71(1 


Sin in 

ab — Jr a'b' — li 2 

• o • •> / ) 

si n~ oj st n oj 
o) mol w' being the angles between the original aiul final pairs 
of axes. 

Let the coordinates of any point 1\ referred to the 
original axes, he x and y and, referred to the final axes, let 
them he x and y . 

By Art. 20 the square of the distance between P and 
the origin is x~ 4 - 2 xy cos to + y 1 , referred to the original axes, 
and x ‘ + 2x y' cos oj + y 1 , referred to the final axes. 

We therefore always have 

x- + 2 xy cos oj 4* y~ — x' 1 4- 2 xy cos oj + y' 2 .( 1 )• 

Also, by supposition, we have 

axr 4- 2hxy 4- by 2 — ax'- 4- 2h'xy' 4- b'y ' 2 .(2). 

Multiplying (1) by A and adding it to (2), we therefore have 
ur (a 4 - A) 4 - 2 xy (h 4- A cos oj) + y 1 (b + A) 

= x' 2 (a 4- A) 4- 2 xy (4' 4- A cos «') 4- y' 2 (b' + A) ...(3). 

If then any value of A makes the left-hand side of (3) a 
perfect square, the same value must make the right-hand 
side also a perfect square. 

But the values of A which make the left-hand a perfect 
square are giv«*n by the condition 

{ h 4- A cos = (a + V) (ft + A), 
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(1 “ cos - to) + X [a -+- b — 2/i cos to) 4 - a 


It- = U 


i.e. by 


\o . ci 4- b — 21 i cos to (tb — )t~ 

A" + A-=- + ■■ - 0.(4). 


Sill" to 


Sill" to 


. In a similar manner the values of A which make the 

light-hand side of (3) a perfect square are given by the 
equation 


a' + b' - 2h' cos to' ah' - h" 1 
A- + A --- + ———r = 0 


sin- to 


Sill" to 



Since the values of A given by equation (4) are the same 
as the values of A given by (5), the two equations (4) and 
(5) must be the same. 

Hence we have 


and 


+ b — 2h. cos co _ a' + b' — 2h' cos co' 
sin 2 co ~ sin 2 cu' 

ab — h 2 _ a'b' — h' 2 
sin 2 co ~ sin 2 co' ' 


EXAMPLES. XVI. 


1. The equation to a straight line referred to axes inclined at 30° 
to one another is y = 2x+l. Find its equation referred to axes 
inclined at 45°, the origin and axis of x being unchanged. 

. 2 . Transform the equation 2x 2 + 3 *j3xy + 3 y- = 2 from axet' 

inclined at 30° to rectangular axes, the axis of x remaining 
unchanged. 

3. Transform the equation x 2 + xy + iy 2 = 8 from axes inclined at 
60° to axes bisecting the angles between the original axes. 

4. Transform the equation r / 2 + 4// cot a — 4a: = 0 from rectangular 
axes to oblique axes meeting at an angle a, the axis of x being kept 
the same. 


5. If x and y be the coordinates of a point referred to a system of 
oblique axes, and x? and y’ be its coordinates referred to another 
system of oblique axes with the same origin, and if the formulas of 
transformation be 

x=mx' -r-ny' and y=»iV + «y, 


prove that 


to 2 + m'* — 1 vim' 

n 2 + n ' 2 — 1 “ ni7 * 




CHAPTER VIII. 


THE CIRCLE. 

138. Def. A circle is the locus of a point which 
moves so that its distance from a fixed point, called the 
centre, is equal to a given distance. The given distance is 
called the radius of the circle. 

139. To find the equation to a circle , the axes oj coordi¬ 
nates being two straight lines through its centre at right 
an gles. 

Let 0 he the centre of the circle and let a he its radius. 

Let OX and 0 Y he the axes of 
coordinates. 

Let V he any point on the circum¬ 
ference of the circle, and let its coordi¬ 
nates he x and y. 

Draw PM perpendicular to OX and 
join OP. 

Then (Euc. i. 47) 

0 M* + MP* = 

i. e. x 2 + y 2 = a 2 . 

This being the relation which holds between the coordi¬ 
nates of any point on the circumference is, by Art. 42, the 
required equation. 

140. To find the equation to a circle referred to any 
rectangular axes. 
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Let OA and Ol l»e the two rectangular axes. 


Let C be the centre of the 
circle and a its radius. 

Take any point P on the 
circumference and draw per¬ 
pendiculars CM and PX upon 
OX; let P be the point (.r, y). 

Draw CL perpendicular to 
XP. 

Let the coordinates of C be 
h and k ; these are supposed to 



be known. 


We have CL = MX = OX- OM = x-h, 
and LP = XP - XL = XP - MC --= y - 7c. 

Hence, since CL S + LP 2 = CP 2 t 

we have (x — h) 2 + (y — k) 2 = a 2 .( 1 ). 

This is the required equation. 


Ex. The equation to the circle, whose centre is the point ( — 3, 4) 
and whose radius is 7, is 

(x + 3) 2 +(y-4) 2 = 7 2 , 

x 2 4-t/ 2 -f Gx — 8y = 24. 


141 . Some particular cases of the preceding article may be 
noticed: 


(a) Let the origin O be on the circle so that, in this case, 

OM 2 + MC 2 —a 2 , 

i-c. h 2 +li 2 = a 2 . 

The equation (1) then becomes 

(x-Ji) 2 +(y-k) 2 =h 2 +k 2 , 

i.e. x 2 + y 2 — 2hx — 2 Icy = 0. 

(/9) Let the origin be not on the curve, but let the centre lie on 
the axis of a:. In this case k = 0, and the equation becomes 

(x-h) 2 + y 2 = a 2 . 

(y) Let the origin be on the curve and let the axis of a: be a 
diameter. We now have 7c = 0 and a = h, so that the equation becomes 

x 2 + y 2 — 2hx = 0. 

(8) By taking O at C , and thus making both h and k zero, we 
have the case of Art. 139. 
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(«) The circle will touch the axis of x if .1/6* be equal to the 
radius, i.e. if k = a. 

The equation to a circle touching the axis of x is therefore 

x~ + y 2 - 2/i.r - 2ky 4 - h~=0. 

Similarly, one touching the axis of y is 

T 2 + y2 _ 2hx _ O ky + A-3 = 0. 

14:2. To prove that the equation 

or + f + ~‘J X + %fy + c = 0.(1), 

always represents a circle for all values of g, f and c , and to 
find its centre and radius. [The axes are assumed to be 
rectangular.] 

This equation may be written 

(rir + 2 gx 4- g 2 ) + (if + 2 fg +f 2 ) = g- +f' - c, 

i.e. (x + r/)- + (y+/Y = \ J'f + /' ~ C Y- 

Comparing tliis with the equation (1) of Art. 140, we 
see that the equations are the same if 

h = - g, k--f and a = Jg J +/ a - c. 

Hence (1) represents a circle whose centre is the point 
(— g, — f) y and whose radius is Jfi+ f 1 — c. 

If g 3 f 3 > c, the radius of this circle is real. 

If g~ 4- f 2 = c, the radius vanishes, i.e. the circle becomes 
a point coinciding with the point (— y, — f). Such a circle 
is called a point-circle. 

If g-+f 2 < c, the radius of the circle is imaginary. In 
this case the equation does not represent any real geo¬ 
metrical locus. It is better not to say that the circle does 
not exist, but to say that it is a circle with a real centre 
and an imaginary radius. 

Ex. 1. The equation x 2 4- if+ 4x - Gy = 0 can bo written in the 
form 

(x + 2) a 4- (i/ - 3) 2 = 13 = , 

aud therefore represents a circle whose centre is the point ( - 2, 8) and 
whoso radius is % /13. 




GENERAL EQUATION TO A CIRCLE. 
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Ex. a. The equation 45.r 2 + 45*/ 2 - 00a- + 30// + 10 = 0 is equivalent 
to 

x0 + y 2 -iz + $i/= -H, 

and therefore represents a circle whose centre is the point (g, - |) and 
whose radius is 


15 




143. Condition that the general equation of the second 
degree may represent a circle. 

The equation (1) of the preceding article, multiplied by 
any arbitrary constant, is a particular case of the general 
equation of the second degree (Art. 114) in which there is 
no term containing xy and in which the coefficients of ar* 
and y 9 are equal. 

The general equation of the second degree in rectangular 
coordinates therefore represents a circle if* the coefficients 
of x 2 and y 2 be the same and if the coefficient of xy 
be zero. 


144. The equation (1) of Art. 142 is called the 
general equation of a circle, since it can, by a proper 
choice of g y f and c, be made to represent any circle. 

The three constants g , f y and c in the general equation 
correspond to the geometrical fact that a circle can be found 
to satisfy three independent geometrical conditions and no 
more. Thus a circle is determined when three points on it 
are given, or when it is required to touch three straight 
lines. 

146. To find the equation to the circle which is described on the 
line joining the points (x l9 y x ) and (x 2 , y 2 ) as diameter. 

Let A be the point (x x , y x ) and B be the point (x 2 , y 2 ), and let the 
coordinates of any point P on the circle be h and k. 

The equation to AP is (Art. 62) 

y-yi^j^r^^ x ~ x i) . 

and the equation to BP is 

y- !/*=£-:*’<*-*’>.< 2 >- 

But, since APB is a semicircle, the angle APB is a right angle, 
and hence the straight lines (1) and (2) are at right angles. 
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Hence, by Art. GO, we have 

k ~'Ji h Z V- _ _ i, 

h-x l " h- *2 

i.e. (/ j - o - j ) (h-x„) + (k- ?/,) (k - »/._.) = 0. 

But this is tlie condition that the point (h, k) may lie on the curve 
whose equation is 

(j- - .r,) (x - io) + (y - »/,) (y ~ »/•_.) = 0. 

This therefore is the required equation. 


14 6 . Intercepts made on the axes by the circle tchose equation is 

ax 2 + ay- + 2 <jx + 2 fy + c = 0.(1). 

The abscissae of the points where the circle (1) meets the axis of x, 
i.e. y — 0, are given by the equation 

ax- + 2gx + c = 0 .(2). 

The roots of this equation being j, and x 2 , 
we have 


2 y 

x.+x.,= - 


a 


and 


c 


•T | -To — • 

1 • a 


(Art. 2.) 



Hence _ 

A , = To - x x = N /(r, + t 2 )“ - 



Again, the roots of the equation (2) aie both imaginary if g 7 <ac. 
In this case the circle docs not meet the axis of x in real points, i.e. 
geometrically it does not meet the axis of x at all. 

The circle will touch the axis of x if the intercept A X A^ be just 
zero, i.e. if g- = ac. 

It will meet the axis of x in two points lying on opposite sides of 
the origin O if the two roots of tlie equation (2) are of opposite signs, 
i. e. if c be negative. 


147. Ex. 1. Find the equation to the circle which passes through 


the points (1, 0), (0, - G), and (3, 4). 

Let the equation to the circle bo 

■r 2 + y" 1 + 2gz + 2/y q- c = 0 . (0* 

Since the three points, whose coordinates are given, satisfy this 
equation, wc have 

l+2// + c = 0.(“)» 

3G- 12/+c = 0. (3). 

and 25 + Gr/ + 8/ +- c = 0.( 4 )* 
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Subtracting (2) from (3) and (3) from (4). we have 

~9 + \2f = 35, 

1 Gg 4- 20/= 11. 

Hence f= V” and g= - V* 

Equation (2) then gives c = 5 2 ®. 

Substituting these values in (1) the required equation is 

4x 2 + 4 y 2 - 142x + 47 y + 138 = 0. 


Eat. 2. Find the equation to the circle which touches the axis of y 
at a distance +4 from the origin and cuts off an intercept 6 from the 
axis of x. 

Any circle is x - + y 2 + 2 gx + 2 fy + c = 0. 

This meets the axis of y in points given by 

?/ 2 + 2 fy + c = 0. 

The roots of this equation must be equal and each equal to 4, so 
that it must be equivalent to (y — 4) 2 = 0. 

Hence 2/= - 8, and c = lG. 

The equation to the circle is then 

x- + y- + 2gx — Sy 4- 16 = 0. 

This meets the axis of x in points given by 

x 2 + 2gx+ 16 = 0, 

i.e. at points distant 

-g +Jg' 2 -1G and -g - Jg* - 16. 

Hence G = 2jg' 2 - 16. 

Therefore g = - 15, and the required equation is 

x 2 + t/ 2 =*= 10x - Sy + 16 = 0. 

There are therefore two circles satisfying the given conditions. 
This is geometrically obvious. 



Eind the equation to the circle 

1. Whose radius is 3 and whose centre is ( — 1, 2). 

2. Whose radius is 10 and whose centre is ( — 5, — 6). 

3. Whose radius is a + h and whose centre is (a, - h). 

4 . Whose radius is a~ — b' 2 and whose centre is ( — a, — b). 

Find the coordinates of the centres and the radii of the circles 
whose equations are 

5 . x 2 + y 2 — 4.x — 8y = 41 


6. 3x 2 + 3y 2 — 5x- Gy + 4 = 0. 
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[Exs. 


7. x- + y 2 = k (x + k). 8. x' + y 2 = 2gx -2fy. 

9. N /1 + vi- (x- -f y~) - 2 cx - 2 mcy = 0. 

Draw the circles whose equations are 

10. x 2 + ir — 2d y. 11. 3x 2 +3 i/ 2 =4x. 

12. 5x 2 + oy 2 = 2x + 'Sy. 

13. Find the equation to the circle which passes through the 
points (1, -2) and (4, -3) and which has its centre on the straight 
line 3x + 4 y — 7. 

14. Find the equation to the circle passing through the points 
(0, o) and {b t h), and having its centre on the axis of x. 

Find the equations to the circles which pass through the points 

15. (0, 0), (a, 0), and (0, b). 16. (1, 2), (3, - 4), and (5, -6). 

17. (1, 1), (2, - 1), and (3, 2). 18. (5, 7), (3, 1), and (1, 3). 

19. (<*, b), (a t - b), and (a + 6, a - b). 

20. ABCD is a square whose side is «; taking AB and AD as 
axes, prove that the equation to the circle circumscribing the square is 

x 9 + j/* = a (.r + y). 

21. Find the equation to the circle which passes through the 
origin nnd cuts off intercepts equal to 3 and 4 from the axes. 

22. Find the equation to the circle passing through the origin 
and the points (a, b) and (b, a). Find the lengths of the chords that 
it cuts oil from the axes. 

23. Find the equation to the circle which goes through the origin 
and cuts off intercepts equal to h and k from the positive parts of the 

axes. 

24. Find the equation to the circle, of radius a , which passes 
through the two points on the axis of x which are at a distance b from 
the origin. 

Find the equation to the circle which 

25. touches each axis at a distance 5 from the origin. 

26. touches each axis and is of radius a. 

27. touches both axes and passes through the point ( - 2, - 3). 

28. touches the axis of x and passes through the two points 
<1, -2) and (3, -4). 

29. touches tho axis of y nt the origin and passes through the 
point (6, c). 
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. 30. touches the axis of x at a distance 3 from the origin and 
intercepts a distance G on the axis of y. 

31. Points (1, 0) and (2, 0) are taken on the axis of .r, the axes 
being rectangular. On the line joining these points an equilateral 
triangle is described, its vertex being in the positive quadrant. Find 
the equations to the circles described on its sides as diameters. 

32. If V = mx be the equation of a chord of a circle whose radius is 
u, the origin of coordinates being one extremity of the chord and the 
axis of x being a diameter of the circle, prove that the equation of a 
circle of which this chord is the diameter is 

(I + m 2 ) (x- + y-) - 2a (.r -f my) = 0. 

33. Find the equation to the circle passing through the points 
(12, 43), (18, 39), and (42, 3) and prove that it also passes through 
the points ( - 54, - G9) and ( - 81, - 3S). 

34. Find the equation to the circle circumscribing the quadrilateral 
formed by the straight lines 

2x + 3?/ = 2, 3x — 2y = 4, x + 2y = 3, and 2 x — y = 3. 

35. Prove that the equation to the circle of which the points 
(#i» Vi) and (x a , y 2 ) are the ends of a chord of a segment containing an 
angle Q is 

(x - x x ) (x - x 2 ) + (y - 2 / x ) (y - y 2 ) 

±cot 0 [(x-xj (y - y 2 ) - (x - x.,) (// — 2/j )] = 0. 

36. Find the equations to the circles in which the line joining the 
points (a, b) and (5, - a) is a chord subtending an angle of 45° at any 
point on its circumference. 


148. Tangent. Til Geometry the tangent at any 
point of a circle is defined to be a straight line which meets 
the circle there, but, being produced, does not cut it; this 
tangent is shown to be always perpendicular to the radius 
drawn from the centre to the point of contact. 

From this property may be deduced the equation to the 
tangent at any point (x, y) of the circle or + y 2 = a 2 . 

For let the point P (Fig. Art. 139) be the point 

( x '> y )‘ 

The equation to any straight line passing through P is, 
by Art. 62, 

y- y =m(x-x) .(1). 

Also the equation to OP is 

y = \ .(2> 
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The straight lines (1) and (2) are at right angles, i.e. the 
line (1) is a tangent, if 

0 

(Art. 60) 


i.e. if 


WX-, = -l, 

X 

/ 

X 

m =->. 

V 


Substituting this value of m in (1), the equation of the 
tangent at (x\ y) is 

x 

y-y 

«/ 

• / / ftp / O w 

i.e. xx + yy = x - + y - .(«5). 

]»ut, since (x\ y) lies on the circle, we have x'* + y" 1 = 
and the required equation is then 

xx' + yy' = a 2 . 


149 . in the case of most curves it is impossible to 
give a simple construction for the tangent as in the case of 
the circle. It is therefore necessary, in general, to give a 
different definition. 

Tangent. Def. Let r and Q be any two points, near 
to one another, on any curve. 

Join PQ ; then PQ is called a 
secant. 

The position of the line PQ when 
the point Q is taken indefinitely close 
to, and ultimately coincident with, the 
point P is called the tangent at P. 

The student may better appreciate 
this definition, if he conceive the curve 
to be made up of a succession of very small points (much 
smaller than could be made by the finest conceivable drawing 
pen) packed close to one another along the curve. The 
tangent at P is then the straight line joining P and the 
next of these small points. 

150 . To find the equation of the tangent at the point 
(x\ y') of the circle x* + y 2 = a*. 
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Lot P be the given point and Q a point (a", y") lying on 
the curve and close to P. 

The equation to PQ is then 


, v' — V* 

y-y 


and 


t. e. 


t. e. 


.( 1 ). 

Since both (a', y) and (a", y") lie on the circle, we hav 

x' 2 +y" 2 = a 2 , 

//o //*) o 

x + y " = a . 

By subtraction, we have 

//O /o /M / o A 

a- -~x-+y - - y ' = 0, 

(a" - a') (a" + a') + (y" - y) (y" + y') = 0, 

// / // / 

2/ — y x -+- a* 


// I 

a — a 


V" + 2 / 


Substituting this value in (1), the equation to is 


// 


x + x 

y-V = - TJT——, (x-x) .(2). 


y +y 

Now let Q be taken very close to P , so that it ulti¬ 
mately coincides with P, i.e. put a" — x and y" — y. 

Then (2) becomes 

/ 2a' . , 

y-y =- (*-*)’ 

€ • yy' + xx = a' 2 + y' 2 = a 2 . 

The required equation is therefore 

xx' + yy^a 2 . (3). 

It will be noted that the equation to the tangent 
found in this article coincides with the equation found 
from the geometrical definition in Art. 148. 

Our definition of a tangent and the geometrical definition 
therefore give the same straight line in the case of a circle. 

151 . To obtain the equation of the tangent at any point 
> y ) lying on the circle 

a 2 + 2T + 2</a -4- 2 fy + c — 0. 
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Let P be the given point and Q a point (x", y") lying on 
the curve close to P. 

The equation to PQ is therefore 

V - y = V Zr —(*-*'). (!)• 

Since both (x, y) and (x", y") lie on the circle, we have 

x'- + y ' 2 4 - 2 gx 4- 2 ft/ 4- c = 0.(2), 

and x' 2 4- y '~ ■+■ 2gx" 4- 2/y" + c = 0 . (3). 

By subtraction, we have 

x"’ - x* 4- y' 2 - y * 4- 2y (x" - x') 4- 2/(y" - y') = 0, 
i.e. (x - X) (x" 4- X 4- 2y) + (y" -y) (y" + y'+ 2/) = 0, 

2/" - y x 4- x 4- 2*7 

t*C. 99 9 // . / , O f * 

x — x y + y + 

Substituting this value in (1), the equation to PQ be¬ 
comes 

, x" 4- x' 4- 2<y / 4 \ 

yy °- y" + y + y (a! - a!) . (4) - 

Now let Q be taken very close to P y so that it ultimately 
coincides with P y i.e. put x" = x and y" = y. 

The equation (4) then becomes 

, x 4- g . 

y ~ y = " ~ *>■ 

t. e. y (1/ 4-/) 4- x (x 4- */) = y (}j + /) 4- x' (x 4- </) 

= a?" + y /# + <7* 4- fy 
= - J/x' -fy - c, 

by (2). 

This may be written 

xx'+yy' + g(x + x')+f(y + y') + c = 0 

which is the required equation. 


152. The equation to the tangent at (x', y) is there¬ 
fore obtained from that of the circle itself by substituting 
xx for x*, yy for ?/*, x 4- x for 2x, and y 4- y for 2 y. 
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This is a particular case of a general rule which will he 
found to enable us to write down at sight the equation to 
the tangent at (x\ //') to any of the curves with which we 
shall deal in this book. 



The coordinates of the points in which the straight line 
(1) meets (2) satisfy both equations (1) and (2). 

If therefore we solve them as simultaneous equations 
we shall obtain the coordinates of the common point or 
points. 

Substituting for y from (1) in (2), the abscissae of the 
required points are given by the equation 

x 2 + (nix + c*)“ = a 2 , 

i. e. x 2 (1 + m 2 ) + 2 mcx + c 2 — a* = 0 .(3). 

The roots of this equation are, by Art. 1, real, coinci¬ 
dent, or imaginary, according as 

(2 me) 2 — 4(1+ vi 2 ) (c 2 — a 2 ) is positive, zero, or negative, 
i.e. according as 

a 2 (1 + in 2 ) — c 2 is positive, zero, or negative, 
i.e. according as 

c 2 is < = or > or (1 + in-). 

In the figure the lines marked I, II, and III are all 
parallel, i.e. their equations all have the same “m.” 

L. 


5 
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The straight line I corresponds to a value of c 3 which 
is <a*(l + in 1 ) and it meets the circle in two real points. 

The straight line III which corresponds to a value of c‘ f 
> a- (1 + m 2 ), does not meet the circle at all, or rather, as in 
Art. 108, this is better expressed by saying that it meets 
the circle in imaginary points. 

The straight line II corresponds to a value of c 2 , which 
is equal to a' ( 1 + ?/**), and meets the curve in two coincident 
points, i.e. is a tangent. 


154. AV e can now obtain the length of the chord inter¬ 
cepted by the circle on the straight line (1). For, if x x and 
x., be the roots of the equation (3), we have 


O o « 

line c- — cr 

.r. + ar« = — _ — „ , ami ^. 

1 + in 1 + m m 


Hence 




x. — = J(x x + x 2 )‘ — 4x.x\. = .—-— Jm*c 2 — (c 2 — a 2 ) ( 

' 1 + nr 


1 -f m 2 ) 


1 + in 


Jar (1 + nr) — c\ 


IF 2 / t and y 2 be the ordinates of Q and It we have, since 
these ]>oints are on (1), 

V\ ~ 2/i = + c) — -f c) = in (x x — xj. 

Hence 

Qlt = J(y x - y„)" + (a;, — x 2 f = J 1 + m* (x x — x 3 ) 

_o /«*(!+ ™*)~c' 

" V 1 + 7/i* 

In a similar manner we can consider the points of inter¬ 
section of the straight line y — mx + k with the circle 

x" 3 + y 1 + -yx + 2/y + c = 0. 


155. The straight line 

y = mx + a J 1 + in‘ 
is always a tangent to the circle 

x* + = a\ 



131 


equation to any tangent. 

As in Art. 153 the straight line 

y = mx + c 

meets the circle in two points which are coincident if 

C = ^ + 711 2 . 

B\it if a straight line meets the circle in two points 
. *y' e indefinitely close to one another then, by Art. 
149, it is a tangent to the circle. 

. strai o Ilt 1,ne V = + c is therefore a tangent to the 

circle if ° 

c — a 1 + in 2 , 

i.e. the equation to any tangent to the circle is 

y = mx 4- a VX + m2.( 1 ). 

Since the radical on the right hand may have the ■+• or_ 

sign prefixed we see that corresponding to any value of m 
there are two tangents. They are marked 11 and IV in 
the figure of Art. 153. 


/a\ Tr/? ab ,°. V ? result ma y also ke deduced from the equation 

(6) of Art. 150, which may be written 


x 




x 


y— — -,x -\— 

v y 


(i). 


~ y'~ m ' 60 tba ^ x = ~ m y' * ai *d the relation x' 2 + y rz =a- gives 


y'*(m 2 +l) = « 2 , i.e. — = N /T+~m 2 . 

The equation (1) then becomes 

y = mx + a N /l + m 2 . 

This is therefore the tangent at the point whose coordinates are 


— via 
ojl + »M 2 



If we assume that a tangent to a circle is always perpen¬ 
dicular _to the radius vector to the point of contact, the result of 
Art. 15o may be obtained in another manner. 

For a tangent is a line whose perpendicular distance from the 
centre is equal to the radius. 
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The straight line y = vur + c will therefore touch the circle if the 
perpendicular on it from the origin be equal to a, i.e. if 

c 

~ — — = ", 

N /1 + m- 

i. <*. if c = a N /l + wi-. 

This method is not however applicable to any other curve besides the 
circle. 


150. Ex. Find the filiation* to the tangents to the circle 

x 2 -f y- - Gx + 4y = 12 
which arc parallel to the straight line 

4x -f 3y + 5 = 0. 

Any struight line parallel to the given one is 

4x + 3y-fC T = 0.(1). 

The equation to the circle is 

(.r-3)- + (y + 2)- = 5-. 

The straight line (1), if it be a tangent, must be therefore such 
that its distance from the point (3, -2) is equal to ±5. 

Heuce ^ + ±5, (Art. 75), 

s /4- + 3- 

so that C= -Gi25 = 10 or -31. 

The required tangents are therefore 

4x + 3#/ + 19 = 0 and 4.r + 3y - 31 = 0. 


159. Normal. Hef. The normal at any point 1* of 
a curve is tlie straight lino which passes through P and is 
perpendicular to the tangent at P. 

To find the equation to the 'normal at the point (x\ y) of 
(1 ) the circle 

o o 2 

a- + if = a , 

and (2) the circle 

or -r y s + 2 yx + 2ft/ + c — 0. 


( 1 ) 


The tangent at (x\ y') is 

xx' + yy = a- } 



a 

y 


i.c. 




THE NORMAL TO THE CIRCLE. 
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llie equation to the straight line passing through (c’ >/) 
perpendicular to this tangent is ° J 


y -y = — a-'), 


whe 


re 


x 


(-?)—■ 


i. e. 


V 

m = •— 
x 


(Art. 69), 


The required equation is therefore 

f 

y-y’=z (* - x ')> 


i. e. 


n'y — xy = 0 . 

This straight line passes through the centre of the circle 
which is the point (0, 0). 

If we assume the ordinary geometrical propositions the 
equation is at once written down, since the normal is the 
straight line joining (0, 0; to ( x\ y). 

(2) The equation to the tangent at (x\ y) to the circle 

or + y- + 2yx + 2 fy + c = 0 

„ „ _ x ' + '■/a* + fit' + c 


IS 


/ / y* • (Art. 1 1.) 

v +J y +f v ’ 

The equation to the straight line, passing through the 
point (x\ y) and perpendicular to this tangent, is 

y — y = W4 (x — o :), 


where 


m x 


(- = _ l 

\ y'+f) 


(Art. 69), 


e. 


7fl = 


y +f 


x + y 

The equation to the normal is therefore 

V + f 


y— y = 


(x - x), 


x + y 

y(x+g) — x (y +f) + fx — yy = 0- 


z.e. 
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EXAMPLES. XVHX 


Write down the equation of the tangent to the circle 

1. x 2 + »/ 2 - 3x+ 10»/ = 15 at the point (4, - 11). 

2. 4x 2 +4y 2 -lGx-f 24y = 117 at the point ( - 4, --Y-)* 

Find the equations to the tangents to the circle 

3. x 2 +y 2 = 4 which are parallel to the line x + 2ij + 3 = 0. 

4. x 2 + y 2 + 2gx -f 2fij + c = 0 which are parallel to the line 

x + 2y - G = 0. 

5. Prove that the straight lino »/=.r-fc x /2 touches the circle 
x 2 + y- = c", and find its point of contact. 

6. Find the condition that the straight line cx-by + b 2 = 0 may 
touch the circle x' 1 -f y 2 — ax + by and find the point of contact. 

7. Find whether the straight line x + y =2 -f *^2 touches the circle 

x 2 + y 2 - 2x - 2y + 1=0. 

8. Find the condition that the straight lino 3x-f4y = A; may 
touch the circle x* + f/ 2 =lQx. 


9. Find the value of p so that the straight line 

xcos a + ysina-p = 0 

may touch the circle 

x 2 + y 2 — 2</x cos a - 2 by sin a — a 2 sin 2 a = 0. 


10. Find the condition that the straight line Ax + lly -\-C — 0 may 
touch the circle 

(x-o) 2 + (y - b)- = c a . 

11. I*i nd the equation to the tangent to the circle x a + »/ ? = « a 
which 

(i) is parallel to the straight line y = mx + c t 

(ii) is perpendicular to the straight line y = mx + c, 

(iii) passes through the point (&, 0), 

and (iv) makes with the axes a triangle whose area is a*. 

12. Fiud the length of the chord joining the points in which the 
straight line 


meets the circle x 2 + y 3 =» ,a . 

13. Find the equation to the circles which pass through the origin 
and cut off equal chords a from the straight lines y = x and y=-x. 



[Exs. XVIII.] 


EXAMPLES. 


-— 235 

«Jt 1 • ^ in - d th !°. Ration to tbe straight lines joining the origin to 
the points in which the straight line y=mx+c cuts the circle ° 

x- + y 2 = 2 ax + 2 by. 

nii Hence find the condition that these points may subtend a right 
angle at the origin. b 

circle nd alS ° th ® condition that tlle straight line may touch the 

Find the equation to the circle which 

15. has its centre at the point (3, 4) and touches the straight line 

5x + 12 y = 1. 

16. touches the axes of coordinates and also the line 

x y 
- + - = 1 
a h 

the centre being in the positive quadrant. 

17. Fas its centre at the point (1, -3) and touches the straight 

hne 2a; — 2 / —4 = 0. b 

.18. Find the general equation of a circle referred to two perpen¬ 
dicular tangents as axes. 

19. Find the equation to a circle of radius r which touches the 
axis of y at a point distant h from the origin, the centre of the circle 
being in the positive quadrant. 

Prove also that the equation to the other tangent which passes 
through the origin is 

(r 2 - 7/ 2 ) x -f 2rhy = 0. 

20. Find the equation to the circle whose centre is at the point 
(a, p) and which passes through the origin, and prove that the 
equation of the tangent at the origin is 

ax + py = 0 . 

21. Two circles are drawn through the points ( a , 5a) and (4a, a) 
to touch the axis of y. Prove that they intersect at an angle tan -1 > 5 0 . 

22. A circle passes through the points ( -1, 1), (0, 6), and (5, 5). 
Find the points on this circle the tangents at which are parallel to the 
straight line joining the origin to its centre. 


160. T ’o shew that from arty point there can be dravjji 
two tangents , real or imaginary , to a circle. 

Let the equation to the circle be # 2 + y 2 = « 2 , and let the 
given point be (x lt y x ). [Fig. Art. 161.] 

The equation to any tangent is, by Art. 155, 

y = mx -f a s /l + vrir. 
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Tf this pass through the given point (.r,, ?/,) we have 

//, = war, + a J 1 + m 2 .(1). 

lliis is t}io equation which gives the values of in corre¬ 
sponding to the tangents which pass through (x,, 7/,). 

Now (1) gives 

V\ ~ = « >/ 1 + wr, 

t/i' — 2//*x,y, + m~x j 2 = rt 2 -r « 3 m 3 , 

*•"* 2 (V - - 2mx l y l -f y- - « 3 = 0 . (2). 

The equation (2) is a quadratic equation and gives 
therefore two values of in (real, coincident, or imaginary) 
corresponding to any given values of x, and y x . For each 
of these values of in we have a corresponding tangent. 

The roots of (2) are, l>y Art. 1, real, coincident or 
imaginary according as 

{-x x yff — 1 (f'\ — a" 2 ) (yf — tt-) is positive, zero, or negative, 
i.e. according as 

(— a 3 -f a*, 2 y x ~) is positive, zero, or negative, 
i.e. according as xy *f y x \ a 2 . 

If x 2 + y x > « 2 , the distance of the point (x,, y x ) from 
the centre is greater than the radius and hence it lies outside 
the circle. 

Tf x l ' + y l ‘ 2 = fr y the point (a?,, y x ) lies on the circle and 
the two coincident tangents become the tangent at (x,, y x ). 

Tf x, 2 + y 2 < a 3 , the point (x,, y x ) lies within the circle, 
and no tangents can then be geometrically drawn to the 
circle. It is however better to say that the tangents are 
imaginary. 

161. Chord of Contact. Def. If from any point 
T without a circle two tangents TP and 1'Q be drawn to 
the circle, the straight line PQ joining the points of 
contact is called the chord of contact of tangents from T. 

To find the equation of the chord of contact of tangents 
drawn to the circle x 2 + y 1 — a' 3 from tike external point 

(*n y.)- 
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POLE AXI) l-ULAlt. 

Let T be the point , y,), and P and 
(x, y ) and (x , y ) respectively. 


(J the j>oiiits 


Tlie tangent at P is 


( 1 ), 


xx + yy = a- . 

and that at Q is 

xaf' + yy" = «* . (2). 

Since tliese tangents pass through 
1\ its coordinates (.r,, y,) must satisfy 
botli (1) and (2). 

Hence .c,x' + y,y' ^ a" 

and + y,y" = 

The equation to PQ is then 



( 3 ), 

<*)• 


+ yyi = & 2 .(0). 

For, since (3) is true, it follows that the point ,/). 
t.e. ./*, lie:; on (5). 

Also, since (4) is true, it follows that the point (.<;", y"), 
i.e. lies on (5). 

Hence both P and Q lie on the straight line (5), i.e. 
(5) is the equation to the required chord of contact. 

If the point (x x , y v ) lie within the circle the argument 
of the preceding article will shew that the line joining the 
(imaginary) points of contact of the two (imaginary) 
tangents drawn from (x x , y x ) is xx x + yy x = a 2 . 

We thus see, since this line is always real, that we may 
have a real straight line joining the imaginary points of 
contact of two imaginary tangents. 


162. Pole and Polar. Def. If through a point 
P (within or without a circle) there be drawn any straight 
line to meet the circle in Q and 7?, the locus of the poinf of 
intersection of the tangents at Q and P is called the polar 
of P; also P is called the pole of the polar. 

In the next article the locus will be proved to be a 
straight line. 
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163. To find the equation to the j^olar of the point 
V\) with respect to the circle ar-\-f = a-. 



Let QR be any chord drawn through P and let the 
tangents at Q and R meet in the point T whose coordinates 
are (A, k). 

Hence QR is the chord of contact of tangents drawn 
from the point (A, k) and therefore, by Art. 161, its 
equation is xh -f yk = a 2 . 

Since this line passes through tlie point (.r,, y,) we 
have 

xf + y x k = a- .(1). 

Since the relation (1) is true it follows that the 
variable point (A, k) always lies on the straight line whose 
equation is 

xx i + yyi = a2 .( 2 >- 

Hence (2) is the polar of the point (x lt y,). 

In a similar manner it may be proved that the polar of 
(a*,, y,) with respect to the circle 

or* + y 2 + 2yx + 2 fy + c = 0 
is xx t + yy, + y (x + x t ) +f(y + y x ) + c = 0. 

164. The equation (2) of the preceding article is the 
same as equation (5) of Art. 161. If, therefore, the point 
(a:,, yd be without the circle, as in the right-hand figure, 
the polar is the same as the chord of contact of the real 
tangents drawn through (x lf y,). 

If the point (x lt y x ) be on the circle, the polar coincides 
with the tangent at it. (Art. 150.) 
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\ i P ° int he within t-he circle, then, as in 

Art. 161, the equation (2) is the line joining the (imaginary) 

points of contact of the two (imaginary) tangents that can 
be drawn from (a? lf y x ). 

We see therefore that the polar might have been 
defined as follows : 


The polar of a given point is the straight line which 
passes through the (real or imaginary) points of contact of 
tangents drawn from the given point; also the pole of any 
straight line is the point of intersection of tangents at the 

points (real or imaginary) in which this straight line meets 
the circle. 


165. Geometrical construction for the jrnlar of a jjoint. 

The equation to OP, which is the line joining (0, 0) to 

(*i* V i), is 



Also the polar of 1* is 


xx i + .( 2 ). 

By Art. 69, the lines (1) and (2) are perpendicular to 
one another. Hence OP is perpendicular to the polar 
of P. 

Also the length OP — Jx? ■+■ yf 
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and the perpendicular, OX, from O upon (2) 

o 

a 

J*i + yi 1 

Hence the product OX. OP —as. 

The polar of any point P is therefore constructed thus: 
Join OP and on it (produced if necessary) take a point X 
such that the rectangle OX. OP is equal to the square of 
the radius of the circle. 

Through X draw the straight line LL' perpendicular to 
OP ; this is the polar required. 

[It will he noted that the middle point iY of an}' chord LL' lies oii 
the line joining the centre to the pole of the chord.] 


166. To find the pole of a yiven line with respect to 
any circle. 

Let tlie equation to the given line be 

Ax+ Py + C= 0.(1). 

(1) Let the equation to the circle be 

o o 

or + y~ = cr, 

and let the required pole be (a*,, y x ). 

Then (1) must be the equation to the polar of (a:,, y t ), 
i.e. it is the same as the equation 

+2/!/i-a’ = 0 .( 2 ). 

Comparing equations (1) and (2), we have 

_ V\ _ - « 2 
A 7i~ C ’ 


so that 


A n )l . 

x x = --°- and a-. 


The recpiired pole is therefore the point 

( * . P X 

\ c * c )' 

(2) Let the equation to the circle be 

x 2 + y- + 2 yx + 2 fy + c = 0. 





POLE AND POLAR. 


HI 


3ft) , be the required pole, then (1) must he 
equnalent to the equation 

+ + ff (<-■ + a-,) +/(y + y,) + c - 0, (Ai t. 1G3), 

31 ( x 'i + y) + y (U\ +./') + yr, + yy, + c = 0 .(3). 

Comparing (1) with (3), we therefore have 

x i + (/ = 2/i +/ U*'\+Jy x + c- 

-i a c' • 

By solving these equations we have the values of a\ 

and 


l r ind the pole of the straight line 

9.r + y - 28 = 0. ( 1 ) 

u ith respect to the circle . v 

2x 2 4-2 if- - 3 x + oy - 7 = 0.(2). 

It y j) be the required point the line (1) must coincide with the 

polar of (x,, y ,), whose equation is 

2xx i + 2 y Vl - $ (.r + x t ) -f S (y + y,) - 7 = 0, 

x (^ x i “ 3 ) + y ( 4 Z/i + 5) - 3xj-f 5y x - 14 = 0.(3). 

Since (1) and (3) are the same, we have 

~ 3 _ 4 y 1 + o _ - 3x, + 5y, -14 
9 1 “ — 28 

Bence x 1 = 0y l +12, 

an d 3Xi-117// J = 12G. 

Solving these equations we have x.=3 and y. = -1, so tliat the 
required point is (3, — 1). 


167. Jf the. polar of a j)olnt P j>ass through a point T, 
then the jiolar of T passes throuylc 1*. 

Let P and T be the points (re,, y x ) and (x., y y.,) re¬ 
spectively. (Fig. Art. 1G3.) 

The polar of (x lf yf) with respect to the circle 
or 4 - y- ~ a 1 is 

+ yy x = a~. 

This straight line passes through the point T if 

x<rc x -h y-,y x — a- 


( 1 ). 
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Since the relation (1) is true it follows that che point 
( j: i> Vi)> 1€ - l*i 1> CS °» the straight line xx^ + yy 2 = « 2 , which 
is the polar of (x 2 , y._,), i.e. T\ with respect to the circle. 

Hence the proposition. 

Cor. The intersection, 'J\ of the polars of two points, 
P and Q, is the pole of the line PQ. 

168. To find the length of the tangent that can he 
drawn from the point (./:,, y,) to the circles 

/IV ** o o 

(1) xr + y* = « 2 , 

and (2) ar + if -r 2 g.c -f 2 fij + c — 0. 

If T he an external point (Fig. Art. 1G3), TQ a tangent 
and O the centre of the circle, then TQO is a right angle 
and hence 

TQ-= OF--0Q\ 

(1) If the equation to the circle ho or + y- = a 2 , 0 is the 
origin, OT 1 = x , 2 + y, 2 , and OQ- =a\ 

Hence 7'Q- — ay + y x ' — a~. 

(2) Let the equation to the circle he 

a- + y-+ 2 gx + 2 fy + c = 0, 

«•«. (-C + y) c + (y +/) 5 = if +f‘ - c - 

In this case 0 is the point (— y, — f) and 

OQ- — (radius) 2 = g- +y' 2 — c. 

Hence OT' = [*, - (- y)] s + [y, - (-/)? (Art. 20). 

= (*i + <jY + (y, +/A 

Therefore 7'<? 3 = (a;, + gf + (y, +/)» - (y* +/ J - c) 

= + yi a + 2y.r, + 2/y, + c. 

In each case we see thnt (the equation to the circle 
being written so that the coefficients of a.- 5 and y 3 are each 
unity, and the right-hand member zero), the square of the 
length of the tangent drawn to the circle from the point 
( x ly y,) is obtained hy substituting x x and y x *or x and y 
in the left-hand member of the equation. 

*169. To find the equation to the pair of tangents that 
can be drawn from the point (x lt y,) to the circle ar* + y 2 = « 2 * 
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Let (A, A) be any point on either of the tangents from 

V\)- 

Since any straight line touches a circle if the perpen¬ 
dicular on it from the centre is equal to the radius, the 
perpendicular from the origin upon the line joining <x lt V] ) 

The equation to the straight line joining these two 
points is ° 

k — ?/, 

V-t/i^i --• (.tf-a-J, 


t.e. 


Hence 


h — x x 

y (A - x i) -sc(k — y,) + kx, - lnj x = o. 

kx \ - hy ! 

J 0 l - x i)" + (A — yo 1 
( kx i - %.)" = « 2 [(A - a-,) 2 + (A - yj-a 




so that 

Therefore the point (4, 4) always lies on the locus 

= « 2 [(a- - a,) 2 + (y - y x f] .(1). 

This therefore is the required equation. 

The equation (1) may be written in the form 
(Vi ~ « 3 ) + y 2 (*Y - a?) - a- (a, 2 + y*) 

= ‘Zxyxjji - 2a*xx x - 2cryy x , 

i.e. (a* 2 4 - y 2 — a 2 ) (x x 2 + y x 2 — a~) — ray 4- y 2 ^ 2 4- a 4 4- 2xyx x y x 

— 2a 2 aa 1 — 2a?yy x = (aa x 4 - yy x - a 2 ) 2 .(2). 

I u a later chapter we shall obtain the equation to the pair 
of tangents to any curve of the second degree in a form analogous 
to that of equation (2) of the previous article. 

Similarly the equation to the pair of tangents that can be 
drawn from (x x , y x ) to the circle 

{x-f) 2 + {y-9) 2 = a~ 

is { (x +(y- g y - a 2 } { (x x -f)*+ (y x - 0 y - a 2 } 

= { (* “/) (*i -/) + (V-9) (2/i - 9) ~ a 2 } 2 .(1). 

If the equation to the circle be given in the form 

x 2 4- y 2 4- 2gx 4- 2/y + c = 0 
the equation to the tangents is, similarly, 

(x* + y 2 + 2gx + 2 fy 4- c) (aq 2 4- y x ~ 4- 2 gx x + 2 fy x + c) 

= [xx x 4- yy x 4-/7 (x 4- x x ) +f (y + y x ) + cj-.(2). 
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EXAMPLES. XIX. 

Find the polur of the point 

1. (1, *2) with respect to the circle x- + y- = 7. 

2. (4, - 1) with respect to the circle 2x--f 2// 2 =ll. 

3. ( - 2, 3) with respect to the circle 

x- f y- - lx - Cij -f .j = 0. 

4. (“>, - A) with respect to the circle 

d.r- + ’.hj- - lx + by - 9 = 0. 

5. ( /, - b) with respect to the circle 

x 2 -r y 1 + 2ax - 2by + a- - h- = 0. 

Find the pole of the straight line 

6. x -\-2y= 1 with respect to the circle x~ + y- = 5. 

7. *2x — y-C) with respect to the circle dx 2 +dy 2 = 9. 

8. 2x + y + 12 = 0 with respect to the circle 

x- + y-- 4x-f 3 y -1=0. 

9. 4Rr - 7Ay + o.‘J = 0 with respect to the circle 

3x- + i\y- + ox - 7ij + 2 = 0. 

10. ,,x H by -f 3<i- + 36-= 0 with respect to the circle 

x 2 -f y- + 2 ax + 2 by = a 2 + 6 2 . 

11. Tangents are drawn to the circle x- + y- = 12 at the points 
where it is met by the circle x--f y- - ox -f 3// — 2 = 0 ; find the point of 
intersection of these tangents. 

12. Find the equation to that chord of the circle x- + y 2 = Hl which 
is bisected at the point ( - 2, 3), and its pole with respect to the circle. 

13. Prove that the polars of the point (1, - 2) with respect to the 
circles whoso equations are 

x 2 + y- + Gy + 5 = 0 and x 2 + y 2 + 2x-f 8// +5 = 0 

coincide; prove also that there is another point the polars of which 
with respect to these circles are the same and find its coordinates. 

14. Find the condition that the chord of contact of tangents from 
the point (x\ y') to the circle x- + y- = a- should subtend a right angle 
at the centre. 

15. Prove that the distances of two points, P and Q t each from 
the polar of the other with respect to a circle, are to one another 
as the distances of the points from the centre of the circle. 

16. Prove that the polar of a given point with respect to any one 
of the circles x 2 + y- - 2kx + c 2 = 0, whero k is vaiiuble, always passes 
through a fixed point, whatever be the value of k. 
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POLAR EQUATION JO THE CIRCLE. 


17. Tangents are drawn 
t 2 + y- = a- ; prove that the 
and the straight line joining 


from the point ( h , k) to the circle 
area of the triangle formed by them 
their points of contact is 


„ +. ir- ~ 

Find the lengths of the tangents drawn 

18. to the circle 2x- + 2y- = :\ from the point ( - 2, S). 

19. to the circle 3x 2 -f 3y- — 7x — Gy = 12 from the point (G, -7) 

20. to the circle x 2 + y- 2bx — 3/Z 2 = 0 from the point 

(u+b, « — />). 

21. Given the three circles 


x 2 + y-~ lGx -f GO — 0, 

3x2 + 3 y 2 - 3Cx + 81 = 0, 
and x 2 + y 2 - lGx- 12y +8-1 = 0, 

find (1) the point from which the tangents to them are equal in 
length, and (2) this length. 

22.^ The distances from the origin of the centres of three circles 
x-y-— 2\x = c- (where c is a constant and X a variable) are in 
geometrical progression ; prove that the lengths of the tangents drawn 
to them from any point on the circle x- + y- = c- are also in geometrical 
progression. 


23. Find the equation to the pair of tangents drawn 

(1) from the point (11, 3) to the circle x 2 -f t/ 2 = G5, 

(2) from the point (4, o) to the circle 

2x 2 + 2 y -- 8x + 12 y + 21 = 0. 


171- To find the general equation of a circle referred 
to polar coordinates. 

Let O be the origin, or pole, OX the initial line, C the 
centre and a the radius of the 
circle. 

Let the polar coordinates of C 
be R and a, so that OC = R and 

z XOC = a. 

Let a radius vector through O 
at an angle 0 with the initial line 
cut the circle in P and Q. Let 
OP, or OQ , be r. 



X 
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Then (Trig. Art. 164) we have 

CP- = OC 2 + OP’- 2 OC. OP cos COP , 

i-*. « 2 = -ft 2 + r 2 — 2i?r cos (0 - a), 

».*. r* - 27?r cos ((9 - a) + 2 - «- = 0.(1). 

This is the required polar equation. 

173. Particular cases of the general equation in polar coordinates. 

(1) Let the initial line be taken to go through the centre C. Then 
a = 0, and the equation becomes 

r 2 - 2 Hr cos $ -f- R- - a 2 = 0. 

(2j Let the pole O be taken on the circle, so that 

Il = OC = a. 

The general equation then becomes 

r’ - 2 ar cos (d - a) = 0, 

i.e. r = 2a cos (0 - a). 

(.’I) Let the pole be on the circle and also let the initial line pass 
through the centre of the circle. In this case 

a — 0, and 11 = a. 

The general equation reduces then to the 
simple form r = 2«cosd?. 

This is at once evident from the figure. 

Tor, if OCA be a diameter, we have 

OP = OA cos 0, 

i.e. r=2a cos 0. 

173. The equation (1) of Art. 171 is a quadratic 
equation which, for any given value of 6 , gives two 
values of r. These two values in the figure are OP and 

OQ. 

If these two values be called r, and r 2 , we have, from 
equation (1), 

r L r„ = product of the roots = R 1 — a 3 , 

i-e. OP. OQ = R- — a 2 . 

The value of the rectangle OP. OQ is therefore the 
same for all values of 0. It follows that if we drew any 
other line through 0 to cut the circle in P x and Q x we 
should have OP. OQ = OP x . OQ x . 

This is the well-known geometrical proposition. 
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POLAR KQUATIOX TO THE TANGENT. 
r--> arn , gfjho the e r aU ,° n t0 the chord joining the points on the circle 

to the tangentZ thVpoint X "" *' a ” d M”" "" W“°" 

The equation to any straight line in polar coordinates is (Art. 88) 

P = r cos ( 0 ~ a) . (1 ) 

have” 8 PaSSthr ° UsU the l >oints C 2 " OOK «i. *,) and (2«cos*.. ffj, we 


Hence 


2a cos cos (0j - a ) =p = 2a cos 0cos (0._. — a ).(2). 

cos (20j - a) + cos a = cos (20., - a) 4- cos a, 

V* 20 1 - a = — (20., — a), 

since 0 X and 0., are not, in general, equal. 

Hence a = 0*4-0.,, 

and then, from (2), p = 2a cos 0* cos 0.,. 

On substitution in (1), the equation to the required chord is 

r cos (0 — 0* — 0.,) = 2 a cos 0* cos 0. 2 . ( 3 ), 

Arf T ^n e< i Uati °^- t0 i hG | ai ?Sent at the point 0* is found, as in 
Art. 150, by putting 0 2 = 0 X m equation (3). 

We thus obtain as the equation to the tangent 

r cos ( 0 - 20*) = 2 a cos 2 0*. 

A ? in , t . h ? f ore g° in g article it could be shewn that the equation to 
tne chord joining the points 0* and 0 2 on the circle r=2acos {0 - y) is 

r cos [0 - 0* - 0., h- y ] = 2a cos (0* - y) cos {0., - y) 

and hence tlmt the equation to the tangent at the point 0* is 

r cos (0 - 20, -f- y) = 2a cos 2 (0* - y). 


EXAMPLES. XX. 

1. Find the coordinates of the centre of the circle 

r = A cos 0 4 - B sin 0. 

2. Find the polar equation of a circle, the initial line being a 
tangent. What does it become if the origin be on the circumference? 

3. Draw the loci 

(1) r = a; (2) r = a sin 0; (3) r = a cos 0; (4) r = a sec 0 ; 

(5) r = a cos (0 - a); (6) r = a sec (0 - a). 

4. Prove that the equations r=acos (0-a) and r = 5sin(0- a ) 

represent two circles which cut at right angles. ’ 

5. Prove that the equation r 2 cos 0 — ar cos 20 - 2a 2 cos 0 = 0 
represents a straight line and a circle. 
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6. Find the polar equation to the circle described on the straight 
line joining the points (a, a) and ( b, ft) as diameter. 

7. Prove that the equation to the circle described on the straight 
line joining the points (1, C0 C ) and (2, 30°) as diameter is 

r 2 - r [cos (0 - 00°) + 2 cos (0 - 30°)] + = 0. 

8. Find the condition that the straight line 

- = « cos 0 + b sin 0 
r 

may touch the circle r = 2c cos 0. 

175. To jhul the yeneral equation to a circle referred to 
oblique axes which meet at an anyle to. 

Lot C be the centre and a the radius of the circle. Let 
the coordinates of C be (4, k) so 
that if CM, drawn parallel to the Y 
axis of ?/, meets OX in M, then 

OM = h and MC — k. 

Let J* be any point on the 
circle whose coordinates are x and 
y. Draw PX, the ordinate of P, 
and CL parallel to OX to meet 
PX in L. 

Then CL = MX= OX- OM^ x-h, 
and LP = XP - XL = XP - MC = y - k. 

Also l CLP = l ONP = 180° - z PX X = 180° - to. 

Hence, since C/P + LP 2 - 2CL . LP cos CLP = a 2 , 
we have (x - h)2 + (y - k) 2 + 2 (x - h) (y - 
i.e. x 2 + y 1 + 2 xy cos <o - 2x (4 + k cos to) — 2y (k + h cos to) 

+ h" + A* 2 + 2 Itk cos to = a 2 . 

The required equation is therefore found. 

176. As in Art. 142 it may be shewn that the 
equation 

ar + 2 xy cos to + y” + 2 yx -f 2 fy + c = 0 
represents a circle and its radius and centre found. 


k) cos to = a 2 . 
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fix. If the axes he inclined at 00°, prove that the equation 

•r 2 4- xy + 7j- - 4.r - 5, f - 2 = 0 .( 1 , 

represents a circle andjind its centre and radius. 

becomes ^ C<1Ual to G0 °* so that COSw = i» the equation of Ai t. 175 

x-’ + Jri/ + 1J ^ x (2/, + A) - y ('2k + h) + h- 4- it* 4- hk = a 2 . 

This equation agrees with (1) if 


and 

Solving (2) and 
gives 


2 A 4- k — 4. /ok 

2A+ /i = 5.(3), 

h' 2 + A 2 + h A — a’ 2 = -2. (4) . 

(3), we have h = l and A = 2 . Equation ( 4 ) then 


a s = h- 4 - A- + 7/A + 2 = 9, 
so that a =3. 

The equation (1) therefore represents a circle whose centre is the 
point (X, 2) and whose radius is 3, the axes being inclined at 00°. 


EXAMPLES. XXI. 

Find the inclinations of the axes so that the following equations 
may represent circles, and in each case find the radius and centre ; 

1. x- - xy + y 2 - 2gx - 2/y = 0. 

2. x- 4 - ^Sxy -t- y- — 4x — Gy 4 - 5 = 0. 

3. The axes being inclined at an angle o, find the centre and 
radius of the circle 

x 2 + 2xi/ cos u> + y 2 - 2gx - 2 fy = 0 . 

4. The axes being inclined at 45°, find the equation to the circle 
whose centre is the point (2, 3) and whose radius is 4. 

5. The axes being inclined at 60°, find the equation to the circle 
whose centre is the point ( — 3, — 5) and whose radius is G. 

6 . Prove that the equation to a circle whose radius is a and 

which touches the axes of coordinates, which are inclined at an angle 
cj , is 

x ~ 4- 2 xy cos cj 4- y- — 2a (.r 4- y) cot 4- a 2 cot 2 ^ — 0. 

7. Prove that the straight line y — ?nx will touch the circle 

x 2 4- 2 xy cos u> 4- y- 4- 2 yx 4- 2 fy 4 - c — 0 
** - (g 4 -fm)~ = c (1 4- 2m cos a> 4 - in 2 ). 

8 . The axes being inclined at an angle 10 , find the equation to the 
circle whose diameter is the straight line joining the points 

(x\ y') and (x", y"). 
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Coordinates of a point on a circle expressed in 
terms of one single variable. 

177. If, in tlie figure of Art. 139, we put the angle 
MOP equal to a, the coordinates of the point P are easily 
seen to be a cos a and a sin a. 

These equations clearly satisfy equation (1) of that 
article. 

The position of the point P is therefore known when 
the value of a is given, and it may be, for brevity, called 
“ the point a.” 

itli the ordinary Cartesian coordinates we have to 
give the values of two separate quantities x and >/' (which 

are however connected by the relation x' — Ja 2 — y'*) to 
express the position of a point P on the circle. The 
above substitution therefore often simplifies solutions of 
problems. 

178. y o find the equation to the straight line joining 
two points , a and on the circle .t- -f y~ = or. 

Let the points be P and Q, and let OX be the perpen¬ 
dicular from the origin on the straight line PQ ; then OX 
bisects the angle PO(J> and hence 

4 X0N= k ( l XOP + * XOQ) = k (a + p). 

Also ox = or cos xor „ c<»s . 

The equation to PQ is therefore (Art. 53), 

a. + P . a + p a — p 

X cos —- - -f //sill - rt cos -- 

O »' *1 o 

If we put p — a we have, as the equation to the tangent 
at the point a, 

x cos a + y sin a = a. 

This nmy also be deduced from the equation of Art. 150 
by putting x = a cos a and y' = a sin a. 

179. If the equation to the circle be in the more 
general form 

(x — h) 2 -r (y — X*)* = a*, (Art. 140), 
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we may express the coordinates of I> in the form 

(A + a COS a, k -r Cl sill a). 

hoi these values satisfy the above equation. 

Here a is the angle LCP [Fig. Art. 140]. 

The equation to the straight line joining the points a and 
P civil be easily shewn to be 

(x — A) cos — —— 4- ( i/ — A ) sin t —= a cos P 9 

and so the tangent at the point a is 

(*£ A) cos a 4- (y — /i] sin a. — a . 


* 180 . Common tangents to two circles. If O x 

and U. z be the centres of two circles whose radii are r x and 
and if one pair of common tangents meet O x (). 2 in 2\ 
and the other pair meet it in 7\,, then, by similar triangles. 


we have 


O/T. 


O x 7\ 


T 9 0* r 2 0 9 z\ * 
divide 0 X 0. 2 in the ratio of the radii. 


The points 'I\ and 2\ therefore 


The coordinates of 2\ having been found, the corre¬ 
sponding tangents are straight lines passing through it, 
such that the perpendiculars on them from O ; are each 
equal to r x . So for the other pair which pass through 7\. 


Find the four common tangents to the circles 
x ~ + y 2 — 22x-h4y 4 -100 = 0, and x- 4- y 2 4- 22x - 4g - 100 = 0. 

The equations may be written 

(x- 11)2 + ( 2/ + 2)2 = 5 2 , and (.r + ll) 2 + (^-2) 2 =15 2 . 

The centre of the first is the point (11, - 2 ) and its radius is 5. 

The centre of the second is the point ( — 11 , 2 ) and its radius is 15. 

Then T 2 is the point dividing internally the line joining the centres 
in the ratio 5 : 15 and hence (Art. 22) its coordinates are 

15xll + 5x( - 11) . 15 x( — 2)+ 5x2 

15 4- 5 15 4- 5 

that is, T 3 is the point (^, — 1 ). 
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Similarly T x is the point dividing this line externally in the ratio 
5 : 15, and hence its coordinates are 

15x11 — ox ( — 11) , 15 x ( — 2) — 5 x 2 

-—— —-and-—— -, 

Id — o lo — 5 

that is, 1\ is the point (2*2, - -4). 

Let the equation to either of the tangents passing through '1\ be 

y +1 = (-r - V).(*)• 

Then the perpendicular from the point (11, -2) on it is equal to 
i 5, and lienee 


n , (ii _ Y) - ( - 2+ 1) 


= ±5. 


1 + m a 

On solving, wc have m= - Y or 4. 

The required tangents through T., are therefore 

2-ix + 7y = 125, and 4x - 3 y = 25. 

Similarly the equations to the tangents through T l aro 

y + 4 = m (x - 22) .(2), 

»n (11 - 22) - ( -2 + 4) 


where 


•JI + w* 


— + o. 


On solving, we have m = or - J. 

On substitution in (2), the required equations are therefore 

lx - 24 y = 250 and 3x + 4 y — 50. 

The four common tangents are therefore found. 

181. We shall conclude this chapter with some mis¬ 
cellaneous examples on loci. 

Ex. 1. Find the locus of a point P which mores so tlmt its distance 
front a <jiven point O is always in a yiven ratio (n : 1) to its distance 
from another yiven point .1. 

Take O as origin and the direction of OA as the axis of x. Let 
the distance O.l be a, so that A is the point (a, 0). 

If (x, y) bo the coordinates of any position of P we have 

OP J = ri 3 . AP 2 , 

it- x 2 + y 2 = ;i 2 [(x-a) 2 +»/ 2 ], 

i.e. (x 2 + y 2 ) (« 2 - 1) - 2 an-x + n 2 a 2 = 0.(1). 

Hence, by Art. 143, the locus of P is a circle. 

Let this circle meet the axis of x in the points C and D. Then OC 
and OD are the roots of the equation obtained by putting y equal to 
zero in (1). 


Hence 


OC= —^ and OD= na 


«+l 


n — 1 
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We therefore have 

CA =-^~ and AD= . 
n + 1 „ - 1 

Hence 9£ - °£ _ lf 

CA AD~ 

nn< l T t V e P° int - S ^ therefore divide the line OA in the given ratio, 

and the required circle is on CD as diameter. 

Ex. 2. From any point on one given circle tangents are drawn to 
another given circle; prove that the locus of the middle point of the 
chord oj contact is a third circle. 

Take the centre of the first circle as origin and let the axis of x 
Then thrOUgh the centrG of the second circle. Their equations are 

+ g~ = a- . ( 1 ), 

and (x-c) 2 + y 2 = b 2 .(•>), 

where a and b are the radii, and c the distance between the centres, of 
tile circles. 

Any point on (1) is (a cos 0, a sin 6) where 6 is variable. Its chord 
of contact with respect to (2) is 

(x- c) (a cos 0 - c)+ya sin 0 = 1- .(3). 

The middle point of this chord of contact is the point where it is 
met by the perpendicular from the centre, viz. the point (c, 0). 

The equation to this perpendicular is (Art. 70) 

- (x - c) a sin 0 + (a cos 0 - c) y = 0 . (4). 

Any equation deduced from (3) and (4) is satisfied by the coordi¬ 
nates of the point under consideration. If we eliminate 0 from them, 
we shall have an equation always satisfied by the coordinates of the 
point, whatever be the value of 0. The result will thus be the equation 
to the required locus. 

Solving (3) and (4), we have 

• „ h ~'l 

aSm " y*+<*-*:)*• 

and a cos 0 - c = ^ ^ ^ , 

y~A~ (x c)~ 

so that a cos 0 = c H— ^ . 

?/ 2 +(x-c) 2 

Hence 

a 2 = a 2 cos 2 0 + a 2 sin 2 0 = c 2 + 2 cb- C — ^ ^ . 

y 2 + (x — c)- y- + (x - c)~ 

The required locus is therefore 

(a 2 - c 2 ) [; y 2 +{x- c) 2 ] = 2 cb 2 (x - c) + b*. 

This is a circle and its centre and radius are easily found. 
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3. j inti the locus oj a point P which is such that its polar toith 
respect to one circle touches a second circle. 

Taking the notation of the last article, the equations to the two 
circles are 

x- + y- = a- . (1), 

and (x-c) 2 + y- = b i . (2). 

Let (A, A) he the coordinates of any position of P. Its polar with 
respect to (1) is 

xh + yk = a 2 .(3). 

Also any tangent to (2) has its equation of the form (Art. 179) 

(x - c) cos 9 + y sin 9 = b . (4). 

If then (3) he a tangent to (2) it must be of the form (4). 

Therefore ~ sin « e cos 0 + b 

h A „ 2 

These equations give 

cos 0 (a 2 — cA) — bh, and sin 0 (« 2 - ch) = bk. 

Squaring and adding, we have 

(<i 2 - ch)~ = b- (A 2 + A 2 ).(5). 

The locus of the point {h, A) is therefore the curve 

A 2 (x 2 + y~) — (a* — cx ) 2 . 


Allt«r. The condition that (3) may touch (2) may be otherwise 
found. 

For, as in Art. 153, the straight line (3) meets the circle (2) in the 
points whose abscissas are given by the equation 

A 2 (x - c) 2 + (a 2 - Ax) 2 = A 2 /. 2 , 

i.e. x 2 (A 2 + A 2 ) - 2x (ck? + a-h) + (A 2 ; 2 + a 4 - A 2 A 2 ) = 0. 

The line (3) will therefore touch (2) if 

(cA 2 + a 2 A)*= (A 2 + A 3 ) (AV + a 4 - A 2 A 2 ), 
i.e. if A 2 (A 2 -t- A 2 ) = (ch - a 2 ) 2 , 

whicli is equation (5). 


O is a fixed point and P any point on a given circle; OP 
is joined and on it a point Q is taken so that OP . OQ = a constant 
quantity A 2 ; prove that the locus of Q is a circle which becomes a 
straight line ichen O lies on the original circle . 
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. . 5? taken ns pole and the line through the centre C as tlie 

initial line. Let OC = d , and let the 

radius of the circle be a. _ FV" 

The equation to the circle is then X* \ 

a- = r 3 + d 2 -2rd cos 0 t (Art. 171), 0^\d - C-)-’ 

where OP= r and z POC = d. V J 

Let OQ be p , so that, by the given ^-^ 

condition, we have rp=k- and lienee r = — . 

P 

Substituting this value in the equation to the circle, we have 


(2)- 


- ; ‘ 4 ^ o A 2 d 

a ~= 0 +d e -2 cos//. (1) 

p- p ’ 

bo that the equation to the locus of Q is 

« 0 A* 2 </ k* 

2 d*^p rCOs0== ~ cP-a* .( 2 )‘ 

But the equation to a circle, whose radius is a' and whose centre is 
on the initial line at a distance d\ is 

r~ — 2rd' cos 6 a' 2 - d .( 3 ). 

Comparing (1) and (2), we see that the required locus is a circle, 
such that 


Hence 


- ru-**?-- 

d 2 - a 2 \_d- - a 2 J (d 2 - a 2 )- 


The required locus is therefore a circle, of radius » whose 

a- — a- 

i 2 i 

centre is on the same line as the original centre at a distance — 

d- — a 2 

from the fixed point. 

When O lies on the original circle the distance d is equal to «, and 
the equation (1) becomes k 2 =2dr cos 0, i.e., in Cartesian coordinates, 

k 2 

X 2d * 

^ ^ this case the required locus is a straight line perpendicular 


When a second curve is obtained from a given curve by the above 
geometrical process, the second curve is said to be the inverse of the 
first curve and the fixed point O is called the centre of inversion. 

The inverse of a circle is therefore a circle or a straight line 
according as the centre of inversion is not, or is, on the circumference 
of the original circle. 
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Ex. 5. PQ is a straight line drawn through O, one of the common 
point* of tiro circle *, and meets them again in P snd Q; find the locus of 
the point S which bisects the line PQ. 

Take O as the origin, let the ra«lii of the two circles he P and R’, 
and let the lines joining their centres to O make angles a anti a' with 
the initial line. 


'I he equations to the two circles are therefore, {Art. 17- (-)}. 

r= 2R cos (0 - a), and r = 2R‘ cos (0 - a). 

Hence, if S he the middle point of PQ, we have 

2 OS=OP+ OQ = *2R cos (0 - a) -f 2 R' cos (0 - a'). 

The locus of the point .S’ is therefore 
r = R cos (0 - a) -f R' cos (0 - a') 

= {R cos a + R' cos a') cos 0 + (R sin a + R’ sin a) sin 0 

= 2R” cos (0-a”) .(1), 

where 2 R" cos a ' = R cos a + R ' cos a', 

and 2 R" s m a' = R sin a + R' sin a. 


Hence 


und 


R" = 


5 \ 


R- + J;'- -f 2RR' cos (a - a'). 


tan a 




R sin a + R' sin a' 
R cos a + R' cos a * 


From (1) the locus of .S’ is a circle, whose radius is R'\ which 
passes through the origin O and is such that the line joining O to its 
centre is inclined at an angle a" to the initial line. 



PLES. 



1. A point moves so that the sum of the squares of its distances 
from the four sides of a square is constant ; prove that it always lies 
on a circle. 

2. A point moves so that the sum of the squares of the perpendi¬ 
culars let fall from it on the sides of an equilateral triangle is constant; 
prove that its locus is a circle. 

3. A point moves so that the sum of the squares of its distances 
from the angular points of a triangle is constant; prove that its locus 
is a circle. 

4. Find the locus of a point which moves so that the square of 
the tangent drawn from it to the circle x 2 + ?/ 2 =a 2 is equal to c times 
its distance from the straight line ?x + 7ny + n = 0. 

5. Find the locus of a point whose distance from a fixed point is 
in a constant rntio to the tangent drawn from it to a given circle. 
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6. Find the locus of the vertex of a triangle, given (1) its base and 
the sum of the squares of its sides, (2) its base and the sum of ™ times 
the square of one side and n times the square of the other. 

fro in'» ^ v £? int T VeS S -° that £ ,,e sum of tbe sqnares of its distances 
fiom n fixed points is given. Prove that its locus is a circle. 

8. Whatever be the value of a, prove that the locus of the inter¬ 
section of the straight lines 


is a circle 


x cos a + y sin a = a and x sin a — y cos a = b 


9. From a point P on a circle perpendiculars PM and PN are 
drawn to two radii of the circle which are not at right angles • find 
the locus of the middle point of MX. 



0 H* t the locus of the middle points of chords of the circle 

x~-ry'- = a~ which pass through the fixed point {h. A). 

0 12. o Find the locus of the middle points of chords of the circle 

x- + y- = a ~ which subtend a right angle at the point (c, 0). 

. 13. O is a fixed point and P any point on a fixed circle; on OP 
is taken a point Q such that OQ is in a constant ratio to OP ; prove 
that the locus of Q is a circle. 

14* O is a fixed point and P any point on a given straight line ; 
OP is joined and on it is taken a point Q such that OP . OQ = k-\ 
prove that the locus of Q, i.e. the inverse of the given straight line 
with respect to O, is a circle which passes through O. 

15. One vertex of a triangle of given species is fixed, and another 
moves along the circumference of a fixed circle ; prove that the locus 
of the remaining vertex is a circle and find its radius. 

16. O is any point in the plane of a circle, and OP x P.> any chord 
of the circle which passes through O and meets the circle in P x and 
P 2 ; On this chord is taken a point Q such that OQ is equal to (1) the 
arithmetic, (2) the geometric, and (3) the harmonic mean between OP 1 
and OP 2 ; in each case find the equation to the locus of Q. 

17. Find the locus of the point of intersection of the tangent to 
a given circle and the perpendicular let fall on this tangent from a 
fixed point on the circle. 

18. A circle touches the axis of x and cuts off a constant length 
21 from the axis of y; prove that the equation of the locus of its centre 
is y 2 — x 2 = f-cosec 2 c*>, the axes being inclined at an angle cj. 
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19. A straight line moves so that the product oi the perpendi¬ 
culars on it from two fixed points is constant. Prove that the locus 
of the feet of the perpendiculars from each of these points upon the 
straight line is a circle, the same for each. 

20. O is a fixed point and A P and BQ are two fixed parallel 
straight lines; BOA is perpendicular to both and POQ is a right 
angle. Prove that the locus of the foot of the perpendicular drawn 
from O upon PQ is the circle on A11 as diameter. 

21. Two rods, of lengths a and b, slide along the axes, which are 
rectangular, in such a manner that their ends are always concyclic; 
prove that the locus of the centre of the circle passing through these 
ends is the curve 4 (x 2 - y-) = a 2 - b 2 

22. Shew that the locus of a point, which is such that the 
tangents from it to two given concentric circles are inversely as the 
radii, is a concentric circle, the square of whose radius is equal to the 
sum of the squares of the radii of the given circles. 

23. Shew that if the length of the tangent from a point P to the 
circle x 2 +y 2 = a 2 he four times the length of the tangent from it to the 
circle (x - a )--f i/ 2 = a 2 , then P lies on the circle 

15x 2 -f 1 ~>y- — 32 ax -f a 2 = 0. 

Prove also that these three circles pass through two points and that 
the distance between the centres of the first and third circles is 
sixteen times the distance between the centres of the second and 
third circles. 

24. Find the locus of the foot of the perpendicular let fall from 
the origin upon any chord of the circle ur -f y~ + 2yx + 2/y + c = 0 which 
subtends a right angle at the origin. 

Find also the locus of the middle points of these chords. 

25. Through a fixed point O are drawn two straight lines OPQ 
and ORS to meet a circle in P and Q, and Ji and S , respectively. 
Prove that the locus of the point of intersection of PS and Qll , as also 
that of the point of intersection of Pit and QS, is the polar of O with 
respect to the circle. 

26. A, P, C, *nd T) are four points in a straight line; prove that 
the locus of a point P, such that the angles APB and CPI) are equal, 
is a circle. 

27. The polar of P with respect to the circle x 2 -f y‘ = a~ touches 

the circle (x- a) 2 + (y - ft) 2 = b" 2 ; prove that its locus is the curve given 
by the equation (ax - a 2 ) 2 = (x 2 + y-). 

28. A tangent is drawn to the circle (x - n) 2 + 1 / 2 = b 2 and a perpen¬ 
dicular tangent to the circle (x + n) 2 + i/* = c s ; find the locus of their 
point of intersection, and prove that the bisector of the angle between 
them always touches one or other of two fixed circles. 
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29. an y circle prove that the perpendicular from any point of 
‘ t “ e lll iV? inin « V le P° ints of contact of two tangents is a mean 
tan P t l ° nal betWeen the P er Pendicnlars from the point upon the two 


30. From any point on the circle 

.r- + y- + 2y.r + 2/y 4 c =0 

tangents are drawn to the circle 

x- + y-+ 2yx + 2 fy + c sin - a + (<r +/-) cos- a = 0 ; 
prove that the angle between them is 2 a. 

31. The angular points of a triangle are the points 

(a cos a, a sin a), (a cos/3, «sin/3), and (acos-y, a sin 7 ) ; 

pio\e that the coordinates of the orthocentre of the triangle are 

a(cosa + cos/3 + cos 7) and a (sin a + sin /S + sin 7 ). 

Hence prove that if A , B, C , and D be four points on a circle the 
orthocentres of the four triangles ABC , BCD , CD A, and DAB lie on 
a circle. 


32. A variable circle passes through the point of intersection O 
of any two straight lines and cuts off from them portions OP and OQ> 
such that in.OP + n.OQ is equal to unity; prove that this circle 
always passes through a fixed point. 

33. Find the length of the common chord of the circles, whose 
equations are (x — a)' z + y- = a~ and x-+ (y — b)- = b 2 , and prove that the 
equation to the circle whose diameter is this common chord is 

{a 2 + b 2 ) (x- + y-) =2ab (bx + ay). 

34. Prove that the length of the common chord of the two circles 
whose equations are 

(x-a) 2 +(y-b) 2 =c- and (x - b) 2 + (y - a) 2 = c- 
ia J 4c- -2 (a- b)-. 

Hence find the condition that the two circles may touch. 

35. Find the length of the common chord of the circles 
x 2 + y-— 2ax — 4ay — 4a-= 0 and x 2 + y' 2 — 3ax + 4ay = 0. 

Find also the equations of the common tangents and shew that 
the length of each is 4a. 

36. Find the equations to the common tangents of the circles 

( 1 ) x 2 + y 2 — 2x — 6y+ 0 = 0 and x 2 + y 2 + 6x— 2y+ 1 = 0, 

( 2 ) x 2 + y 2 = c 2 and (x — a)- + y 2 = b-. 



CHAPTER IX. 


SYSTEMS OF CIRCLES. 


(This chapter may be omitted by the student on a first 

reading of the subject.] 


182. Orthogonal Circles. 

said to intersect orthogonally when 
the tangents at their points of 
intersection are at right angles. 

If the two circles intersect at 
P , the radii 0 X P and OJ\ which 
are perpendicular to the tangents 
at /', must also be at right angles. 


Def. T wo circles are 



Hence 0 X 0? — 0 X P' + O..P* f 

i.e, the square of the distance between the centres must be 
equal to the sum of the squares of the radii. 

Also the tangent from to the other circle is equal to 
the radius n. iy i.e. if two circles be orthogonal the length of 
the tangent drawn from the centre of one circle to the 
second circle is equal to the radius of the first. 

Either of these two conditions will determine whether 
the circles are orthogonal. 


The centres of tho circles 

x 2 + y 2 + 2gx+ 2/y + c = 0 and x 2 + y 2 + 2y'x + 2f'y + c =0, 

arc the points (- g, —f) and ( - y\ also the squares of their 

radii are g 2 +f 2 - c and g’- +J ^ — c. 



i.e. if 


RADICAL AXIS OF TWO CIRCLES. 

They therefore cut orthogonally if 

( - o + oV + ( -f+f)* = o* + f*-c + o'- 4- f■- - C 

• • » * 
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-99 + -//' = >' 4 - <•'. 


183. Radical Axis. Ref. The radical axis of 

t^o circles is the locus of a point which moves so that the 

lengths of the tangents drawn from it to the two circles are 
equal. 

Let the equations to the circles he 

a; 2 + if- + 2g.v 4- 2fy ~ c - 0.(1), 

ancl + if + 2y,.r + 2/,y/ 4-^ = 0.(2) 

and let (a;,, y t ) be any point such that tlie tangents from it 
to these circles are equal. 

By Art. 168, we have 

a-’. 2 + Z/i a + + 2/y, + c + y ;- + 2-jr.a-, + 2/] /A + £ 

ie - 2x i (!J ~ff>) + %. (f—A) + c - c, = 0. 

But this is the condition that the point (a:,, y.) should 
lie on the locus 

2x (</ ~[/i) + 2y (/-/i) 4- c — o, = 0.(3). 

This is therefore the equation to the radical axis, and it 
is clearly a straight line. 

It is easily seen that the radical axis is perpendicular 
to the line joining the centres of the circles. For these 
centres are the points (- y, -f) and (- ffl , -J). The 

“ 7,1 ” the line joining them is therefore ~ ^ 

~<Ji -(“</)’ 




i.e. 


<j - a i 


The “in” of the line (3) is — 

J J \ 

The product of these two “ in ’s ” is — 1. 

Hence, by .Art. G9, the radical axis and the line joining 
the centres are perpendicular. ° 

L. 6 
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184. A geometrical construction can be given 
for tlie radical axis of two circles. 



If the circles intersect in real points, P and Q y as in 
Fig. 1, the radical axis is clearly the straight line PQ. 
For if T he any point on PQ and TR and TS bo the 
tangents from it to the circles we have 

TR- = TP . TQ = TS 2 . 

If they do not intersect in real points, as in the second 
figure, let their radii he and a.. y and let T be a point such 
that the tangents TR and TS are equal in length. 

Draw TO perpendicular to 0 X 0». 


Since 



we have TO 2 - 0 X R~ =- TO 2 - 0,S 2 y 

i.c. TO 3 + 0 X 0 2 - a} = TO 2 + 00} - a} 9 

i.e. 0 X 0 2 - 00} = a 2 -a} 

i.c. ( 0,0 — 00 2 ) {0 X 0 + 00._.) = (t x — a }, 


i.e. 


0 , 0 - 00 ..= 



constant 


quantity. 


Hence 0 is a fixed point, since it divides the fixed 
straight line 0 X 0 2 into parts whose difference is constant. 

Therefore, since 0,0T is a right angle, the locus of T 
i.e. the radical axis, is a fixed straight line perpendicular to 
the lino joining the centres. 
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. . -M; equations to the circles in Art. 183 be 

he e ^- ln , 16 f ° rm 1 = ° and S ' = °> «*e equation 3) to 
t e radical axis may be written S-S' = 0, and therefore 

the ladical axis passes through the common points real or 
imaginary, of the circles S = 0 and S’ = 0. 

n 1 !! the last article we saw that this was true -eometri 
cally for the case in which the circles meet in real°points. 

When the circles do not geometrically intersect as in 

Fig. we must then look upon the straight line TO as 

passing through the imaginary points of intersection of the 
two circles. 


86 . The radical axes of three circles, taken in pairs 
meet xn a point. 

Let the equations to the three circles be 

f=°.(i). 

a “ d '5-0. 

line 1 ' 16 radlCal aXIS ° f the circles (1) and (2) is the straight 

' S ' - ' S " = °.(4). 

The radical axis of (2) and (3) is the straight line 

= °.( 5 ). 

If we add equation (5) to equation (4) we shall have the 

equation of a straight line through their points of inter- 
section. 

Hence ^ — S" = 0 . ^ 

is a straight lino through the intersection of (4) and (5). 

But (6) is the radical axis of the circles (3) and (1). 

Hence the three radical axes of the three circles, taken 
in pairs, meet in a point. ? 

This point is called the Radical Centre of the three 
circles. 


This may also be easily proved geometrically. For let 
the three circles be called A, B , and C , and let the radical 
axis of A and _Z? and that of 7? and C meet in a point O . 
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By the definition of tlie radical axis, tlie tangent from 0 
to the circle A = the tangent from 
O to the circle B, and the tangent 
from O to the circle B = tangent 
from it to tlie circle C. 

lienee the tangent from 0 to 
the circle A = the tangent from it 
to the circle C, i.e. O is also a 
point on the radical axis of the 
circles -1 and C. 

187. If 6'=0 a nd .S' = 0 be the equation# of two circles^ 
the equation of any circle, through their jyoints oj inter¬ 
section is S — A .S'. Also the equation to any circle, such that 
the radical a.ris of it and S = 0 is u = 0, is S + A u — 0. 

For wherever *9=0 and S' = 0 are both satisfied the 
equation S= A*S" is clearly satisfied, so that S = \S' is some 
locus through the intersections of S = 0 and S' = 0. 

Also in both S and S' the coefficients of x 1 and y- are 
equal and the coefficient of xy is zero. The same statement 
is therefore true for the equation S—\S\ Hence the 
proposition. 

Again, since u is only of the first degree, therefore in 
•9 +Ait the coefficients of ar and y~ are equal and tho 
coefficient of xy is zero, so that S 4- Au = 0 is clearly a circle. 
Also it passes through the intersections of S = 0 and u = 0. 

EXAMPLES. XXIII. 

Prove that the following pairs of circles intersect orthogonally : 

1. x 2 + q 2 - 2ax + c = 0 and x 2 + if+ 2hy - c = 0. 

2. j -2 + tJ * _ 2ax + 2by -f c = 0 and x- + y* + 2bx + 2ay -c = 0. 

3. Find the equation to the circle which passes through the origin 
and cuts orthogonally each of the circles 

x- + >j- - Gx + 3 = 0 and x 2 + y- - 2x - *2»/ = 7. 

Find the radical axis of the pairs of circles 

4. x- + y’ 2 = 144 and x 2 + y- — lnx + ll?/=0. 

5. x 2 -t-»/ a — 3x - Ay -f 5 = 0 and 3x- -f 3y- - 7x + 8y + 11 = 0. 




RADICAL. AXIS. 


kxam pi.es. 


1 Go 


6 . ur 2 4- >j ' - xy 4- Go* — 7 // 4- S — 0 ami .r- + y- - xy - 4 = 0, 
the as^s being inclined at 120°. 

Find the radical centre of the sets of circles 

7. r- -f- y- + x 4- 2y 4 - 3 = 0, .r- 4 - y- -t- 2.r 4 - 4y + 5 = 0, 

and x 2 4- y- - 7x - Hy - 0 = 0. 

8 . U - 2, 2 4 - (y - 3) 2 = 30, (.r 4 - 3) 2 4 - (y 4 - 2) 2 = 40, 

and (.c- 4)--4-(//-r 5) 2 =G4. 

. P J‘ ove that the square of the tangent that can be drawn from 
any point on one circle to another circle is equal to twice the product 
of the perpendicular distance of the point from the radical axis of the 
t"° circles, and the distance between their centres. 

r Ji®’ , „v, r a OTO rV} at “ c ° mmon . tan - ont t° two circles is bisected by the 

commit [I . IenCe ’ u y J° min 8 ‘Ite middle points of any two of the 

ommon tangents, we have a construction for the radical axis.] 

t v the general equation of a! 1 circles any pair of which have 

the same radical axis as the circles wnicn na\e 

x' 2 + y- = 4 and .r 2 + y n - 4 - 2.r 4- 4y = 6. 

i2. . Find the equations to the straight lines joining the origin to 
the points of intersection of h fe,n 10 

x- 4 - 7/ 2 - 4x - 2y = 4 and x- + y- - 2x - 4y - 4 = 0. 

* Th ® P oIars ° f a P oi nt P with respect to two fixed circles meet 

in the point Q. Prove that the circle on PQ as diameter passes 
through two fixed points, and cuts both the given circles at* right 


14* P| ove that the two circles, which pass through the two points 

(0, a and (0, -a f and touch the straight line y = mx+c y will cut ortho¬ 
gonally if c* = «-(2+ih 2 ). 


15. Find the locus of the 
circles orthogonally. 


centre of the circle which cuts two given 


16- If two circles cut orthogonally, prove that the polar of any 
point P on the first circle with respect to the second passes through 
the other end of the diameter of the first circle which goes through P. 

Hence, (by considering the orthogonal circle of three circles as 
the locus of a point such that its polars with respect to the circles 
meet in a point) prove that the orthogonal circle of three circle* 
given by the general equation is * 


\*+0i> V + J\ , 

* + » y + fn , 

'*+0z* v + A . 


9\ x + Ay + 
o-2 x + Ay + c 2 
0z x + Ay + <^ 3 
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188. Coaxal Circles. Def. A system of circles 
is said to be coaxal when they have a common radical axis, 
i,e. when the radical axis of each pair of circles of the 
system is the same. 


To Jitid the equation oj a system of coaxal circles. 

Since, by Art. 183, the radical axis of any pair of the 
circles is perpendicular to the line joining their centres, it 
follows that the centres of all the circles of a coaxal system 
must lie on a straight line which is perpendicular to the 
radical axis. 


Take the line of centres as the axis of x and the radical 
axis as the axis of y (Figs. I. and II., Art. 100), so that 0 

is the origin. 

The equation to any circle with its centre on the axis 
of x is 

x 1 + if ~~ + *' — o.0 )• 


Any point on the radical axis is (0, y x ). 

The square on the tangent from it to the circle (1) is, 
by Art. 1 68, y 2 + c. 

Since this quantity is to be the same for all circles of 
the system it follows that c is the same for all such circles; 
the different circles are therefore obtained by giving dif¬ 
ferent values to g in the equation (1). 

The intersections of (1) with the radical axis are then 
obtained by putting .r = 0 in equation (1), and we have 

y=±J-c. 

If c be negative, we have two real points of intersection 
as in Fig. I. of Art. 190. In such cases the circles are said 

to be of the Intersecting Species. 

If c be positive, wo have two imaginary points of in¬ 
tersection as in Fig. II. 


189. Limiting points of a coaxal system. 

The equation (1) of the previous article which gives any 
circle of the system may be written in the form 

(x-gY + y 2 = g‘ - c = [Jg 2 - c]\ 
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It therefore represents n circle whose centre is the point 
(y, 0) and whose radius is Jy- ~ c . 

Ibis radius vanishes, i.e. the circle becomes a point- 
circle, when y~ = c, i.e. when y ± Jc. 


Hence at the particular points ( ± J c , 0) we have 
circles which belong to the system. These point-circi 
called the Limiting Points of the system. 


point- 
es are 


If c be negative, these points are imaginary. 

But it was shown in the last article that when c is 
negative the circles intersect in real points as in Fi~ T 

Art. 190. •» 


If c be positive, the limiting points L , and Z o (Fig. II.) are 
real, and in this case the circles intersect in imaginary points. 

The limiting points are therefore real or imaginary 

according as the circles of the system intersect in imaginary 
or real points. v ° J 


190. Orthogonal circles of a coaxal system. 

Let T be any point on the common radical axis 
of a system of coaxal circles, and let TR be the tangent 
from it to any circle of the system. ° 



Fig. I. 

Then a circle, whose centre is T and whose radius is TR, 
will cut each circle of the coaxal system orthogonally. 
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[For the radius TR of this circle is at right angles to 
the radius O^R, and so for its intersection with any other 
circle of the system.] 



Fig. II. 


Hence the limiting points (being point-ciVcfo* of the 
system) are on this orthogonal circle. 

The limiting points are therefore the intersections with 
the line of centres of any circle whose centre is on the 
common radical axis and whose radius is the tangent from 


it to any of the circles of the system. 

Since, in Fig. J., the limiting points are imaginary these 
orthogonal circles do not meet the line of centres in real 

points. 

In Fig. II. they pass through the limiting points L x 
and Z-o. 

These orthogonal circles (since they all pass through two 
points, real or imaginary) are therefore a coaxal system. 

Also if the original circles, as in Fig. I., intersect in 
real points, the orthogonal circles intersect in imaginai^ 
points; in Fig. II. the original circles intersect in i magma it 
points, and the orthogonal circles in real points. 

We therefore have the following theorem : 

A set of coaxal circles can be cut orthogonally by anothet 
set of coaxal circles , the centres of each set lying on the 
radical a^cis of the other set; also one set is of the limiting- 
point species and the other set of the other species. 
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For the circle, whose centre is T and whose radius is 77 ? 
or does not meet the line 0,0 2 according as TR- is > or < TO-' 

i.e. according as TO x -~ O x R- is > TO-, 

i.e. according as TO- + OO x - - O x R- is > TO-, 

i.<>. according as OO jL is > O x R, 

according as the radical axis is without, or within each of the 
circles of the original system. * * * ie 

192. In the next article the above results will be 
proved analytically. 

2o find the equation to any circle which cuts tico c/iren 
circles cn'thoyonally. ** 

Take the radical axis of the two circles as the axis of y 
so that their equations may be written in the form 

or + y 2 - 2 <jx + r = 0 . (1 ^ 

an( l xr -t- y- — 2y x rc 4 - e — 0.( 2 ) 

the quantity c being the same for each. 

Let the equation to any circle which cuts them or¬ 
thogonally be 

(*-Ay- + (y-7Jf = X* . (3) . 

r Ihe equation (1) can be written in the form 

+ = (4). 

The circles (3) and (4) cut orthogonally if the square of 
the distance between their centres is equal to the sum of 
the squares of their radii, 

i-e. if (A — y)~ + IP ^ Jp 4 - [ N /«y 2 _ 

if A 2 + JP- 2 Ay = /r--c .(.3). 

Similarly, (3) will cut (2) orthogonally if 

A*+J}>-2Ag 1 =jr-c .(6;. 

Subtracting (6) from (5), we have A (y - y x ) = 0. 

Hence A = 0, and It- = B~ + c. 
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Substituting these values in (3), the equation to the 
required orthogonal circle is 

ar +if- 2By - c = 0 .(7), 

where B is any quantity whatever. 

Whatever be the value of B the equation (7) represents 
a circle whose centre is on the axis of y and which passes 

through the points (± Jc, 0). 

But the latter points are the limiting points of the 
coaxal system to which the two circles belong. [Art. 189.] 

Hence any pair of circles belonging to a coaxal system 
is cut at right angles by any circle of another coaxal 
system ; also the centres of the circles of the latter system 
lie on the common radical axis of the original system, and 
all the circles of the latter system pass through the limiting 
points (real or imaginary) of the first system. 

Also the centre of the circle (7) is the point (0, />) and 
its radius is J JB + c. 

The square of the tangent drawn from (0, B) to the 

circle (1) = B 1 + c (by Art. 1G8). 

Hence the radius of any circle of the second system is 
equal to the length of the tangent drawn from its centre to 
any circle of the first system. 

193. The equation to the system of circles which cut 
a given coaxal system orthogonally may also be obtained 

by using the result of Art. 182. 

For any circle of the coaxal system is, by Art. K< , 

given by ... 

a* y 1 — 2yx + c = 0.(1)» 

where c. is the same for all circles. 

Any point on the radical axis is (0, y ). 

The square on the tangent drawn from it to (1) is 
therefore y ~ + c. 

The equation to any circle cutting (1) orthogonally is 
therefore 

** + ( 2/-!/') 9 = !/' 2 + c > 
i.e. .rr + if - 2yy - c = 0 . 
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Whatever be the value of y this circle passes through 

the points (± Jc, 0), i.e. through the limiting points of the 
s > stein of circles given by (1). 


. ^ e can now deduce an easy construction for the 

circle that cuts any three circles orthogonally. 

Consider the three circles in the figure of Art. ISO. 

By Art. 192 any circle cutting A and 1J orthogonal!v 
has its centre on their common radical axis, ie on the 
straight line OD. 

. Similarly any circle cutting 11 and C orthogonally has 
its centre on the radical axis OK. 

Any circle cutting all three circles orthogonally must 
therefore have its centre at the intersection of OD and OK, 
x.e. at the radical centre O. Also its radius must be the 

length of the tangent drawn from the radical centre to 
any one of the three circles. 


Kind the equation to the circle which cuts orthogonally each 
of the three circles ' J 


x 2 + 7/ 3 + 2.r + 17//4- 4 = 0 
+ // 2 + 7.c+ 0// 4-11 = 0 
x~ + y- - x 4- 22// 4- 3 = 0 
The radical axis of (1) and (2) is 


( 1 ), 

( 2 ). 

(3). 


5x - 11 y 4-7 = 0. 

The radical axis of (2) and (3) is 


8.r — 16?/ 4-8 = 0. 

These two straight lines meet in the point (3, 2) which is therefore 
the radical centre. 

The square of the length of the tangent from the point (3, 2) to 
each of the given circles = 57. 

The required equation is therefore (.r - 3) 2 4 - (y ~ 2) 2 =57, 
i-e. x‘ z 4- 7/ 2 — Gx — 47/ — 44 = 0. 


196. Es. Find the locus of a point which moves so that the length 
of the tangent drawn from it to one given circle is \ times the length of 
the tangent from it to another given circle. 

As in Art. 188 take as axes of x and y the line joining the centres 
of the two circles and the radical axis. The equations to the two 
circles are therefore 

x- + y~ - 2 g x x 4- c = 0 
x 1 4- ?/ 2 - *Zg. 2 yX 4- c = 0 


and 


( 1 ), 

( 2 ). 
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Let (/i, k) be a point such that the length of the tangent from it to 
(i> is always \ times the length of tlie tangent from it to (2). 

Then h- + k- - 2 0l h + c = \" [)r + k* - 2 g 2 h + c]. 

Hence (/i, k) always lies on the circle 



This circle is clearly a circle of the coaxal system to which (1) and 
belong. 

Again, the centre of (1) is the point (<*,, 0), the centre of (2) is 
, 01, whilst the centre of (3) is f ^ 1 ,0^ . 

Hence, if these three centres be called O,, 0.,^ and 0 3 , we have 


and 

so that 0 1 0 3 



(0-i ~ 0\)* 

(tf-2 ~ 0i)> 


The required locus is therefore a circle coaxal with the two given 
circles and whose centre divides externally, in the ratio X- : 1, the line 
joining the centres of the two given circles. 


EXAMPLES. XXIV. 

1. Trove that a common tangent to two circles of a coaxal 
system subtends a right angle at either limiting point of the system. 

2 Provo that the polar of a limiting point of a coaxal system 
with respect to any circle of the system is tho same for all circles oi 

the system. 

3 Prove that the polars of any point with respect to a system of 
coaxal circles all pass through a fixed point, and that the two points 
are equidistant from the radical axis and subtend a right ang o a a 
limiting point of tho system. If the first point bo one limiting point 
of the system prove that the second point is the other limiting point. 

4. A fixed circle is cut by a scries of circles all of which pass 
through two given points ; prove that the straight lino joining u- 
intersections of the fixed circle with any circle of tho system always 
passes through a fixed point. 

5. Prove that tangents drawn from any point of a fixed circle of 
a coaxal system to two other fixed circles of the system are in a 
constant ratio. 




[Exs. XXIV.] COAXAL 


CIRCLES. EXAMPLES. 


1 i o 


, Pr0 ;. c that a system of coaxal circles inverts with respect to 

limiting point into a system of concentric circles and find the 
position of the common centre. 

- 7* ^ ®t ra ight ** ne * s drawn touching one of a system of coaxal 

circles in i and cutting another in Q and R. Shew that PQ and l'P 

of thTsystcm. °‘ su PP lementar y angles at one of the limiting points 


Fll \ d the locus of the point of contact of parallel tangents 
which aie drawn to each of a series of coaxal circles. 

9. Prove that the circle of similitude of the two circles 

x- + y- - 2 kx +5 = 0 and x- + y' 2 — 2/c'x + 5 = 0 

(i.e the locus of the points at which the two circles subtend the *nme 
angle) is the coaxal circle c 

o 1 •> O ^ + <5 . _ 

x- + y--2 k --. k , x + 5 = 0. 


10 From the preceding question shew that the centres of simili¬ 
tude (/. e. the points in which the common tangents to two circles 
meet the line of centres) divide the line joining the centres internally 
and externally in the ratio of the radii. J 

11- If x + y jJ x ~ 1 = tan ( u + v J ~ 1 ). where .r, y, u, and v are all 
real, prove that the curves u = constant give a family of coaxal circles 
passing through the points (0, =*--1), and that the curves r = constant 
give a system of circles cutting the first system orthogonally. 

12. Find the equation to the circle which cuts orthogonally each 
of the circles ° 


x 2 + y 2 + 2 ax + c = 0, x- + y 2 + 2 y'x + c = 0, 

and x 2 + y 2 + 2hx + 2ky +a = 0. 

13. Find the equation to the circle cutting orthogonally the 
three circles 

x 2 + y 2 = a 2 , (x — c) 2 + y- = a~, and x 2 + {y - b) 2 = a 2 . 

14. Find the equation to the circle cutting orthogonally the 
three circles 

x 2 + y — 2x + 3 y — 7 = 0, x 2 + y 2 + ox — oy + 9 = 0, 

and x 2 + y- + lx - Oy + 29 = 0. • 

.15. Shew that the equation to the circle cutting orthogonally the 
circles 

( X _ fl )2 + (y _ b) 2 = b 2 , (x - b) 2 + (y~ a) 2 = a 2 , 

and (x-a-b-c) 2 + y 2 = ab + c 2 , 

x 2 + y 2 - 2x (a + b)-y {a + b) + a 2 + 3ab + b 2 — 0. 


is 
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CHAPTER X. 


, THE PARABOLA. 

Conic Section. Def. The locus of a point 
p which moves so that its distance from a fixed point is 
always in a constant ratio to its perpendicular distance 
from a fixed straight line, is called a Conic Section. 

The fixed point is called the Focus and is usually 
denoted by S. 

The constant ratio is called the Eccentricity and is 
denoted by c. 

The fixed straight line is called the Directrix. 

The straight lino passing through the Focus and per¬ 
pendicular to the Directrix is called the Axis. 

When the eccentricity e is equal to unity, the Conic 
Section is called a Farabola. 

When e is less than unity, it is called an Ellipse. 

When e is greater than unity, it is called a Hyper¬ 
bola. 

[The name Conic Section is derived from the fact that 
these curves were first obtained by cutting a cone m 
various ways.] 
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197. To find the equation to a Parabola. 

Let S be the fixed point and ZM the directrix, 
require therefore the locus 

of a point P which moves 
so that its distance from S 
is always equal to PM, its 

perpendicular distance from 
ZM. 

Draw SZ perpendicular 
to the directrix and bisect 
SZ in the point A ; produce 
ZA to X. 

Ihe point A is clearly a 
point on the curve and is 
called the Vertex of the 
Parabola. 


A\ 



lake A as origin, AX as the axis of a*, and A Y 
perpendicular to it, as the axis of y. 

Pet the distance ZA, or AS , be called a, and let P be 
an y point on the curve whose coordinates are cc and y. 

Join SP, and draw PN and PJf perpendicular respec¬ 
tively to the ^cis and directrix. 

AVe have then SP 2 = PM 2 , 

^• e ' — a,) 2 4- y 2 = ZN 2 = (a, a:) 2 . 


y 2 = 4ax.(1). 

This being the relation which exists between the co¬ 
ordinates of any point P on the parabola is, by Art. 42, the 
equation to the parabola. 


^or. The equation (1) is equivalent to the geometrical 
proposition 

PX 2 =4AS.AX. 


198. The equation of the preceding article is the 
simplest possible equation to the parabola. Throughout 
this chapter this standard form of the equation is assumed 
unless the contrary is stated. 
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If 

instead 

of 

AX an 

(1 A ) we 

take the 

axis 

and the 

dir 

oeti 

■ix 

ZM 

as 

the a 

xes of coordinates, 

the 

equation 

would 

be 













( x ~ 

10 

** 

•I- 

■ 

11 

o 



i.e. 





it 

V 

= lrt (.»• — a 

). 


....(1 )• 


Sin 

lilarly, i 

f tl 

le axis 

SX and . 

a perpend 

icular 

• line SL 

be 

tak 

i*n 

as the a> 

;es of c< 

oordi nates, 

, the equation i 

s 






it 

xr + 

if = (•<• + 

«y, 



i.c. 





ir 

= 4a (.'• + a 

>. 


....(2)- 


These two ecjnations may bo deduced from the equation 
of the previous article by transforming the origin, firstly to 
the point (- a, 0) and secondly to the point (a, 0). 


109 . The equation to the parabola referred to any focus and 
directrix may be easily obtained. Thus the equation to the parabola, 
whose focus is the point (2, 3) and whose directr.x is the straight 


line x - lu + 3 = 0, is 

(.r — 4 y + 3| - 

(*-*>*+<*-*>- = * 
i.c. 17 [x 1 + ;r - -l.r - Gi/ + 13] = Jx* + 1G»/ 2 + 0 - Sxy + G.r 

lG.r 2 + //" + 8.ry - 74.r- 78#' + 212 = 0. 


- 21 //}. 


200. 7V> trace the rarer 


y : = 4f(j.0 )• 

If x be negative, the corresponding values of y are 
imaginary (since the square root of a negative quantity is 
unreal) ; hence there is no part of the curve to the left of 

the point A. 

If y be zero, so also is x y so that the axis of x meets 
the curve at the point A only. 


If x be zero, so also is y, so that the axis of y meets 
the curve at the point A only. 

For every positive value of x we see from (1), by taking 
the square root, that y has two equal and opposite values. 

Hence* corresponding to any point P on the curve there 
is another point P on the other side of the axis which is 
obtained by producing PX to 1 y so that PA and A P are 
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is called a double 


equal in magnitude. The line PP' 
ordinate. 

As x increases in magnitude, so do the correspond ini; 
values of y ; finally, -when x becomes infinitely great, y 
becomes infinitely great also. 

Hy taking a large number of values of x and the 
corresponding values of ?/ it will be found that the curve is 
as in the figure of Art. 197. 

The two branches never meet but are of infinite length. 

201. The quantity y'~ — 4 ax is negative, zero , or j/ositive 
according as the point (.//, y') is within , upon , or without the 
2 >arahola. 

Let Q be the point (:c, y') and let it be within the 
curve, i.e. be between the curve and the axis AX. Draw 
the ordinate QN and let it meet the curve in P. 

Then (by Art. 197), PN~ = 4 a.x. 

Hence y' 2 , i.e. QN 2 , is c PX 2 , and hence is < 4a.c. 

.*. y 2 — 4 ax is negative. 

Similarly, if Q be without the curve, then y' 2 , i.e. QN 2 , 
is >■ PN 2 , and hence is :> 4 a.d. 

Hence the proposition. 

202. Latus Rectum. Def*. The latus rectum of 
any conic is the double ordinate LSL' drawn through the 
focus S. 

In the case of the parabola we iiave SL = distance of L 
from the directrix = SZ — 2a. 

Hence the latus rectum = 4a. 

"When the latus rectum is given it follows that the 
equation to the parabola is completely known in its 
standard form, and the size and shape of the curve 
determined. 

The quantity 4 a is also often called the principal 
parameter of the curve. 

Focal Distance of* any point. The focal distance 
of any point P is the distance SP. 

This focal distance — PM — ZN = ZA + AN — a 4- x. 
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Ex. Find the vertex , axis, foam, and latus rectum of the parabola 

Ay 2 + 12.r — 20 y -p 07 = 0. 

The equation can bo written 

V ~ ‘»J= - «3.r - v. 

/.c. (y - §) c = - 3.r - Y- 4- V = - 3 (x + 4 ). 

Transform this equation to the point (- $, \) and it becomes 
y~= - 3x, which represents a parabola, whose axis is the axis of x 
and whoso concavity is turned towards the negative end of this axis. 
Also its latus rectum is 3. 

Referred to the original axes the vertex is the point (- £, *), the 
axis is y = $, and the focus is the i>oint ( - \ $), i.e. S). 


EXAMPLES. XXV. 


Find the equation to the parabola with 

1. focus (3, - 1) and directrix Or - 7»/-f 5 = 0. 

2. focus (a, b) and directrix - +r = l. 

a b 

l'ind the vertex, axis, latus rectum, and focus of tho parabolas 

Jfr y'=Ax + Ay. 4. x- + 2y = Sx — 7. 

5. x 2 - 2ax+ 2ay = 0. 6. y 2 —Ay-Ax. 

7. Draw the curves 

(1) y-—-Aax , (2) ar—iay, and (3) x- — - Any. 

8. Find the value of p when the parabola y- = Apx goes through 
the point (i) (3, - 2), and (ii) (0, - 12). 

9. For what point of the parabola y-= 18.c is the ordinate equal 
to three times the abscissa? 

10. Prove that the equation to the parabola, whoso vertex and focus 

are on the axis of .r at distances a and a' f om tho origin respectively, 
is y-= A (a'- a) (x - a). 

11. In the parabola y 2 = Cx, find (1) the equation to the chord 
through the vertex and the negative end of the latus rectum, and 
(2) the equation to any chord through the point on the curve whose 
abscissa is 24. 

12. Prove that the equation y 2 + 2Ax + 2fly + C = 0 represents a 
parabola, whose axis is parallel to the axis of x, and find its vertex and 
the equation to its latus rectum. 

13. Prove that the locus of the middle points of all chords of 
the parabola y 2 = Aax which arc drawn through tho vertex is the 
parabola j/ 3 = 2«x. 
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14. Prove that the locus of the centre of a circle, which intercepts 
a chord of given length 2 a on the axis of .r and passes through a given 
point on the axis of y distant h from the origin, is the curve 

# x--2 yb + b*=a*. 

Trace this parabola. 

15. PQ is a double ordinate of a parabola. Find the locus of its 
points of trisection. 

16. Prove that the locus of a point, which moves so that its 
distance from a fixed line is equal to the length of the tangent drawn 
from it to a given circle, is a parabola. Find the position of the 
focus and directrix. 

17. If a circle be drawn so as always to touch a given straight 

line and also a given circle, prove that the locus of its centre is 
a parabola. V * 

18. The vertex A of a parabola is joined to any point P on the 

curve and PQ is drawn at right angles to AP to meet the axis in Q. 
Prove that the projection of PQ on the axis is always equal to the 
latus rectum. ^ 

19. If on a given base triangles be described such that the sum of 
the tangents of the base angles is constant, prove that the locus of 
the vertices is a parabola. 

20. A double ordinate «pf the curve y- = 4px is of length 8 p ; prove 
that the lines from the vertex to its two ends are at right angles. 

.21-. Two parabolas have a common axis and concavities in oppo¬ 
site directions ; if any line parallel to the common axis meet the 
parabolas in P and P", prove that the locus of the middle point of PP' 
is another parabola, provided that the latera recta of the given para¬ 
bolas are unequal. 


22. A parabola is drawn to pass through A and P, the ends of 
a diameter of a given circle of radius a, and to have as directrix a 
tangent to a concentric circle of radius b\ the axes being Alt and 
a perpendicular diameter, prove that the locus of the focus of the 


parabola is 


x- 


V 


0 = 1 . 



IP + b* - or 

To find the points of intersection of any straight 
line with the jiarabola 

y- = 4ax .(1). 

The equation to any straight line is 

y — mx -f c .(2). 

The coordinates of the points common to the straight 
line and the parabola satisfy both equations (1) and (2), 
and are therefore found by solving them. 
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Substituting the \aluc of y from (2) in (1), we have 

(nix -f- *•)" = 4 ax, 

i.e. nr.i- -r 2x (me — 2a) + <r = 0 .(3). 

This is a quadratic equation for x and therefore has two 
roots, real, coincident, or imaginary. 

The straight line therefore meets the parabola in two 
points, real, coincident, or imaginary. 

The roots of (3) are real or imaginary according as 

{2 (//*<?- 2a)} 8 - 4 mV 

is positive or negative, i.e. according as — atnc + <i~ is 
positive or negative, i.e. according as me is > a, 

204. To find the lenyth of the chord intercepted by the parabola on 

the straight line 
% 

y = mx -f c . (1). 

If (x,, »/,) and (xo, y 2 ) l>e the common points of intersection, then, 
as in Art. lot, we have, from equation (3) of the last article, 

(x 4 - x„)* = (x, -f x._.) ,J - 4xjXo 

4 (me - 2a) 2 4r 2 _ 16a (a — me) 

l O _J * 

m* in~ in 

and i/i - y 2 = m (x, - x 2 ). 

Hence the required length = N (y l - y.,)' 1 + (x, -x 5 ) 3 

4 _ _ 

= N /l + »«* (x, - x a ) = ^ J 1 + m' J N /« (a - me). 


205. To jirvl tfie equation to the tangent at any point 
(;</, //') of the parabola if = 4 ax. 

The definition of the tangent is given in Art. 149. 

Let P be the point (x, y') and Q a point (x\ y") on the 
parabola. 

The equation to the line PQ is 



Since P and Q both lie on the curve, wo have 

y' 2 = 4ax' .(2), 


and 


i/ 


o.» 


4 a. 


if 


r 


(3> 
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Hence, by subtraction, we have 

y ~-y- = 4a (x -x) y 

*- r - ( } j ~ y) (y ■+■ y) — 4a (x" — 

ami hence ^^ — *f~ a 

x -x y" + y' 

Substituting tliis value in equation (1), we have, as 
the equation, to any secant PQ y 

y-y'—yKy-t*-*' 

ic - y (y’ + y") = 4o.>; -5- yy" + y" 2 — 4ax' 

= 4 ax + y'y" .(4). 

To obtain the equation of the tangent at (x\ y) we take 
Q indefinitely close to P, and hence, in the limit, put y" — y . 

The equation (4) then becomes 

2 yy = y- -+- 4 ax = 4 ax 4- 4 ax' y 

yy' = 2a(x + x| 

Cor. It will be noted that the equation to the tangent 
is obtained from the equation to the curve by the rule of 
Art. 152. 

Szs. The equation to the tangent at the point (2, - 4) of the 
parabola y- = &x is 

y(-4) = 4(* + 2) f 

i.e. x+ij+ 2 = 0. 

The equation to the tangent at the point of the parabola 

»/ 2 = 4 ax is 

2a / a \ 

V • — = 2a lx -5 , 

m \ in* / 

. a 

\.e. y = mx H-. 

vi 

206. To find the condit ion that the straight line 

y = mx 4- c .(1) 

may touch the parabola y- = 4ax .(2). 

The abscissae of the points in which the straight line (1) 
meets the curve (2) are as in Art. 203, given by the equation 

m^x 2 + 2a; (me — 2a) + c 2 = 0 .(3). 
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The line (1) will touch (2) if it meet it in two points 

which are indefinitely close to one another, i.e. in two 

* * 

points which ultimately coincide. 

The roots of equation (.*») must therefore be equal. 

The condition for this is 

4 (me — 2 a)~ = 4 m~c~, 

i.e. o~ — a me = 0, 


so that 


a 

c = 

in 


Substituting this value of e in (1), we have as the 
equation to a tangent, 

y = mx + n 

In this equation m is the tangent of the angle which 
the tangent makes with the .axis of x. 

The foregoing proposition may also be obtained from the equation 
of Art. 20.3. 

I’or equation (4) of that article may be written 


2 a.r 


2,i 


2a 

V - — r -{- 

y y 


(*>• 


2a 


In this equation put — =w, i.e. »/'= ^ 


and hence 


= = A-., and — 

4a m- y 


2a;r' a 

~ r = m 


a 


Tho equation (1) then becomes y = wx+ — . 


Also it is the tangent at the point (x' t ?/'), i.e. ^ 


a lay 


207. Equation to the normal at (x\ y). The required 
normal is the straight lino which passes through the point 
(x\ y) and is perpendicular to the tangent, i.e. to the 


straight line 


2a 


y=y <* + * >■ 

Its equation is therefore 

y -y = ™ (« - *')> 


where 


2a 


7 n' x —* = — 1, i.e. in = — , (Art. 69.) 

y 
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and tli© equation to the normal is 



(X - X ) 



208. To express tlie equation of the normal in the form 

y — mx — 2 am — am 3 . 

In equation (1) of the last article put 

—= m. i.e. if = — 2 am. 

'2a » u 

/*> 
q § — 

Hence x — f-= am-. 

4a 

The normal is therefore 

y + 2 am — in (.c — am~) r 

i.e. y = mx — 2 am — am 3 , 

and it is a normal at the point (am 2 , — 2am) of the curve. 

In this equation m is the tangent of the angle which 
the normal makes with the axis. It must be carefully 
distinguished from the m of Art. 20G which is the tangent 
of the angle which the tangent makes with the axis. The 
“ in ” of this article is — 1 divided by the “ m” of Art. 206. 


209. Subtangent and Subnormal. Def. If 

the tangent and normal at any point P of a conic section 
meet the axis in T and G respectively and PJSf be the 
ordinate at P, then NT is called the Subtangent and NO the 
Subnormal of P. 


To find the length of the subtangent amd subnormal. 

If P be the point (x\ y) the equation to TP is, by 
Art. 205, 

yy = 2a (x + x) .(1). 

To obtain the length of AT, we 
have to find the point where this 
straight line meets the axis of x, 
i.e. we put y = 0 in (1) and we 
have 


x 



Hence 


x = 


...( 2 ). 

AT= AN. 
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-r. = 2a. 


[The negative sign in equation (2) shews that T and 
X always lie on opposite sides of the vertex A.] 

Hence the subtangent XT = 2AX = twice the abscissa 
of the point P. 

Since T 1*0 is a right-angled triangle, we have 

1*X- = TX. XO. 

Hence the subnormal XO 

PX* __ PX* 

“ TX ~ 2 A A 

Tlie subnormal is therefore constant for all points on 
the parabola and is equal to the semi-latus rectum. 

,v 210. Ex. 1, If a chord which is normal to the parabola at one 
end subtend a right angle at the vertex, prove that it is inclined tit an 
angle tan~ l 2 to the axis. 

The equation to any chord which is normal is 

y = nix - 2am - am*, 
i.c. mx — y = 2a m -f a nr. 

The parabola is y- = iax. 

The straight lines joining the origin to (lie intersections of tlie^e 
two are therefore given by the equation 

y- (2am -f am 3 ) - 4ax (nix — y) = 0. 

If these be at right angles, then 

2am + uni 3 - 4am = 0, 
i.c. vi=± s /2. 

S Ex. 2. From the point where any normal to the parabola y-—Ac.x 
meets the axis is drawn a line pcrpemlicnlar to this normal; prove that 
this line always touches an equal parabola. 

The equation of any normal to the parabola is 

y = nix - 2am - an. 3 . 

This meets the axis in the point (2a + am- t 0). 

The equation to the straight line through this point perpendicular 
to the normal is 

y = ni | (x — 2a - ant-), 

where m,m = - 1. 

The equation is therefore 


t.e. 


y =( x “ 2 n) - ~ . 
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Tliis straight line, as in Art. 20G, always touches the equal parabola 

y-~ - 4 a (.r - 2a), 

whose vertex is the point (2 a, 0) and whose concavity is towards the 
negative end of the axis of x. 


Write down the equations to the tangent and normal 

1. at the point (4, 6) of the parabola y- = 0a*, 

2. at the point of the parabola y 2 = G.r whose ordinate is 12, 

3. at the ends of the latus rectum of the parabola y-= 12a-, 

4. at the ends of the latus rectum of the parabola y- = 4a (x - a). 

5. Find the equation to that tangent to the parabola y- = lx 
which is parallel to the straight line 4y - x -f 3 = 0. Find also its 
point of contact. 

6. A tangent to the parabola y- = 4ax makes an angle of G0° with 
the axis ; find its point of contact. 

7. A tangent to the parabola y' 2 = 8x makes an angle of 4;3" > with 
the straight line y = 3x + 5. Find its equation and its point of 
contact. 

8. Find the points of the parabola y- = 4ax at which (i) the 
tangent, and (ii) the normal is inclined at 30° to the axis. 

9. Find the equation to the tangents to the parabola y-~ 9.r which 
goes through the point (4, 10). 

10. Prove that the straight line x-\-y = 1 touches the parabola 
y — x - x 2 . 

11. Prove that the straight line y = nix + c touches the parabola 

y- = 4 a (x +a) if c = via 4- — . 

v ' vi 

% 

12. Prove that the straight line lx + my + #< = 0 touches the parabola 
y‘ 1 = 4ax if ln = airv i . 

13. For what point of the parabola y- = 4ax is (1) the normal equal 
to twice the subtangent, (2) the normal equal to the difference between 
the subtangent and the subnormal ? 

Find the equations to the common tangents of 

14. the parabolas y- = 4ax and x~ — 4by, 

15. the circle x- + y- = 4ax and the parabola y 2 = 4ax. 

16. Two equal parabolas have the same vertex and their axes are 
at right angles; prove that the common tangent touches each at the 
end of a latus rectum. 
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17. Prove that two straight linos, one a tangent to the parabola 
y^—Aa (.r + it) and the other to the parabola y- — 4a' (x + a'), which are 
at right angles to one another, meet on the straight line x-f-n-f a' = 0. 

Shew also that this straight line is the common chord of the two 
parabolas. 

18. is an ordinate of the parabola ; a straight line is drawn 
parallel to the axis to bisect XP and meets the curve in Q ; prove 
that XQ meets the tangent at the \ertex in a point T such that 
A T=IXP. 


19. P rove that the chord of the parabola y- = Anx, whose equation 
is i/ - x *J‘2 + 4u v /2 = 0, is a normal to the curve and that its length is 
0 v '3a. 

20. If perpendiculars be drawn on any tangent to a parabola from 
two fixed points on the axis which are equidistant from the focus, 
prove that the difference of their squares is constant. 


21. If P, Q . and R he three points on a parabola whose ordinates 
are in geometrical progression, prove that the tangeuts at P and R 
meet on the ordinate of Q. 


22. Tangents are drawn to a parabola at points whose abscissa) 
are in the ratio /ill; prove that they intersect on the curve 

y- = (/il + fJL~ !)' ox. 

23. If the tangents at the points (x', ;/') and (x", y") meet at the 
point (xj, »/,) and the normals at the same points in (x 2 , prove 
that 


/ . Ji 


(1) andy,^ . 

(2) x, = 2.x + V ‘ + " V ~ and - v »y”£±JjL , 


and lienee that 

(3) x 2 = 2«* + 




’Ji'-jr. and y.,= 
a 1 * a 


24. From the preceding question prove that, if tangents be drawn 
to the parabola y' 2 3 = Aox from any point on the parabola y 2 = a(x + !>)% 
then the normals at the points of contact meet on a fixed straight 
line. 

25. Find the lengths of the normals drawn from the point on the 
axis of the parabola y' 2 = Sax whose distance from the focus is 8<i. 

26. Prove that the locus of the middle point of tho portion of a 
normal intersected between the curve and the axis is a parabola whose 
vertex is the focus and whose latus rectum is one quarter'of that of 
the original parabola. 

27. Prove that the distance between a tangent to the parabola and 
the parallel normal is a cosec 0 sec 2 0, where 0 is the angle that either 
makes with tho axis. 
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28. PNP' is a double ordinate of the parabola; prove that the 
locus of the point of intersection of the normal at P and the straight 
line through P' parallel to the axis is the equal parabola y- — 4<t (,r - 4a). 

29. The normal at any point P meets the axis in G and the 
tangent at the vertex in G' ; if A be the vertex and the rectangle 
AGQG' be completed, prove that the equation to the locus of Q is 

y' = '2a.r- + 

30. Two equal parabolas have the same focus and their axes are 
at right angles ; a normal to one is perpendicular to a normal to the 
other; prove that the locus of the point of intersection of these 
normals is another parabola. 

31. If a normal to a parabola make an angle <p with the axis, 
shew that it will cut the curve again at au angle tan -1 tan <p). 

32. Prove that the two parabolas y 2 = 4ax Q.n& y 2 = 4c(x- b) cannot 

have a common normal, other than the axis, unless —— >2. 

a — c 


33 . If a->8b 2 , prove that a point can be found such that the two 
tangents from it to the parabola y- = 4ax are normals to the parabola 
x 2 = iby. 


34. Prove that three tangents to a parabola, which are such that 
the tangents of their inclinations to the axis are in a given harmonical 
progression, form a triangle whose area is constant. 


35. Prove that the parabolas y 2 = 4ax and .r 2 = 4 by cut one another 

. 3a* 6* 

at an angle tan 1 -=- 5 - . 

2 («3 + b A) 

36. Prove that two parabolas, having the same focus and their axes 
in opposite directions, cut at right angles. 


37. Shew that the two parabolas 

x 2 + 4a (y — 2b — a) = 0 and if = 4b (x - 2a + b) 

intersect at right angles at the common end of the latus rectum 
of each. 


38. A parabola is drawn touching the axis of x at the origin and 
having its vertex at a given distance k from this axis. Prove that the 
axis of the parabola is a tangent to the parabola x 2 = —8k (y — 2k). 


211. Some properties of the Parabola. 

(aj~ Jf the tangent and normal at any point P of the 
parabola meet the axis in P and Q respectively, then 

ST = SO = SP y 
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tangent (it P is equally inclined to the axis and the 
focal distance of P. 



Let 1* be the point ( x\ y ). 

Draw PM perpendicular to the directrix. 

By Art. 209, we have AT — AX. 

;. TS = TA + A S = A X + ZA = ZN= MP = SI\ 
anil hence z STP = z SPT. 

By the same article, NG = 2AS = ZS. 

SG = SX + XG = ZS + SX = MP= SP. 

(ft) If the tangent at I* meet the directrix in A, then 
KSP is a right angle. 

For z SPT = l PTS = z KPM. 

Hence the two triangles KPS and KPM have the two 
sides KP y PS and the angle KPS etjual respectively to the 
two sides KP, PM and the angle KPM. 

Hence z KSP — z KMP = a right angle. 

Also z SKP = z MliP. 

(y) Tangents at the extremities of any focal chord inter¬ 
sect at right angles in the directrix. 

For, if PS be produced to meet the curve in P\ then, 
since z P'SK is a right angle, the tangent at P f meets the 
directrix in K. 
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Also, by (/?), - MKP = z SK1\ 

and, similarly, . M'KP’ - l SKP\ 

Hence 


- PhP' = i z. SKM + 1- z <S'AM/' = a right angle. 

(S) T/'iS'JT be perpendicular to the tangent at P , then F 
lies o)i the tangent at the vertex and SY~~ AS. S7*. 

For the equation to any tangent is 

y = me + — .. (I). 


ni 


The equation to the perpendicular to this line passin 
through the focus is 


ft 

O 


. 

The lines (1) and (2) meet where 

a 1 . v 1 a 

nix -*-=- (x — a) = - x -, 

7)i )/i mm 

i. c. where x = 0. 

Hence Y lies on the tangent at the vertex. 
Also, by geometry, 

SY- = SA . ST = AS. SP. 


( 2 ). 



To prove that through any given point (a*, , y x ) 
there pass , iii general , two tangents to the jyarabola. 

The equation to any tangent is (by Art. 206) 

€b 


y = nix -+- 


m 


<!)• 


If this pass through the fixed point (x lf ?/,), we have 


2A = m.r, + £, 


i. e. m 2 x l — my l + a = 0 .(2). 

For any given values of x t and y x this equation is in 
general a quadratic equation and gives two values of rn 
(real or imaginary). 

Corresponding to each value of m we have, by substi¬ 
tuting in (1), a different tangent. 
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The roots of (2) are real and different if y, 2 — 4ax l be 
positive, i.e.y by Art. 201, if the point (x l9 y,) lie without 
the curve. 

They are equal, i.r. the two tangents coalesce into one 
tangent, if y, 2 — 4 ax x be zero, i.r. if the point (.r,, y,) lie on 
the curve. 

The two roots are imaginary if y, 2 — Aax x be negative, 
i.r. if the point (.r,, //,) lie within the curve. 

(213) Equation to the chord of contact of tangents 
<lraicn from a point (.r,, y,). 

The equation to the tangent at any point Q, whose 
coordinates are x and ;/, is 

y:i = 2a + X 1 ). 

Also the tangent at the point //, whose coordinates are 
x" and y", is 

yy ' = 2a (x + x ). 

If these tangents meet at the point T y whose coordi¬ 


nates are x x and y,, we have 

Vx'j = 2a (.**, + x) .(1) 

“ml ViV" = 2a (.r + x) .(2). 

The equation to QR is then 

yy l = 2a(x + x 1 ) .(3). 


For, since (1) is true, the point (x\ y) lies on (3). 

Also, since (2) is true, the point (x" y y") lies on (3). 

Hence (3) must be the equation to the straight line 
joining (.%•', y) to the point (x \ y )> i- it must be the 
equation to QR the chord of contact of tangents from the 
point (a?,, y,). 

v'^/214) The polar of any point with respect to a para- 
bo lVhfaefined as in Art. 102. 

To find the equation of the polar of the point (x l9 yf) 
until respect to the parabola y 2 = 4 ax. 

Let Q and R be the points in which any chord drawn 
through the point P y whose coordinates are ( x ly y,), meets 
the parabola. 
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Let the tangents at Q and R meet in the point whose 
coordinates are (A, k). 



We require the locus of (A, k). 

Since QR is the chord of contact of tangents from (A, k) 
its equation (Art. 213) is 

ky = 2 a (oc + A). 

Since this straight line passes through the point (.#•,, y x ) 
we have 

ky x = 2a (x x + A).(1). 

Since the relation (1) is true, it follows that the point 
(A, k) always lies on the straight line 

yyi = 2a (x + xj .(2). 

Hence (2) is the equation to the polar of (x l9 y x ). 

Cor. The equation to the polar of the focus, viz. the point (", 0), 
is 0 = x + a, so that the polar of the focus is the directrix. 

215. When the point (pc x , y x ) lies without the parabola 
the equation to its polar is the same as the equation to the 
chord of contact of tangents drawn from (a*,, y x ). 

When (os l9 y x ) is on the parabola the polar is the same 
as the tangent at the point. 

As in Art. 164 the polar of (x lt y x ) might have been 
defined as the chord of contact of the tangents (real or 
imaginary) that can be drawn from it to the parabola. 

216. Geometrical construction for the polar of a ])oint 

2/j)* 
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Let T be the point (x,, ?/,), so that its polar is 

yy i == (•** •+■ X\) .(l)* 

Through T draw a straight line parallel to the axis ; its 
equation is therefore 

y = yi .(-)• 

Let this straight line meet the polar 
in Land the curve in 7\ 

The coordinates of l\ which is the 
intersection of (1) and (2), are therefore 


«i“l Vi 


(3). 


Also 1* is the point on the curve 
whose ordinate is ?/„ and whose coordi¬ 
nates are therefore 



Since abscissa of /*— 


Vi' i 
- - and Vi¬ 
la 

abscissa of T + abscissa of 1 


, tliere- 



middle point of TV. 

A1 so the tangent at V is 

VVi = - a ( a ‘ + %) - 

which is parallel to (1). 

Hence the polar of T is pat 
to the tangent at P. 

To draw the polar of T we therefore draw a line through 
7\ parallel to the axis, to meet the curve in P and produce 
it to l f so that TP-PV\ a line through V parallel to the 
tangent at P is then the polar required. 

^17. If the poUir of a point P pastes through the point T t then 
the jtolar of T goes through P. (Fig. Art. 214). 

Let P be the point (jr,, t/|) and P the point (/*, k). 

The polar of P is yy x = 2a (x + x,). 

Since it passes through 7\ we have 

y i k = 2a(x l + h) .(!)• 
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The polar of T is yk = 2a (x + h). 

Since (1) is true, this equation is satisfied by the coordinates .r, 
and y l . 

Hence the proposition. 


-•. The point of intersection, 1\ of the polars of two points, 

P and Q t is the pole of the line PQ. 



_ K To find the pole of a given straight line with respect to the 
parabola. 

Let the given straight line be 

■A.v 4* li g 4- (f — 0. 

If its pole be the point (.r,, //,), it must be the same straight 
line ns 

V'J i = 2 « (*4-.r,), 

i.e. 2a x — gg x 4 - 2ax l = 0. 

Since these straight lines are the same, we have 

2 a — y 1 2ax x 

X “ 11 = C ’ 

C _ 2 Da 

* 1 = A and Vl= ~ A ' 

To find the equation to the pair of tanyents that 
can be draion to the parabola from the point (x lt y x ). 

Let (A, k) be any point on either of the tangents drawn 
from (x ly yj. The equation to the line joining (x ly y x ) to 
(/t, A') is 

k — ?/. . . 

»-Vi= /~ ~ (* - 


i.e. 



x.e. 


k — 7/, hy, — kx. 
y = -- dl ro + -d 1 - 1 


h — 


h — x x 


If this be a tangent it must be of the form 


so that 


a 

m 


a 

7 / 7)IX 4 -, 

7U 

k— 7 /. . hy, — kx, 

, —— = m and -- = 

ti — x x n — x x 

Hence, by multiplication, 

k ~ y» - k ‘\ 

h — x L h — x x ’ 

i. e. a (h - xfj 1 = (k-y x ) (hy x - kx,). 

L 


a = 
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The locus of the point (//, A) (». e. the pair of tangents 
required) is therefore 

(x — -r,)- — (y //i) .(^ )• 

It will he seen that this equation is the same as 
(if - 4ax) (»/,- - 4 ax,) - \yy x - 2a (.r + *,)}-. 

t *220.' 7V> prove that the middle points of a system of 

paraTftd chords of a parabola all lie on a straight line which 
is parallel to the axis. 

Since the chords are all parallel, they .all make the same 
angle with the axis of x. Let 
the tangent of this angle he in. 

The equation to QR, any 
one of these chords, is there¬ 
fore 

y - mx + c .(1), 

where c is different for the 
several chords, hut ?/i is the 
same. 

This straight line meets the parabola y*=4ax in points 
whose ordinates are given by 

= 4a (// - c), 



t.c. 


„ 4a 4 ac 

ir -—//-»-= 0 


( 2 ). 


in m 

Let the roots of this equation, i.e. the ordinates of Q 
and R , he y' and y'\ and let the coordinates of I , the 
middle point of QR , be ( h , h). 

Then, hy Art. 22, 

V + •/' _ 

•> 


A = 


2a 


m 


from equation (2). 

The coordinates of V therefore satisfy the equation 


y = 


2a 


m 


so that the locus of V is a straight line parallel to the axis 
of the curve. 
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The straight line y = meets the curve in a point P , 
whose ordinate is — and whose abscissa is therefore --- . 

77 \ 


The tangent at this point is, by Art. 205, 


771 


Cl 

y = m.c + — , 

771 

and is therefore parallel to each of the given chords. 

Hence the locus of the middle points of a system of 
parallel chords of a parabola is a straight line which is 
parallel to the axis and meets the curve at a point the 
tangent at which is parallel to the given system. 

To find the equation to the chord of the parabola which is 
IngFFCed at any point (h. A). 

^By the last article the required chord is parallel to the tangent at 
the point P where a line through (h. A) parallel to the axis meets the 
curve. 

Also, by Art. 216, the polar of (//, A) is parallel to the tangent at 
this same point P. 

The required chord is therefore parallel to the polar yJc= 2a (.r 4- h). 

Hence, since it goes through (//, A), its equation is 

A (y - A) = 2a (.c - h) (Art. 67). 


- The locus of the middle points 
of a system of parallel chords of a parabola is called a 
diameter and the chords are called its double ordinates. 

Thus, in the figure of Art. 220, PV is a diameter and 
QR and all the parallel chords are ordinates to this 
diameter. 

The proposition of that article may therefore be stated 
as follows. 

Arty diameter of a jyarabola is parallel to the a:cis and 
the tanyent at tlue point where it meets the cui've is parallel 
to its ordinates. 

23 ^7 The tanyent8 at the ends of any chord meet on 
the dlameter 'which bisects the chord. 

Let the equation of QR (Fig., Art. 220) be 

y — men + c .(1), 
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and let the tangents at Q and R meet at the point T 

(*i , V\ )• 

Then QR is the chord of contact of tangents drawn 
from T , and lienee its equation is 

yy x = 2a (.c + x*j) (Art. 213). 

Comparing tliis with equation (1), we have 

2a f 2 " 

— = ?//, so that y x = — , 

V\ 711 

and therefore T lies on the straight line 


But this straight line was proved, in Art. 220, to be 
the diameter P V which bisects the chord. 

224. To find the equation to a parabola , the axes 
briny any diameter and the tangent to the parabola at the 
point where this diameter meets the curve. 

Let PVX be the diameter and PY the tangent at P 
meeting the axis in T. 

Take any point (} on the curve, 
and draw QM perpendicular to the 
axis meeting the diameter P I in />. 

Let PY be x and VQ be y. 

Draw PN perpendicular to the 
axis of the curve, and let 

0 = L YPX = l PTM. 

Then 

4 A .S'. A X - PX" = XT- tair 0 = 4.1 X s . tan* 0. 

A X = A S. cot" 0=a cot 5 0, 
and PX = JiAS. AX = 2 a cot P. 

Now QAf -- 4AS. AM = 4a. AM .( 1 )■ 

Also 

QM= XP + LQ = 2a cot 0 + VQ sin 0 = 2o cot 0 + y sin 0, 
and A Af = A X + P V + VL = a col 5 0 + x + y cos 0. 
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Substituting these values in (1), we have 

(2a cot 0 + y sin 6)~ = 4 a (a cot 1 2 0 4 - rr + y cos 0). 
*• e - y~ sin 2 6 = 4 ax. 

The required equation is therefore 

y- = ±px . 


wl 


lere 


(2), 


v = si^o =sa ^ + cot2 °) = a + Ax= SF 0>y Art * 202 >• 

The equation to the parabola referred to the above axes 
is therefore of the same form as its equation referred to the 
rectangular axes of Art. 197. 

The equation (2) states that 

Q r* = 4 sp. pv. 


225. Tlie quantity 4 p is called the parameter of the 
diameter P V. It is equal in length to the chord which is 
parallel to PY and passes through the focus. 

Foi if Q V It be the chord, parallel to PY and passing 
through the focus and meeting PV in V\ we have * 

P V' = S T — SP = p, 

so that Q' V' 2 =4 2 >. P V' = 4 p 2 , 

and lienee Q'P' = 2Q' V = 4p. 

226. Just as in Art. 205 it could now be shown that 
the tangent at any point (a/, y) of the above curve is 

yy = 2 p (x + x). 

Similarly for the equation to the polar of any point. 


1. Prove that the length of the chord joining the points of 
contact of tangents drawn from the point (x l , ?/,) is 

• JV 2 4- 4 a- aJ - 4fix 1 

a 


2. Prove that the area of the triangle formed by the tangents 
from the point (x lf y t ) and the chord of contact is {y* - 4ax l )*-s-2a. 
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3. If a perpendicular be let fall from any point P upon its polar 
prove tlmt the distance of the foot of this perpendicular from the 
focus is equal to the distance of the point P from the directrix. 

4. What is the equation to the chord of the parabola y* = 8x 
which is bisected at the point (2, - 3) ? 

5. The general equation to a system of parallel chords in the 
parabola ;/-= '-/• x is 4.r- // + A =0. What is the equation to the cor- 
responding diameter? 

6. P, and R are three points on a parabola and the chord PQ 
cuts the diameter through R in I”. Ordinates PM and QR are drawn 
to lliis diameter. Prove that RM . RS = R\"-. 

7. Two equal parabolas with axes in opposite directions touch at 
a point O. From a point P on one of them are drawn tangents PQ 
and PQ' to the other. Prove that QQ' will touch the first parabola in 
P' where Pl y is parallel to the common tangent at O. 

Coordinates of any point on the parabola ex¬ 
pressed in terms of one variable. 

227. It is often convenient to express the coordinates 
of any point on the curve in terms of one variable. 

It is clear that the values 

a 2a 


always satisfy the equation to the curve. 
Hence, for all values of m, the point 



lies on the curve. By Art, 20G, this m is equal to the 
tangent of the angle which the tangent at the point makes 

O a 

with the .axis. 

The equation to the tangent at this point is 

a 

y = mX + — , 

^ m 

and the normal is, by Art, 207, found to be 



my + x = 2 « + 
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228. The coordinates of the point could also be ex¬ 
pressed in terms of the m of the normal at the point ; in 
this case its coordinates are am* and — 2 am. 

The equation of the tangent at the point (am* - 2am) 
is, bv Art. 205, 

' V 7 

my + x + am* — 0, 

and the equation to the normal is 

y = mx — 2 am — am*. 

229. The simplest substitution (avoiding both nega¬ 
tive signs and fractions) is 

x = at 2 and y = 2 at. 

These values satisfy the equation y* = 4 ax. 

The equations to the tangent and normal at the point 
(at*, 2at) are, by Arts. 205 and 207, 

ty = x + at*, 

and y + tx =2 at + at\ 

The equation to the straight line joining 

(at*, 2 aty) and (at*, 2 at 2 ) 
is easily found to be 

y (t x + t.,) — 2x + 2 atyt. 2 . 

The tangents at the points 

(at*, 2 at x ) and (at 2 *, 2 at.,) 
are t,y = x + aty*, 

and t^y =■ x + at.?. 

The point of intersection of these two tangents is clearly 

\at x t„ , a (ty + t 3 ) J. 

The point whose coordinates are (at*, 2at) may, for 
brevity, be called the point “ t .” 

In the following articles we shall prove some important 
properties of the parabola making use of the above substi¬ 
tution. 
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Jf the tangents at P and Q meet in T, prove that 

(1) TP and TQ subtend equal angles at the focus S, 

(2) ST 2 = SP. SQ, 

and (3) the triangles SPT and STQ ore similar. 

Let P Re the point (ar, 2 , 2rtf,), and Q be the 
point (atf-, 2 at.,), so that (Art. 229) T is the point 

\atfn » Oi "h bj) (• 

(1) The equation to SP is y = ^ ? (*r - u), 

i. r. (f| 8 -!)»/- .r + 2at l = 0. 

The perpendicular, TV, from T on this 
straight line 

_ a (/,- 1) (f, - f s ) - 2t x . at l t„ + 2at l _^ (/ t 3 - £i%) + ('i ~ ^ 

N / (t 1 --l)- + 4ti- * f i a + 1 

= u (/, - 

Similarly 7’6" has the same numerical value. 

The angles PST and QST are therefore equal. 

(2) By Art. 202 we have SP = a (1 4- fj 3 ) and SQ = a(l 

Also SI' 2 — (alf.j — a)- + a~ ( 1 | 4-f 2 ) 3 

= ,i 2 ( 1*t.f + t* + f.. 2 4- 1 ] = <i 3 (1 + tf‘) (1 + t.y). 

Hence ST 2 =SP.SQ. 



I- *f) 


( 3 ) Since and the angles TSP and TSQ are equal, the 

S l* S x 

triangles SPT and STQ are similar, so that 

L SQT= l STP and L STQ= Z SPT. 

The area of the triangle formed by three points on a 
parabola is ticice the area of the triangle formed by the tangents at 
these points. 

Let the three points on the parabola bo 

(at*, 2 rtf,), (at*, 2 atf), and (<i/ 3 2 , 2<if s ). 

The area of the triangle formed by these points, by Art. 25, 

= i [at t * (2at. i - 2at 3 ) + u/ 2 2 (2n/ 3 - 2<if 1 ) + at 3 a (2ut, - 2aU] 

= -o*(f.,-f J )(t 3 -t l )(t l -t. J ). 

The intersections of the tangents at these points are (Art. 21J) 
the points 

J aU 3 , a(t.j+f 3 )}, {af 3 f lt a (r 3 +t M )}, and + 

The area of the triangle formed by these three points 

= h {‘ u ’ r 3 ( at 3 ~ «/a)+«Vi ( <f/ i “ u/ 3 ) +at 1 f 2 (a/ 2 -rtf,)) 

= ja*(fl-t 3 )(t 3 -t 1 )(t l -t s ). 

The first of these areas is double the second. 
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/ormed * "■‘■ ee 

anklet Thl’ coordlatos'be 1 ’ 0 " 13 “ Whioh the tanS “ ntS aic d ™ w » 

( at i 2 > ^ at i)» (<**•>-, 2«/ 2 ), and (af 3 2 , 2cef 3 ). 

As in Ai t. 229, the tangents at Q and R intersect in the point 

' ( <ft 2 t a , a (t. 2 + f 3 )}. 

Similarly, the other pairs of tangents meet at the points 

{ (, Vi. tt (*3+*i)} an ^ 

Let tlie equation to the circle be 

a* 2 + y~ 4- 2gx + 2fy + c = 0.(i 

Since it passes through the above three points, we have 

a-t.rt./ + a- (t. 2 + « 3 )* + 2gat.J 3 + 2fa (t., +t 3 ) + c = 0.(2), 

« 2 W + + 'i) 2 + +2f* (t 3 +t 1 ) + c=0 .(3), 

and + « 2 ('i + 's) 2 + 2/ya/jf 2 + 2/a (f, + g + c = 0.(4). 

Subtracting (3) from (2) and dividing by « (f 2 - *,), we have 

a {tflti + tj + ti + t. 2 + 2 t 3 ) + 2gt 3 + 2f=0. 

Similarly, from (3) and (4), we have 

a { ** ( L 2 + t 3 ) + t. 2 +t 3 -r 2 t x } + 2gt l + 2 /= 0 . 

From these two equations we have 

2 i/ = -a{l + t 2 t 3 + t 3 t x + f,f a ) and 2/= - a [f, f., + t 3 - trf.J.J]. 

Substituting these values in (2), we obtain 

c = a* {t 2 t 3 + t 3 t i + t l t.,). 

The equation to the circle is therefore 
x 2 + y- - ax (1 + t n J 3 + t J t l + tf..) - ay (f x + t., + t 3 - tj t.J 3 ) 

+ a ~ ( e f 3 + f 3 t l + *,/.,) = 0, 
which clearly goes through the focus (</, 0). 


233. If O be any point on the axis and POP' be any chord 
passing through O, and if PM and l y M ' be the ordinates of P and I y 
prove that AM. AM’ = AO*, and PM.P'M ' = - 4 a .AO. 

Let O be the point (h, 0), and let P and P' be the point? 

(atj 2 , 2a*,) and (at.f, 2at. 2 ). 

The equation to PP' is, by Art. 229, 

( f 2 + t i) U ~ 2.c = 2 at x t. 2 . 

If this pass through the point (//, 0), we have 

- 2h = 2at 1 t.,, 
h " 
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and 


Hence A M . A M ' = If = a -. -- 3 = /i* = .1O 2 , 

and JM/ . PM’ = 2nf ,. 2a t 2 . = In- ^ ^ - 4 a. AO. 

Cor. If O be the focus, AO = a % and we have 

t |f*» “ h l * P m t ij —> • 

f l 

The points (n^-, *><//,) and j are therefore at the ends 

of a focal chord. 


v ^234. To prove that the orthocentre of any triangle formed by 
three tangents to a parabola lies on the directrix. 


Let the equations to the three tangents he 


and 


u = in ,.r 4 - - 

J ‘ 1/1 , 


ii — in x 4 

in.. 


y = wijJ? 4- 


(1). 


<»). 


(»)• 


The point of intersection of (2) and (3) is found, by solving them, 
to be 


lrn 2 w 3 \m 2 m s /j 


The equation to the straight line through this point perpendicular 
to (1) is (Art. CO) 


i.e. 


J \m 2 mj in, L »««»**J 

,J+ wn + «*., + ro.wyij *” 


(*)• 


Similarly, the equation to the straight line through the intersection 
of (3) and (1) perpendicular to (2) is 


x_ /j, 1 , 1 \ 

y + m a 711 1 »»i«lu W, 3/ 


(»)» 


and the equation to the straight line through the intersection of (1) 
and (2) perpendicular to (3) is 

, / + i=«(T + l + —?--).< 6 >- 

J nij \yiij WI 3 WjWIjWIj/ 

The point which is common to the straight lines (4), (5), and (6), 
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i.c. the orthocentre of the triangle, is easily seen to be the point 
whose coordinates are 1 


x = — a 


y=a(± 

V»i 


+ 


)n 


and this point lies on the directrix. 


- + L + _J_ 

2 lll 3 


EXAMPLES. XXVIII. 


1. If w be the angle which a focal chord of a parabola makes with 
the axis, prove that the length of the chord is 4a cosec-’ a> and that the 
perpendicular on it from the vertex is a sin u>. 

2. A point on a parabola, the foot of the perpendicular from it 
upon the directrix, and the focus are the vertices of an equilateral 
triangle. Prove that the focal distance of the point is equal to the 
latus rectum. 

3. Prove that the semi-latas-rectum is a harmonic mean between 
the segments of any focal chord. 

4. If T be any point on the tangent at any point P of a parabola, 
and if TL be perpendicular to the focal radius SP and TN be perpen¬ 
dicular to the directrix, prove that SL — 'TN. 

Hence obtain a geometrical construction for the pair of tangents 
drawn to the parabola from any point T. 

5. Prove that on the axis of any parabola there is a certain point 
K which has the property that, if a chord PQ of the parabola be drawn 
through it, then 

1 1 

PK- + QIC 2 

is the same for all positions of the chord. 

6. The normal at the point (atf, 2a t,) meets the parabola again 
in the point (af 2 2 , 2at s ) ; prove that 



7. A chord is a normal to a parabola and is inclined at an angle 
0 to the axis; prove that the area of the triangle formed by it and 
the tangents at its extremities is 4a 2 sec 3 0 cosec 3 0. 

8. If PQ be a normal chord of the parabola and if S be the focus, 
prove that the locus of the centroid of the triangle SPQ is the curve 

3 Gary 2 (3x - 5a) - 81ij 4 =128a 4 . 

9. Prove that the length of the intercept on the normal at the 
point (at 2 , 2 at) made by the circle which is described on the focal 
distance of the given point as diameter is a Ji + j 2 . 
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10. Prove that the area of the triangle formed by the normals to 
the parabola at the points («/,-, 2(a/„ 2 , 2 at 2 ) and (nt 3 2 , 2af 3 ) is 

^ ('•_• - 'a) (' 3 - M ('i " * 2 ) ('i +** + 

11. P rove that the normal chord at the point whose ordinate 
is equal to its abscissa subtends a right angle at the focus. 

12. A chord of a parabola passes through a point on the axis 
(outside the parabola) whose distance from the vertex is half the 
latus rectum ; prove that the normals at its extremities meet on the 
curve. 

13. The normal at a point V of a parabola meets the curve 
again in Q, and T is the pole of PQ ; shew that T lies on the diameter 
passing through the other end of the focal chord passing through P, 
and that PT is bisected by the directrix. 

^4. If from the vertex of a parabola a pair of chords be drawn at 
right angles to one another and with these chords as adjacent sides a 
rectangle he made, prove that the locus of the further angle of the 
rectangle is the parabola 

y- = 4a (x - 8 a). 

15. A series of chords is drawn so that their projections on a 
straight line which is inclined at an angle a to the axis are all of 
constant length c ; prove that the locus of their middle point is the 
curve 

(y 2 - 4ax) (y cos a + 2a sin a)- + </-c- = 0. 

16. Prove that the locus of the poles of chords which subtend a 
right angle at a fixed point (/<, k) is 

ax- - by- 4- {4u- + 2a li) x - 2a ly + a (h- + k-) = 0. 

17. Prove that the locus of the middle points of all tangents 
drawn from points on the directrix to the parabola is 

y- (2.r + a) = a (3x + «) 2 . 

18. Prove that the orthocentres of the triangles formed by three 
tangents anti the corresponding three normals to a parabola are 
equidistant from the axis. 

19. T is the pole of the chord PQ ; prove that the perpendiculars 
from P, T, and Q upon any tangent to the parabola are in geometrical 
progression. 

20. If and r._, be the lengths of radii vcctores of the parabola 
which nrc drawn at right angles to one another from the vertex, pro\e 
that 

r,^ r.y* = IGo- ()-j3 + r 3 ^). 

21. A parabola touches the sides of a triangle ADC in the points 
J), E, ami 1 •’ respectively ; if DE and DF cut the diameter through the 
point A in b and c respectively, prove that Jib and Cc are parallel. 
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22. Prove that all circles described on focal chords 
touch the directrix of the curve, and that all circles on 
diameters touch the tangent at the vertex. 


as diameters 
focal radii as 


23. A circle is described on a focal chord as diameter; if m be the 
tangent of the inclination of the chord to the axis, prove that the 
equation to the circle is 

•r 2 + y- - 2a.r (l + ~ \ - - < - ! ( _ 3«- = 0. 

V ai-J in 

24. ^AO// and jl/OJl/'are two chords of a parabola passing through 
a point O on its axis Prove that the radical axis of the circles 
described on LL and MM' as diameters passes through the vertex of 
the parabola. 


25. A circle and a parabola intersect in four points; shew that the 
algebraic sum of the ordinates of the four points is zero. 

Shew also that the line joining one pair of these four points and 
the line joining the other pair are equally inclined to the axis. 

26. Circles are drawn through the vertex of the parabola to cut 
the parabola orthogonally at the other point of intersection. Prove 
that the locus of the centres of the circles is the curve 

2// 2 (2y 2 + x 2 - 12 ax) = ax (3.r - 4«) 2 . 

27. Prove that the equation to the circle passing through the 

points (at, 2 , 2a/,) and (a/ 2 2 , 2a/ 2 ) and the intersection of the tan¬ 
gents to the parabola at these points is 

• T " + ~ ax [(*i + * 2 ) 2 + 2 J - ay ('i + t s ) (1 - /, 1.,) + a-t 1 1., (2 - t 1 t.J = 0. 

28. TP and TQ are tangents to the parabola and the normals at I* 
and Q meet at a point It on the curve ; prove that the centre of the 
circle circumscribing the triangle TPQ lies on the parabola 

2y 2 = « (.r - a). 

29. Through the vertex A of the parabola y*=4ax two chords AP 
and AQ are drawn, and the circles on AP and AQ as diameters 
intersect in R. Prove that, if 0,, 0 2 , and <f> be the angles made with 
the axis by the tangents at P and Q and by AR t then 

cot 0 X -f cot 0., + 2 tan 0 = 0. 

30. A parabola is drawn such that each vertex of a given triangle 
is the pole of the opposite side ; shew that the focus of the parabola 
lies on the nine-point circle of the triangle, and that the orthocentre of 
the triangle formed by joining the middle joints of the sides lies ou 
the directrix. 



CHAPTER XI. 


THE PARABOLA ( continued ). 


[On a first reading of this Chapter, the student may, with 
advantage, omit from Art. 239 to the end.] 

Some examples of Loci connected with the 

Parabola. 

wo* Find the locus of the intersection of tangents to the 

juirabola the angle between them being always a given angle a. 

The straight line y = tux + ^ is always a tangent to the parabola. 

If it pass through the point T (It, k) we 
have 

mVi - nik + a = 0.(1). 

If mi, and mi 2 ho the roots of this ecpiation 
we have (by Art. 2) 

* .(2), 


and 


+ m 2 = j t 
a 

M!|Vf! a = - 


(3). 



and the equations to TP and TQ are then 


y = m.x + — and y - m.jX + . 

J 1 m, i , l 2 


Hence, by Art. G6, we have 

mi, - nu J ("h + m.j) 2 - 4 m x nu 2 

tan a = —- = - , , - -— 


1 + Mi 1 m 


V /i a 


1 + 7| 


4rl 

_ Jk^iah 
a + h 


, by (2) and (8). 


S 
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~ 4a/i = (a 4 - h) 2 tan 2 a. 

Hence the coordinates of the point T always satisfy the equation 

if - 4a.r = (a 4- .t) 2 tan 2 a. 

We shall find in a later chapter that this curve is a hyperbola. 

As a particular case let the tangents intersect at right angles so 
that ?n 1 m 2 = — 1. ° ’ 

From (3) we then have h = ~ a . so that in this case the point T lies 
on the straight line x = — «, which is the directrix. 

Hence the locus of the point of interaction of tangents, which cut 
at right angles, is the directrix. 


Prove that the locus of the poles of chords which are normal 
to the parabola y‘- = 4ax is the curve 

y~ (x + 2a) + 4a :{ = 0. 

Let PQ be a chord which is normal at P. Its equation is then 

y = mx - 2 am — am :l .(i). 

Let the tangents at P and Q intersect in 2\ whose coordinates are 
h and k, so that we require the locus of T. 

Since PQ is the polar of the point (//, k) its equation is 

yk = 2a (x +/*).(2). 

Now the equations (1) and (2) represent the same straight line, so 
that they must be equivalent. Hence 

2a . _ _ 2 ah 

tti == — , ana — 2a m — am l = —— . 

fC fC 

Eliminating m, i.e. substituting the value of m from the first of 
these equations in the second, we have 

4a 2 8 a 4 _ ?.ah 

k k* ~ k ’ 

i-e. k 2 (h + 2a) 4-4« 3 = 0, 

The locus of the point T is therefore 

y 2 (.r 4- 2a) 4-4a 3 = 0. 

Find the locus of the middle points of chords of a parabola 
wfrtcfrttubtend a right angle at the vertex , and prove that these chords all 
pas$ through a fixed point on the axis of the curve. 
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COORDINATE GKOMETHY. 


First DXetliod. Let PQ be any such chord, and let its equation be 

y = mx + c .( 1 ). 

The lines joining the vertex with the 
points of intersection of this straight line Y 
with the parabola 

*T = W.(2), 

are given by the equation A 

y-c = 4<f j* {y - mx). (Art. 122) 

These straight lines are at right angles if 

c + 4*zm = 0. (Art. Ill) 

Substituting this value of c in (1), the 
equation to PQ is 

y = m (.r - 4 a) . 



(3). 


This straight line cuts tho axis of x at a constant distance 4*i from 
the vertex, i.e. A A' = in. 

If the middle point of PQ be (//, /;) we have, by Art. 220, 


J; = 


2 ii 


in 


(4) 


Also the point (h, k) lies on (3), so that we have 

k = in (h — 4*i). 

If between (4) and (">) we eliminate m, we have 


(•>) 


2*i 


A = 7T” 4rt )’ 

i.e. k-='2a (h - 4a), 

so that (//, k) always lies on the parabola 

y 2 = 2a (.r - 4a). 

This is a parabola one half the size of tho original, and whose 
vertex is at the point A' through which all the chords pass. 

Method. Let P be the point (a/, 2 , 2af,) and Q bo the point 


2afo). 

The tangents of the inclinations of AP and AQ to the axis are 


1 and * . 


t 




Since AP and AQ are at right angles, therefore 

2 2 


'i '•„> 


= - 1 , 


*. *. “4. 

As in Art. 22‘J the equation to PQ is 

(fj -f /„) y = 2.r + 2a/,G 


(3) 


(7) 
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This meets the axis of x at a distance - i.e. t by (0), 4a, from 
the origin. '* 

Also, (h, A) being the middle point of PQ, we have 

2 h = a(t*+tj*), 
an <l 2A- = 2a(c + C). 

Hence k- - 2aU = or ( ( x + t.f - «- (/,- + t 2 -) 

= 2a-t x t 2 = - 8a 2 , 

so that the locus of (//, A) is, as before, the parabola 

y- — 2a (.r - la). 

Tliird Method. The equation to the chord which is bisected at 
the point {//, A) is, by Art. 221, 

k (y - k) = 2u (x-h), 

ky - 2ax = k- - 2ah .(8). 

As in Art. 122 the equation to the straight lines joining its points 
of intersection with the parabola to the vertex is 

(A- 2 - 2 ah) if = 4a.r (ky - 2a. r). 

These lines are at right angles if 

(A- 2 -2a//) + 8a 2 = 0. 

Hence the locus as before. 

Also the equation (8) becomes 

ky — 2a.v = — 8a-. 

This straight line always goes through the point (4a, 0). 

EXAMPLES. XXIX. 

From an external point P tangents are drawn to the parabola ; find 
the equation to the locus of P when these tangents make angles 0 X and 
0 2 with the axis, such that 

1. tan 0 X 4- tan 0., is constant ( = b). 

2. tail 0 X tan 0 2 is constant ( = <•). 

3. cot 0 X 4 - cot 0 2 is constant ( = <l). 

4. 0 X 4- 0 2 is constant (= 2a). 

5. tan 2 0 X 4- tan 2 0 2 is constant (= X). 

6. cos 0 X cos 0 2 is constant ( = u). 




210 


COOKDIXATE GEOMETllY. 


[Exs. 


7. Two tangents to n parabola meet at an angle of 4;V ; prove that 
the locus of their point of intersection is the curve 

y- - 4 ax = (.r 4- a)-. 

If they meet at an angle of 60°, prove that the locus is 

y~ — 3.r* — 10ox — 3</■ = 0. 

8. A pair of tangents are drawn which are equally inclined to a 
straight line whose inclination to the axis is a ; prove that the locus 
of their point of intersection is the straight line 

y = ( r - a) tan 2a. 

9. Prove that the locus of the point of intersection of two tangents 
which intercept a given distance 4c on the tangent at the vertex is an 
equal parabola. 

10. Shew that the locus of the point of intersection of two tangents, 
which with the tangent at the vertex form a triangle of constant area 
c~, is the curve x- (y 2 - 4ax) — 4c 4 . 

11. If the normals at V and Q meet on the parabola, prove that 
the point of intersection of the tangents at V and Q lies either on a 
certain straight line, which is parallel to the tangent at the vertex, or 
on the curve whose equation is y- (.r + 2a) 4 4a 3 = 0. 

12. Two tangents to a parabola intercept on a fixed tangent 
segments whose product is constant; prove that the locus of then 
point of intersection is a straight line. 

13. Shew that the locus of the poles of chords which subtend a 
constant angle a at the vertex is the curve 

(jr 4- 4n)- = 4 cot- a (y- - 4ax). 

14. In the preceding question if the constant angle be a right angle 
the locus is a straight line perpendicular to the axis. 

15 A point V is such that the straight line drawn through it 
perpendicular to its polar with resi>ect to the parabola y- = 4ax touches 
the parabola x 7 = 4by. Prove that its locus is the straight line 

2ax 4- by 4 - 4<i*=0. 

16. Two equal parabolas, A and P>, have the same vertex and axis 
hut have their concavities turned in opposite directions; prove that 
the locus of poles with respect to II of tangents to A is the parabo a . 

17. Prove that the locus of the poles of tangents to tlio parabola 
y 2 =4ax with respect to the circlo x' 2 4- y 2 = 2ax is the circle x~ + y —ax. 

18. Shew the locus of the poles of tangents to the parabola 
y’ 2 =4ax with respect to the parabola y 2 = 4bx is tho parabola 


a 



THREE NORMALS FROM ANY 


POINT. 
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Find the locus of the middle points of chords of the parabola 
which 1 

19. pass through the focus. 

20. pass through the fixed point (//, A). 

21 . are normal to the curve. 

22 . subtend a constant angle a at the vertex. 

23. are of given length l. 

24. are such that the normals at their extremities meet on the 
parabola. 

25. Through each j)oint of the straight line x = my + h is drawn 
the chord of the parabola y- = 4ax which is bisected at the point; 
prove that it always touches the parabola 

(y+ 2am) 2 =8a (.r li). 

26. Two parabolas have the same axis and tangents are drawn to 
the second from points on the first ; prove that the locus of the middle 
points of the chords of contact with the second parabola all lie on a 
fixed parabola. 

27. Prove that the locus of the feet of the perpendiculars drawn 
from the vertex of the parabola upon chords, which subtend an angle 
of 45° at the vertex, is the curve 

r a — 24ar cos 0 + 10 a 2 cos 2d = 0. 



To prove that , in general, three normals can be 
drazon from an// point to tlce parabola and that the algebraic 
sum of the ordinates of the feet of these three normals is 
zero. 


The straight line 

y = mx — 2am — am 

is, by Art. 208, a normal to the 
parabola at the points whose coordi¬ 
nates arc 

am? and —2 am .(2). 

If this normal passes tlirough 
the fixed point O, whose coordinates 
are h and k , we have 




k = mh — 2am — am 


:i 


am 3 + ( 2a — h) i/i + k = 0 


(0 



(3), 


i. e. 
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COORDINATE GEOMETKV. 


This equation, being of the third degree, has three 
roots, real or imaginary. Corresponding to each of these 
roots, we have, on substitution in (1), the equation to a 
normal which passes through the point 0. 

Hence three normals, real or imaginary, pass through 
any point 0. 

If m l , and /// ;[ be the loots of the equation (3), we 
have, by Art. 2, Ex. 2, 

+ m 2 + tti 3 - 0 . 

If the ordinates of the feet of these normals be y x , y,, 
and we then have, by (2), 



'Ji + Ui + Ih = - (”*i + "'a + = 0. 

Hence the second part of tlie proposition. 

We shall find, in a subsequent chapter, that, for certain 
positions of the point (), all three normals are real; for 
other positions of O, one normal only will be real, and the 
other two imaginary. 

7^’ Ex. Find the locus of a point xchich is such that (a) tico of 
the normals draicn from it to the parabola are at right angles, 
(tf) the three normals through it cut the axis in points t chose distances 
from the vertex aie in arithmetical progression . 

Any normal is y — ms — 2am — am 3 , and this passes through the 
point (/*, A), if 

am 3 + (2 a - h) m + /: = 0 .(!)• 

If then wq, in.,, and »» 3 be the loots, we have, by Art. 2, 

m l + in., 4- m 3 = 0,.(*-h 

2a - h .... 

m.pn.j -4- ni s m l + m l m.,= , . 

]■ 

and in,in.,in,— - - .(*)• 

it 


(a) If two of the normals, say m x and in.,, be at light angles, we 
have «i.m a = — 1, and hence, from (-1), m s = ~ . 


a 


The quantity - is therefore a root of (1) anil hence, by substitution, 
wo have 

+ (2 a - //)- + A =0, 
a- a 

i.e. A- = a (h — 3<i). 
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The locus of the point (h. A) is therefore the parabola y n - = a (.r - 3 a) 
whose vertex is the point (3a, 0) and whose latus rectum is one-quarter 
thit of the given parabola. 

The student should draw the figure of both parabolas. 

(£) The normal y = m.r - 2am - am 3 meets the axis of .r at a point 
whose distance from the vertex is 2a + am-. The conditions of the 
question then give 

(2 a + <znt} S ) + (2a -i am.?) = 2 (2a -f am./), 
i.e. My~ + m.? = 2m.r .(3). 

If we eliminate m,, m. z , and m 3 from the equations (2), (3). (t), 
and (5) we shall have a relation between h and /,-. 

From (2) and (3), we have 

2a-h 

-= -r m., (m l -i- m .) = m,m. { - ut.f . (♦»). 


Also, (5) and (2) give 

2m 2 2 = (m 1 + m..) 2 - 2 m l m :j — m.r — 2m 1 m 3 , 

i.e. m.,- 2m,m., = 0. 

Solving ((5) and (7), we have 


(7). 


2a — h 


m,m., = — , and m.r — — 2 x 


13 


3a 


2 a - h 
Ha 



Substituting these values in (4), we have 

2a —h / 9 2 a - h _ _ k 

3a V “ w ' 3a ~ a ’ 

i.e. 27ak 2 =2(h-2a)\ 

so that the required locus is 

27ay- = 2 (x — 2a) 3 . 

Ex- If the normals at three points I\ Q, and It meet in a 
■point O and S he the focus , prove that SP. SQ . SR = a . SO-. 

As in the previous question we know that the normals at the 
points (am, 2 , - 2am,), (am.f>-2am.f and (am.f, -2am 3 ) meet in the 
point (h, k) if 

m 1 + m. 2 +m a = 0.(1), 

2a — h 

m.mt.j 4- m.jm , + «/,«!.,= — .(2), 

j. 

and m l m.,m 3 = —-.(3). 

By Art. 202 we have 

£P=a(l+m, 2 ), SQ = a (1 + wi., 2 ), and SR=a(l + m./). 
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Hence 


SP . SQ.SR 


a 


= (1 -f mi, 2 ) (1 -f lit. 2 ) (1 + m 3 ? ) 

= 1 + ( wi, 2 + ml, 2 4- r« 3 2 ) 4- -f wij' rn.*) 4 w* 1 *»» a 2 m > 2 . 

Also, from (1) and (2), we have 

ini 2 4- m 3 2 4 m 3 2 = (wij 4- ml, 4 m 3 ) 2 - 2 (hl,w 3 4 M^m, 4 m,wi 2 ) 

/* - 2<i 
= 2 —- , 


rl 


and 


iiitfm.j- 4 mi 3 2 mi, 2 4 nijVHj 1 = (ml,mi 3 4 4 mi,ml,)' — 2mjm 3 >/i s (n», 4 *i*» 4- Wj) 


= • h . v ( ! ) and ( 2 > 


SP.SQ.SR_, , h - 2 
Hence -=-= 1 + -- 


n 


-2a / /i-2a y ; A; 3 

a + \ a / a 2 


(/i-a) 2 4* 2 _ NO 2 

a * 


o 

a- 


a 


f.<\ 


SP .SQ. Sit = SO-. a. 


EXAMPLES. XXX. 

Find the locus of a point O when the three normals drawn from 
it are such that 

1. two of them make complementary angles with the axis. 

2. two of them make angles with the axis the product of whose 
tangents is 2. 

3. one bisects the angle between the other two. 

4. two of them make equal angles with the given line y = mx + c. 

5. the sum of the three angles made by them with the axis is 
constant. 

6. the area of the triangle formed by their feet is constant. 

7. the line joining the feet of two of them is always in a given 
direction. 

The normals at three points P % Q f and R of the parabola y* = Aax 
meet in a point O whose coordinates are h and k ; prove that 

8. the centroid of the triangle PQR lies on the axis. 

9. the point O and the orthocentre of the triangle formed by the 
tangents at P, Q, and R are equidistant from the axis. 
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10. if OP and OQ make complementary angles with the axis, then 
the tangent at 11 is parallel to SO. 

11. the sum of the intercepts which the normals cut off from the 
axis is 2 (h -f a). 

12. the sum of the squares of the sides of the triangle PQR is 
equal to 2 (h - 2a) (h + 10a). 

13. the circle circumscribing the triangle PQR goes through the 
vertex and its equation is 2x 2 + 2y- - 2x (// + 2a) - ky = 0. 

14. if P be fixed, then QR is fixed in direction and the locus of 
the centre of the circle circumscribing PQR is a straight line. 

15. Three normals are drawn to the parabola y- = 4ax cos a from 
any point lying on the straight line y = b sin a. Prove that the locus 
of the orthocentre of the triangles formed by the corresponding tan- 

^2 ^ o * o 

gents is the curve —, + jr, =1, the angle a being variable. 

a- b- 

16. Prove that the sum of the angles which the three normals, 
drawn from any point O, make with the axis exceeds the angle which 
the focal distance of O makes with the axis by a multiple of n. 

17. Two of the normals drawn from a point O to the curve make 
complementary angles with the axis ; prove that the locus of O and 
the curve which is touched by its polar are parabolas such that their 
latera recta and that of the original parabola form a geometrical 
progression. Sketch the three curves. 

18. Prove that the normals at the points, where the straight line 
lx + my = 1 meets the parabola, meet on the normal at the point 

of the parabola. 

19. If the normals at the three points P, Q, and R meet in a point 
and if PP', QQ', and RR' be chords parallel to QR, RP, and PQ 
respectively, prove that the normals at P', Q', and R' also meet in a 
point. 

20. If the normals drawn from any point to the parabola cut the 
line x=2a in points whose ordinates are in arithmetical progres¬ 
sion, prove that the tangents of the angles which the normals make 
with the axis are in geometrical progression. 

21. PG, the normal at P to a parabola, cuts the axis in G and is 
produced to Q so that GQ=^PG; prove that the other normals 
which pass through Q intersect at right angles. 

22. Prove that the equation to the circle, which passes through the 
focus and touches the parabola iy- = 4ax at the point ( at 2 , 2 at), is 

x n -+ y? - ax (3t* + 1) -ay (3t - t J ) + 3a 2 t 2 =0. 

Prove also that the locus of its centre is the curve 

27ay 2 = (2.t — a) {x — 5a) 2 . 
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23. Shew tliut three circles can be drawn to touch a parabola and 
also to touch at the focus a given straight line passing through the 
locus, and prove that the tangents at the point of contact with the 
parabola form an equilateral triangle. 

24. Through a point P are drawn tangents PQ and PR to a 
parabola and circles are drawn through the focus to touch the para¬ 
bola in Q and 11 respectively; prove that the common chord of these 
circles passes through the centroid of the triangle PQR. 

25. Prove that the locus of the centre of the circle, which passes 
through the vertex of a parabola and through its intersections with a 
normal chord, is the parabola 2y- = ax — a-. 

26. A circle is described whose centre is the vertex and whose 
diameter is three-quarters of the latus rectum of a parabola; prove 
that the common chord of the circle and parabola bisects the distance 
between the vertex and the focus. 


27. Prove that the sum of the angles which the four common 
tangents to a parabola and a circle tiiiikc with the axis is equal to 
nn ~ 2a, where a is the angle which the radius from tho focus to the 
centre of the circle makes with the axis and n is an integer. 

28. i'/f and QR are chords of a parabola which are normals at P 
and Q. Prove that two of the common chords of the parabola and 
the circle circumscribing the triangle PRQ meet on the directrix. 


29. The two parabolas //- = 4u uc — /) and .r 3 = *l a(y — l) always 
touch one another, the quantities / and /' being both variable ; P ro 'o 
that the locus of their point of contact is the curve xy = 4a J . 


30. A parabola, of latus rectum /, touches a fixed equal paralxda, 
the axes of the two curves being parallel; prove that the locus of the 
vertex of the moving curve is a parabola of latus rectum 21. 


31. The sides of a triangle touch a parabola, and two of its angular 
points lie on another parabola with its axis in the same direction . 
prove that the locus of the third angular point is another parabola. 


239. In Art. 197 we obtained the simplest possible 
form of the equation to a parabola. 

We shall now transform the origin and axes in the 
most general manner. 

Let the new origin have as coordinates (/*, Xr), and let 
the new axis of x be inclined at 0 to the original axis, ami 
let th© new angle between the axes be a/. 
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By Art. 133 we have for x aiul y to substitute 

.r cos 0 + y cos (a/ + 0) + h, 

an( l x siu 0 + y sin (<*>' 4 - 0) + k 

respectively. 

The equation of Art. 197 then becomes 

{•'' s * n 0 + V shi (a) 4- 0) -4- A j- 4 a {.c cos 0 + y cos (o/ + 6) 4 - h J, 

i. e. 

{.c sin 6 -f y sin (to + 0)\~ 4- 2x [k sin 6 — 2 a cos 6) 

4- 2y {k sin (to' 4- 0) - 2 a cos (to' 4- 6)) + kr - A ah r. 0 

.(1>- 

This equation is therefore the most general form of the 
equation to a parabola. 

AVe notice that in it the terms of the second degree 
always form a perfect square. 

240. To find the equation to a parabola, any two 
tangents to it being the axes of coordinates and the points of 
contact being distant a and b from the origin. 

By the last article the most general form of the equa¬ 
tion to any parabola is 

(Ax 4- By)- 4- 2gx 4- 2/y 4- c- = 0.(1). 

This meets the axis of x in points whose abscissae are 
given by 

A*u*+ 2gx 4- c- = 0. (2). 

If the parabola touch the axis of x at a distance a from 
the origin, this equation must be equivalent to 

A 2 (x-a) 2 = 0.(3). 

Comparing equations (2) and (3), we have 

g — — A 2 a f and c = A 2 a 2 .(4). 

Similarly, since the parabola is to touch the axis of y 
at a distance b from the origin, we have 

f=-JT-b . and c = JFb* .(5). 
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From (4) and (5), equating the values of c, we have 

IPlr = A -V, 


so that 


a 


n =4 A r 

b 


<<3> 


Taking the negative sign, we have 


a 


n = -A y , </=-A n -a y 

0 


a 


— .1* , and c = A-a'-, 

b 


Substituting these values in (1) we have, as the required 
equation, 


t. e. 


x - g y) - 2ax -2^y + a 2 = 0, 
(x y\- 2x 2// _ 

--- T + i-o ... 

This equation can be written in the form 

4xy 
ab 


( 7 ). 




+ 1 = 


e. 


x y . 
- + r- 1 

a b 


i.e. 


i. c. 


•A* A- 1 - 


( 8 ). 


[The radical signs in (8) can clearly have both the positivo and 
negative signs prefixed. The different equations thus obtained corre¬ 
spond to different portions of tho curve. In tho figure of Art. 243, 
the abscissa of any point on the portion 1*AQ is <a, and the ordinate 
< by so that for this portion of the curve wo must take both signs 

positive. For the part beyond V tho abscissa is >u, and - > ^ , 80 

that tho signs must be + and - . For the part beyond Q the 

ordinate is >6, and ^ » 30 that the signs must be - and + • 

There is clearly no part of tho curve corresponding to two negative 
signs.] 
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24 : 1 . If ill the previous article we took the positive 
sign in (6), the equation would reduce to 



2 / + i=o 

0 



This gives us (Fig., Art. 243) the pair of coincident 
straight lines PQ. This pair of coincident straight lines is 
also a conic meeting the axes in two coincident points at 7 J 
and Q, but is not the parabola required. 



To find the equation to the tanyent at any point 
(a*', y') of the parabola 



Let (a", y") be any point on the curve close to (x\ y') 
The equation to the line joining these two points is 


y-y = 


y" - y 


// 

X — X 


(./; - x) 


'1) 


But, since these points lie on the curve, we have 



so that 


— *Jy 


Jx" — 





The equation (1) is therefore 

Jy" — Jy Jy" + y 

^ + 

or » b y (3), 


V V s]x" - Jx' Jx + J: ' ^ ^ 


X 


, *Jb •Jy" + >Jy t , x 

y-y /% (”-”> 

V a \J x + V x 


w 
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The equation to the tangent at (a/, y) is then obtained 
by putting .r" — x and y— y\ and is 


y-y = - 


Jb Jy' 
J a sfx' 





This is the required equation. 

[In the foregoing we have assumed that (j', y') lies on the portion 
PAQ (Fig., Art. 243). If it lie on either of the other portions the 
proper signs must be affixed to the radicals, as in Art. 240.] 


;. To find the condition that the straight line - — 1 may he a 

J t g 

tangent. 

This line will he the same as (o), if 

/ = fa; r' and g=fby\ 


so that 


Hence 


v a a V b b 

i+f-i. 

a o 


This is the required condition; also, since = »nd y — ^» 

ff 2 < 7 3 \ 

the point of contact of the given line is f — , J . 

Similarly, the straight line lx + my = n will touch the parabola if 


n , 71 _ i 

a l ‘ bill 


243. To ft ml the focus of the parabola 



Let iS be the focus, O the origin, and T and Q the 
points of contact of the parabola with the axes. 

Since, by Art. 230, the triangles OSP and QSO are 
similar, the angle SOP = angle SQO. 

Hence if we describe a circle through O, <?, and *S, then, 
by geometry, OP is the tangent to it at 0. 
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Hence S lies on the circle passing through the origin 
0, the point Q , (0, b), and touching the axis of x at ?he 
origin. 



The equation to this circle is 

ur 4- 2 xy cos to 4- y- — by .(1 ). 

Similarly, since l SOQ = L. SPO , S will lie on the circle 
through O and P and touching the axis of y at the or igin, 
i.e. on the circle 

x~ + 2 xy cos to + y- = ax .(2;. 

The intersections of (1) and (2) give the point required. 
On solving (1) and (2), we have as the focus the point 

ab~ orb 

a ~ 4- 2 ab cos to 4- b~ ’ <r + 2 ab cos to 4- b 1 




244. To find the equation to the axis. 

If V be £he middle point of PQ, we know, by Art. 223, 
that O V is parallel to the axis. 


Now V is the point 
Hence the equation to O V is y = ^ x. 



The equation to the axis (a line through >$' parallel to 
O V) is therefore 

ab- 


y - 


orb 

a? 4- 2 ab cos to 4 - b 


z.e. 


__V 

2 a \ d z 4- 2«6 cos to 4- 6v 
ab (a- — b~) 


ay — bx — 0 —,- y- • 

J ci- + 2ab cos o> 4- 6- 
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24:5. To find the equation to the directrix. 

If we find the point of intersection of OP and a 
tangent perpendicular to OP, this point will (Art. 211, y) 
be on the directrix. 

Similarly we can obtain the point on OQ which is on 
the directrix. 

A straight line through the point (fi, 0) perpendicular 
to OX is 


tliei 


y — m (x —f), where (Art. 93) 1 4- m cos co = 0. 

The equation to this perpendicular straight line is 

x 4- y cos <•> — J .(1 )• 

This straight line touches the parabola if (Art. 242) 


-' + ' 

a b cos o> 


i. 


i.r. it / = 


ah cos co 


a 4- b cos co 


The point ( - l ^ f° S - , 0 ) therefore lies on the directrix. 

\a 4- b cos co 


Similarly the point ^0, 


ab cos co 




is on it. 


b 4- a cos co 

The equation to the directrix is therefore 

x (a + b cos co) 4- y (b + a cos co) = ab cos co .(2). 

The latus rectum being twice the perpendicular distance 
of the focus from the directrix = twice the distance of the 

point 

/ ab- <Pb _\ 

\rt a + 2 ab cos co 4- b~ ' a 2 4- '2ab cos co 4- b‘ ) 

from the straight line (2) 

4« 2 & 3 sin 2 co 


»\ a y 


(a 2 4- 2 ab cos co 4- b “)* 
by Art. 90, after some reduction. 


246. To find the coordinates of the vertex and the 
equation to the tangent at the vertex. 
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. ^ ie vertex is the intersection of the axis and the curve, 
t.e. its coordinates are given by ’ 


and bv 


i.e. by 


x or-b~ 

a a- + 2ab cos o> b 2 ' 


.<*■■*•** 

(M ♦>)•-£.» 


( 1 ). 


(Art. 240), 


From (1) and (2), we have 

x __ ^ j_ a ~ ~ b~ _ - ab* (b + a cos cd) 2 

4 _ a 2 + 'lab cos at + b'~ (a 2 + 2ab cos o + b 2 ) 2 ’ 

c*. •! , a~b (a + b cos a>) 2 

bum Jar] y ?/ = -- -V- ' 

(a 2 4- 2«6 cos o) + b 2 ) 2 

Tliese are tlie coordinates of the vertex. 


The tangent at the vertex being parallel to the directrix, 
its equation is 

, , . r a ^~ (b + a cos o>) 2 | 

(a+b cos co) X - —— - 

L a- + 2ab cos <u + b ) 2 J 

/7 . T a?b (a+b cos o>) 2 ~] 

+ (o 4- a cos <o) i/ — —— -' - = 0, 

7 L* 7 (a 2 + 2a6 COS W 4- 6 2 ) 2 J 


/7 , r a 2 6 (a+b cos gj)- H 

+ (o 4- a cos <o) 1 / — 4 -' - = 0, 

' [y (a 2 + 2ab cos to 4- 6 2 ) 2 J 

. x ?/ ab 

i.e. -j---— —_ 

b + a cos to a + b cos to a 2 + 2ab cos to + b 2 

[The equation of the tangent at the vertex may also be 
written down by means of the example of Art. 242.] 


1. If a parabola, whose latus rectum is 4c, slide between two 
rectangular axes, prove that the locus of its focus is x-y- = c-(x- + y 2 ), 
and that the curve traced out by its vertex is 

x*y* (.t 55 + y*) = c*. 

2. Parabolas are drawn to touch two given rectangular axes and 
their foci are all at a constant distance c from the origin. Prove that 
the locus of the vertices of these parabolas is the curve 

a a a 

* 4-*r = c\ 
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3. The axes being rectangular, prove that the locus of the focus 

^ 4- ^ - 1 ) = ~ , u and b being variables such 
that nb = e 2 , is the curve (.r = c ? x>j. 

4. Parabolas are drawn to touch two given straight lines which 
are inclined at an angle w ; if the chords of contact all pass through 
a fixed point, prove that 

(1) their directrices all pass through another fixed point, and 
(2) their foci all lie on a circle which goes through the intersection of 
the two given straight lines. 

5. A parabola touches two given straight lines at given points ; 
prove that the locus of the middle point of the portion of any tangent 
which is intercepted between the given straight lines is a straight 
line. 

6. TP and TQ are any two tangents to a parabola and the 
tangent at a third point li cuts them in P' and Q’ ; prove that 

TP’ T Q' qq' _ n^ _yR 

TP + TQ~ ' QI'-P'P UP” 

7. If a parabola touch three given straight lines, prove that each 
of the lines joining the points of contact passes through a fixe 1 point. 

8. A parabola touches two given straight lines; if its axis pass 
through the point (A, A), the given lines being the axes of coordinates, 
prove that the locus of the focus is the curve 

j -2 - j- - U.r + kij = 0. 

9. A parabola touches two given straight lines, which meet at 

in given points and a variable tangent meets the given lines in P and 
Q respectively; prove that the locus of the centre of the circumcuelo 
of the triangle OPQ is a fixed straight line. 

10. The sides A D and AC of a triangle AUC are given in position 
and the harmonic mean between the lengths AD and AC is also giwn, 
prove that the locus of the focus of the parabola touching the sides at 
11 and C is a circle whose centre lies on the lino bisecting tho ang o 
DA C. 

11. Parabolas arc drawn to touch the axes, which are inclined a. 
an angle u>, and their directrices all pass through a fixed point ( », <)• 
Prove that all the parabolas touch the straight line 

_ •**__ _V_ __ | _ 

li + k sec io A 4- h sec 
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CHAPTER XIr. 

THE ELLIPSE. 

247. Tiie ellipse is a conic .section in which the 
eccentricity e is less than unity. 

To find the equation to an ellipse. 

Let ZK be the directrix, S the focus, and let SZ be 
perpendicular to the directrix. 



There will be a point A on SZ , such that 

SA=e.AZ .(1). 

Since e < 1, there will be another point A\ on ZS produced, 
such that 

SA' = e.A'Z .(2). 



Li 


8 







22G 


COORD 1XATE GEoMETRY. 


Let the length AA' be called 2a, and let C be the middle 
point of A A'. Adding (1) and (2), we have 

2a = A A' = e(AZ + AZ) = 2.e.CZ, 


i.e. 


r Z = - 

e 


(3). 


Subtracting (1) from (2), we have 
e(A'Z- AZ) = SA- SA = (SC + CA') - (CA - CS), 
i.e. e.AA=2CS, 

and hence CS = a. . .(*0- 

Let C be the origin, CA' the axis of a-, and a line through 
C perpendicular to A A' the axis of y. 

Let P be any point on the curve, whose coordinates are 
x and y, and let PM be the perpendicular upon the directrix, 
and PN the perpendicular upon AA'. 

The focus S is the point (— oc, 0). 

The relation SP^^e 2 . PM n - — *r. ZX~ then gives 

(x 4 - ae)~ + y 2 = e 2 J , (Art. 20), 


i.e 


i.e. 


x* 2 (1 — e*> + y 2 = a 2 (1 - e‘), 


ar V 


= l 


«- a* (l —e) 

If in this equation we put a? = 0, we have 

f I J 

y = + a si - c , 


(5). 


shewing that the curve meets the axis of y in two points, 
J$ and ft\ lying on opposite sides of C, such that 

1rc = CP — a t-e. CPA = CA * - CS 2 . 

Let the length CJi be called b, so that 


b = a 1 — e*. 


The equation (5) then becomes 

X 2 tt2 


. y*_, 

a* + 55- 1 


(6) 
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written 


i.e 


x.e. 


The equation (6) of the previous article may be 

* 


y' _ , ar __ a- - x 3 
b 3 a 2 


(a + x) (a - x) 


or 


PX* AX.XA' 
b- “ ^ ’ 


a~ 


: AN. XA' :: BC* : AC\ 

points A and A are called the vertices of 
the curve, AA' is called the major axis, and BB ' the minor 
axis. Also C is called the centre. 


2 ,“t. 9 - S “ lce f is the P oi n<> (,-ae, 0), the equation to 
the ellipse referred to S as origin is (Art. 128), 

(x-ae ) a ^ v 3 _ 1 
a- ‘ b-~ 

The equation referred to A as origin, and AX and a 
perpendicular line as axes, is 

( x - «) - y* _ , 

- 1 » 



a* 2 y 2 2x 

+ IT = 


Similarly, the equation referred to ZX and ZK as 


since CZ = — - , 

e 


axes is, 



The equation to the ellipse, whose focus and directrix are any 
given point and line, and whose eccentricity is known, is easily 
written down. 

For example, if the focus be the point (-2, 3), the directrix be 
the line 2x + 3y +4 = 0, and the eccentricity be J, the required equa¬ 
tion is 

(* + 2) 2 +(j, - 3) 2 = . +&+ 4)2 , 

i.e. 261x 2 -f-181»/ 2 - 192xy + I044x - 2334y + 3909 = 0. 



228 


COORDINATE GEOMETRY. 


Generally, the equation to the ellipse, whose focus is the point 
(/,{/), whose directrix is Ax + By + C’ = 0, and whose eccentricity 
is e , is 

2 (Ax + Tty + C) 2 

a*+b*- * 


(or -fy- + (y- v ) 


250. There exist a second Joe us and a second directrix 
for the curve. 

On the positive side of the origin take a point S\ which 
is such that SC — CS' = ae, and another point Z', such that 

ZC CZ' = - . 

e 

Draw Z'K perpendicular to ZZ\ and PM perpen¬ 
dicular to Z'K'. 

The equation (5) of Ait. 247 may be written in the 
form 

— 2 uex + fire" 4- y~ — e-jr — 2 aex + a 2 , 

i.e. S'I r - = e -. PM*. 

Hence any point P of the curve is such that its distance 
from S' is e times its distance from Z'K\ so that we should 
have obtained the same curve, if we had started with S as 
focus, Z' K' as directrix, and the same eccentricity. 

251. The sum of the joc<d distances of any point on the 
curve is equal to the major axis. 

For (Fig. Art. 247) we have 

SP = e. PM, and SP = e. PM'. 

Hence 

SP + S P - <? (PM + PM') = e. MM' 

^e.ZZ' = 2e. CZ=2a (Art. 247.) 

= the major axis. 

Also SP = e . PM — e . XZ = e . CZ + e . CN = a + ex', 
and S'P = c . PM' = e . XZ = . CZ ' - e . CX = a - ex', 

where x is the abscissa of P referred to the centre. 


i.e. 


/ \o o 

(x — aey + y- 
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252. Mechanical construction for an ellipse. 

By the preceding article we can get a simple mechanical 
method of constructing an ellipse. 

Take a piece of thread, whose length is the major axis 
of the required ellipse, and fasten its ends at the points S 
and S which are to be the foci. 

. Let the P°/nt of a pencil move on the paper, the point 
being always in contact with the string and keeping the 
two portions of the string between it and the fixed°ends 
always tight. If the end of the pencil be moved about on 
the paper, so as to satisfy these conditions, it will trace out 
the curve on the paper. For the end of the pencil will be 
always in such a position that the sum of its distances from 
S and S' will be constant. 

In practice, it is easier to fasten two drawing pins at S 
and *S", and to have an endless piece of string whose total 
length is equal to the sum of SS' and A A'. This string 
must be passed round the two pins at S and S' and then be 
kept stretched by the pencil as before. By this second 
arrangement it will be found that the portions of the curve 
near A and A' can be more easily described than in the first 
method. 


253. Latus-rectum of the ellipse. 

Let LSL be the double ordinate of the curve which 
passes through the focus S. By the definition of the curve, 
the semi-latus-rectum SL 

— e times the distance of X from the directrix 

= « . SZ = e (CZ- CS) = e . CZ — e . CS 

— a — ae 2 (by equations (3) and (4) of Art. 247) 

(Art. 247.) 


254. To trace the curve 


- + ^=i 
a 2 6 2 





230 


COORDINATE GEOMETRY'. 


The equation may lie written in either of the forms 



or 


x — + a 




From (2), it follows that if ar>« 2 , i.e. if x>a or < — a, 
then y is impossible. There is therefore no part of the 
curve to the right of A' or to the left of A. 

From (3), it follows, similarly, that, if y>b or < — b, 
x is impossible, and hence that there is no part of the curve 
above Ji or below //. 

If x lie between — a and + a, the equation (2) gives two 
equal and opposite values for y, so that the curve is sym¬ 
metrical witli respect to the axis of x. 

If y lie between — b and + b , the equation (3) gives two 
equal and opposite values for x , so that the curve is sym¬ 
metrical with respect to the axis of y. 

If a number of values in succession be given to a*, and 
the corresponding values of y be determined, we shall 
obtain a series of points which will all be found to lie on a 
curve of the shape given in the figure of Art. 247. 


#2 

255. The quantity ^ - 1 is negative , zero, or 

positive , according as the point (x , y) lies vnthin , upon , or 
without the ellipse. 

Let Q be the point (x, y), and let the ordinate QA 
through Q meet the curve in P, so that, by equation (G) of 
Art. 247, 

PN- _x> 

~~b*~ ~ 1 a 2 * 


If Q be within the curve, then y\ i.e. QA r , is 
that 


y 2 PA~* . t a :' 2 

-— ^ _ 1 P <1 — 

b 2 V * d 2 


< PN, so 





RADIUS VECTOR IX ANY DIRECTION 


Hence, in this case, 


/.» 


'•> 

x ~y 

a- b- 


1 


i.e. 


x ' 2 


y 


'O 


a 


r. + jz — 1 is negative. 
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"> i '2 ^ ^ curve, y' > PX % and then 

^7 — 1 is positive. 


t/ 


256. find the length of a ratline rector from the 

centre drawn in a given direction. 

The equation (6) of Art. 247 when transferred to polar 
coordinates becomes 


r~ cos 2 0 r~ sin- 0 

of 1 If ==1 » 


giving 


r 2 = 


afb- 


b~ cos' 2 0 + d 2 sin' 2 0 


We thus have the value of the radius vector drawn at any 
inclination 0 to the axis. 


Since r~ = 


afb 2 


b* + (a-— b 2 )sin- 0 ’ we see tJmt tIie greatest 
value of r is when 0^0, and then it is equal to a. 

Similarly, 0 = 90° gives the least value of r, viz. b. 


Also, for each value of 0 t we have two equal and opposite 
values of r, so that any line through the centre meets the 
curve in two points equidistant from it. 


257. Auxiliary circle. 13ef*. The circle which is 
described on the major axis, AA\ of an ellipse as diameter, 
is called the auxiliary circle of the ellipse. 

Let NP be any ordinate of the ellipse, and let it be 
produced to meet the auxiliary circle in Q. 

Since the angle AQA' is a right angle, being the angle 
in a semicircle, we have, by geometry, QN 2 = AN. NA'. 
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Hence Art. 24S gives 


so that 


PX 2 : QX* :: JJC 2 : AC*, 

PN BC b 
QN “ AC “ a 



The point Q in which the ordinate XP meets the 
auxiliary circle is called the corresponding point to P. 

The ordinates of any point on the ellipse and the 
corresponding point on the auxiliary circle are therefore to 
one another in the ratio b : a , i.e. in the ratio of the 
semi-minor to the semi-major axis of the ellipse. 

The ellipse might therefore have been defined as follows : 

Take a circle and from each point of it draw perpen¬ 
diculars upon a diameter; the locus of the points dividing 
these perpendiculars in a given ratio is an ellipse, of which 
the given circle is the auxiliary circle. 

258. Eccentric Angle. Def. The eccentric angle 
of any point P on the ellipse is the angle XCQ made with 
the major axis by the straight line CQ joining the centre C 
to the point Q on the auxiliary circle which corresponds to 
the point P. 

This angle is generally called <f>. 



8 I 8 


the eccentric angle. 2:33 

A\ e have CJ\ = CQ . cos <b ■— a cos <f>, 

ailc * &Q — CQ sin <f> = a sin <f>. 

Hence, l>y the last article, 

P — — • -ft Q — b sin <f>. 

The coordinates of any point P on the ellipse are there¬ 
fore a cos </> and b sin <f>. 

Since P is known when <f> is given, it is often called 
“ the point <f>. 


259. To obtain the equation of the straight line joining 
tivo points on the ellipse whose eccentric angles are given. 

Let the eccentric angles of the two points, P and P, be 
and <f> , so that the points have as coordinates 

(a cos </>, b sin <f>) and (a cos <£', b sin <£'). 

The equation of the straight line joining them is 

j ■ , b sin c j> —b sin , 

y~b sin <f> —- ———— -— (x — a cos <f>) 

a cos </> — a cos ^' 

__ b 2 cos \ (<f> + < f>j sin £ (<£' - <£) 

a * 2 sin £ (<f> + <f,') sin — <£') ^ ~ a cus ^ 

_ h cos £(<£ + <£') 

—-• • i/./— ,. (u; — a cos d>), 

a sin h (<f> +(f>) 


4> + <f>' y . (b + cf>' <f> + d>' </> + </>' 

cos 2 *■ 5 sm — cj— — cos 4 * cos ^ 2 —** s ^ n s * n " ~ .j ^ 


= COS ^ J = COS 


4>-4>' 


(!)• 


This is the required equation. 


Cot. The points on the auxiliary circle, corresponding to P and 
P', have as coordinates (a cos <p, a sin <p) and (a cos tp', a sin <p'). 

The equation to the line joining them is therefore (Art. 178) 


x <p + 
- cos ——- 
a 2 


t±f + V sin ±±$L =coa 

2 a 2 2 
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This straight line and (1) clearly make the same intercept on the 
major axis. 

Hence the straight line joining any two points on an ellipse, and 
the straight line joining the corresponding points on tlie auxiliary 
circle, meet the major axis in the same point. 


EXAMPLES. XXXII. 

1. Find the equation to the ellipses, whose centres are the 
origin, whose axes are the axes .of coordinates, and which pass 
through (a) the points (2, 2), and (3, 1), 
and ( fi ) the points (1, 4) and (-0, 1). 

Find the equation of the ellipse referred to its centre 

• 2. whose latus rectum is 5 and whose eccentricity is §, 

■ 3. whose minor axis is equal to the distance between the foci and 
whose latus rectum is 10, 

4. whose foci are the points (4, 0) and ( - 4, 0) and whose 
eccentricity is ij. 

• 5. Find the latus rectum, the eccentricity, and the coordinates 
of the foci, of the ellipses 

(1) .r- + 3y 2 = « 2 , (2) 5x 2 + 4y 2 = 1, and (3) 9 x 2 + %-- 30y = 0. 

6. Find the eccentricity of an ellipse, if its latus rectum be equal 
to one half its minor axis. 

7. Find the equation to the ellipse, whose focus is the point 
(- 1,1), whose directrix is the straight line x-y + 3 = 0, and whose 
eccentricity is 

8. Is the point (4, -3) within or without the ellipse 

o.r- + 7y~= 11 ? 

9. Find the lengths of, and the equations to, the focal radii drawn 
to the point (4 v /3, 5) of the ellipse 

25x-+ lG»/ 2 = 1000. 

10. Prove that the sum of the squares of the reciprocals of two 
perpendicular diameters of an ellipse is constant. 

11. Find the inclination to the major axis of the diameter of tlio 
ellipse the square of whoso length is (1) the arithmetical mean, 
(2) the geometrical mean, and (3) the liarmouical mean, between <■ 
squares on the major and minor axes. 

12. Find the locus of the middle points of chords of an ellipse 
which are drawn through the positive end of the minor axis. 

13. Prove that the locus of the intersection °f ^AP with the 
straight line through A' perpendicular to A’P is a straight line w i 

is perpendicular to the major axis. 
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14. Q is the point on the auxiliary circle corresponding to P on 
the ellipse; P/,-1/ is drawn parallel to CQ to meet the axes inLandJ/- 
prove that PJL = b and PM=a. 


15. Prove that the area of the triangle formed bv three points on 
an ellipse, whose eccentric angles are 0 , <p, and is 

_ . . <p — \f/ . \L — 0 . 0 ~ <h 

2 ab sin sin — sin — -. 


Prove also that its area is to the area of the triangle formed by the 
corresponding points on the auxiliary circle as b : a, and hence that 
its area is a maximum when the latter triangle is equilateral, i.e . when 


O — 

<t> - 0 = xf, - tfr = ~ . 


16. Any point P of au ellipse is joined to the extremities of the 
major axis; prove that the portion of a directrix intercepted by them 
subtends a right angle at the corresponding focus. 

17. Shew that the perpendiculars from the centre upon all chords, 
which join the ends of perpendicular diameters, are of constant 
length. 

.'/IS. If a, y, and 5 be the eccentric angles of the four points of 
intersection of the ellipse and any circle, prove that 

a + (3 4 - y 5 is an even multiple 

of 7 r radians. 

[See Trigonometry , Part II, Art. 31.] 

19. The tangent at any point P of a circle meets the tangent at a 
fixed point A in 2\ and T is joined to B, the other end of the 
diameter through A; prove that the locus of the intersection of AP 

and B'T is an ellipse whose eccentricity is — - . 

v ^ 

20 . From any point P on the ellipse, PN is drawn perpendicular 
to the axis and produced to Q , so that NQ equals PS, where S is a 
focus; prove that the locus of Q is the two straight lines y ±ex + a =0. 


21. Given the base of a triangle and the sum of its sides, prove 
that the locus of the centre of its incircle is an ellipse. 

22. With a given point and line as focus and directrix, a series 
of ellipses are described; prove that the locus of the extremities of 
their minor axes is a parabola. 

23. A line of fixed length a + b moves so that its ends are always 
on two fixed perpendicular straight lines; prove that the locus of a 
point, which divides this line into portions of length a and b, is an 
ellipse. 

24. Prove that the extremities of the latera recta of all ellipses, 
having a given major axis 2a, lie on the parabola x 2 = —a(y — a), or 
on the parabola x' 2 =a (y + a). 
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260. 

the ellij>sc 


To Jin'), the intersections of any straight line with 




L*»t the equation of the straight line be 

y — nix 4 - c .(2 ). 

The coordinates of the points of intersection of (1) and 
(2) satisfy both equations and are therefore obtained by 
solving them as simultaneous equations. 

Substituting for y in (1) from (2), the abscissae of the 
points of intersection are given by the equation 

x? (mx + r) 2 

’ 

i.e. X’ (a* in* 4- b-) 4- 2 a*mcx + a* (c 2 - b*) = 0.(3). 

This is a quadratic equation and hence has two roots, 
real, coincident, or imaginary. 

Also corresponding to each value of x we have from (2) 
one value of y. 

The straight line therefore meets the curve in two points 
real, coincident, or imaginary. 

The roots of the equation (3) arc real, coincident, or 
imaginary according as 

(2ttW) 2 -4 (b~ + a 2 nr) x (c 2 -6 2 ) is positive, zero, or negative, 
i.e. according as Ir (If + a 2 nr) — Ire' is positive, zero, or negative, 
i.e. according «*is c 2 is < = or > (rni 2 4- lr. 


*261. To find the length of the chord intercepted by the 
ellipse on the straight line y — mx 4- c. 

As in Art. 204, we have 


x. 4- au = — 


2 or me 

(viri 2 4- b 


,_ ar (c~ — b 2 ) 

•» and X,X * “ ’ 


so that 




2a6 fa-nt 2 4- b 1 — cr 

a*m? 4- b* 
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The length of the required chord therefore 

= - ^) 2 +" (y 1 - y,) 2 = (a?, - x- 2 ) s/r+^t 2 

= 2«6 y/ 1+m 2 N /«-’m 2 + //-■— c 2 

ci'in? -f- 6 2 

262. To find the equation to the tangent any point 
(pc\ y') of the ellipse. 

Let T and Q be two points on the ellipse, whose coordi¬ 
nates are (x\ y ) and (x", y "). 


The equation to the straight line PQ is 

_ y ~ y /... A /\ 


y — y = > (x- - x) 

X — X 7 


( 1 ). 


Since both P and Q lie on the ellipse, we have 


/ o 
X - 


o' f o 1 • • • 

a - dr 


(2), 


and 


x'"* 


+ u — = 1 

* •» 1 


(3). 


Hence, by subtraction, 


."2 _ V 2 


//O /«> 

v±~y- = o 

b 2 


^.c. 


(?/'-y) (yl+2/) 
& 2 


(*" - a:') (*" + x') 


a~ 


f r r 

v -y 

x" — X 


// / To// / 

• y ~ y b~ x + x 

77 / o // ' 7 • 

x — x a- y -+- y 

On substituting in (1) the equation to any secant PQ 
becomes 

b*x"+x' 

y - y = — ^ —/ ( x ~ x ) .(4). 

« y +2/ 

To obtain the equation to the tangent we take Q 
indefinitely close to P y and hence, in the limit, we put 
a/' = x and y" = y. 
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The equation (4) then Incomes 

b 5 a;' 

y ~ y ="a» 5* <*"*>• 


t.<?. 


“f + % = J + C = 1 . b y equation (2). 


« 2 6 2 

The required equation is therefore 

/ _ » 

yy 


_i_ = i 

a 2 ^ b2 

Cor. T lie equation to the tangent is therefore ob¬ 
tained from the equation to the curve by the rule of 

Art. 152. 


263 . To find the equation to a tangent in terms of the 
tangent oj its inclination to the major axis. 

As in Art. 260, the straight line 

y = mx + c .(1) 

meets the ellipse in points whose abscissae are given by 

x* {b‘ + a 2 m 2 ) + 2 mca?x + a~ (c 2 — 6 2 ) = 0, 

and, by the same article, the roots of this equation are 
coincident if 

c — J (dud + lr. 

In this case the straight line (1) is a tangent, and 
it becomes 

y = mx + Va 2 m 2 + b 2 .(2). 


This is the required equation. 

Since the radical sign on the right-hand of (2) may 
have either + or — prefixed to it, we see that there are two 
tangents to the ellipse having the same m, i.e. there are 
two tangents parallel to any given direction. 


The above form of the equation to the tangent may be deduced 
from the equation of Art. 262, as in the case of the parabola 
(Art. 206). It will l>e found that the point of contact is the point 

- a 2 m b* 

a*m 2 + lf 
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264 . By a proof similar to that of the last article, it 
may he shewn that the straight line 

.r COS a 4- y sill a — j) 

touches the ellipse, if 

p 2 = a 2 cos 2 a + b 2 sin 2 a. 

Similarly, it may he shewn that the straight line 

lx 4- my = it 

touches the ellipse, if a~l- + b-rn 2 = n 2 . 


265 . Equation to the to nyent at the point whose 
eccento'ic any/e is </>. 

The coordinates of the point are (a cos <£, b sin <f>). 

Substituting x = a cos <f> and y — b sin <f> in the equation 
of Art. 2G2, we have, as the required equation, 


- cos <f> + £ sin 0 = 1 


0 ) 


This equation may also be deduced from Art. 259. 

Bor the equation of the tangent at the point “ <f> ” is 
obtained by making <£' = cf> in the result of that article. 


Ex* Find the intersection of the tanyents at the points <p and <f>\ 
The equations to the tangents are 


x V . „ ^ 

— cos 0 + " sin - 1 ~ 0, 

and - cos 0 ' 4 -sin 0 '— 1 = 0 . 

a b 

The required point is found by solving these equation.!. 

We obtain 

x y 

_ a _ b _ — 1 1 

sin 0 — sin 0' cos 0' — cos 0 sin <p' cos <p — cos 0' sin <p ~~ sin (0 — <f/) * 


i.e. 


2a cos +±+ sin +=£ 

a 


y 


rtf • 0 + 0' . 0 — 0* 

2b sin 0 — sin - 

a « 


0 - 0 ' 0 - 0 ' 
2 sin — - - cos 
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Hence 


cos £ (<p +<p ) 

cos h (0 - 4,') 


anti tj = 


^ sin ^ 

COS %(<p - <p') * 


266. Equation to the normal at the point y). 

The required normal is tlie straight line which passes 
through the point (x\ y ) and is perpendicular to the 
tangent, i.e. to the straight line 


b*x b- 

y= —— x + 

<ry v 


Its equation is therefore 


V ~ V = m (x - x), 


wl 


ier< 


?/i 


(- -*) = - 1, t>. w - % , (Art. 69) 

\ cry J b’X 


2 * 
«y 


The equation to the normal is therefore y — y — (x — x ), 


i. e. 


x-x' y —y' 



267. Equation to the normal at the point whose eccentric 
any/e is <f>. 

The coordinates of the point are a cos </> and b sin <f>. 

Hence, in the result of tlie last article putting 

x — a cos <f> and y = b sin <£, 

, x — a cos tb y — b sin <t> 

it becomes ■ ■■ - 7 - - = ' -■—• , 

cos </> sin <p 

~~a ~b~ 



The required normal is therefore 


ax sec <f> — by cosec <f> — a 2 — b 2 . 
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#268. Liquation to the normal in the form y = mx + c. 
The equation to tlie normal at (.c', if) is, as in Art. 2GO, 




«v 


Let = 


<•11 


A = so that - = :. 
•t a 0-m 


/2 . *•> 

Hence, since (.r\ y') satisfies the relation — + y ~ = l f we obtain 

h-m 

V = J a 2 + h-nf- * 

The equation to the normal is therefore 

(a- — b 2 ) m 

V — 1II V ~ ‘ 7~T7t• 

N /a- -f b-m 2 

This is not as important an equation as the corresponding equa¬ 
tion in the case of the parabola. (Art. 208.) 

When it is desired to have the equation to the normal expressed 
in terms of one independent parameter it is generally better to use 
the equation of the previous article. 


269 . To find the length ofi the sub tangent and sub¬ 
normal. 



Let the tangent and normal at P , the point (a/, y') y 
meet the axis in T and G respectively, and let PJSf be the 
ordinate of P. 
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'Hie equation to tlie tangent at P is (Art. 262) 


'r § % 

o 


yy 

b- 


1 


(!)• 


y 


Jo find where the straight line meets the axis we put 
- 0 and have 


x. e. 


— • /-f </» ' v 

x = - , i.e. C 1 = — T 

x C A 

C7\ CJ\ T =a~ = CA* 


( 2 ) 


H ence the subtangent AY’ 


a 2 — x'~ 


= C T - C-V -- "4 -. 

A* X 


The equation to the normal is (Art. 266) 

n - V 


x — x* 


X* 


a 


•» 


// 

6 - 


To find where it meets the axis, we put y — 0, and have 


= _ _ />2 
x ' ’ 


a 


•» 


y 

tr 


i. e. 


V , 


ft* — 6 2 , 


CO = X = X - - X ~ - x*' = * 2 . X = c*. CiV ... (3). 

ft* a 2 


Hence the subnormal NG 

= CN — CG = (1 -<*)CN, 
i*e. NG :: iV6' :: 1 — e 2 : 1 

2 . (Art. 247.) 

Cor. Jf the tangent meet the minor axis in t and Pn 
l>e perpendicular to it, we may, similarly, prove that 

Ct . Cn = b\ 


:: b- : a 


A70. So mo proportlea of tlao ellipse. 

(a) SG = e.SP t and the tangent and normal at P bisect the 
external and internal angles beUceen the focal distances of P . 

By Art. 2G9, we have CG = e 7 x\ 
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Hence SG — SC + CG — ae 4- « 2 x' = e . SP, by Art. 251. 

Also S'G = CS'-CG=e (a - ex') = . S'P. 

Hence SG : S'G :: SP : S'P. 

Therefore, by geometry, PG bisects the angle SPS'. 

It follows that the tangent bisects the exterior angle between 
o-P and S'l 


(P) If 8Y o.nd S'Y' be the perpendiculars from the foci upon the 
tangent at any point P of the ellipse, then Y and Y' lie on the auxiliary 
circle , and SY. S'Y' = b~. Also CY and S'P are parallel. 

The equation to any tangent is 

x cos a 4- y sin a =p . (1) ( 

where p = <*7>s- 7 oTfc^sin 2 a (Art. 264). 

The perpendicular SY to (1) passes through the point ( - ae , 0) 
and its equation, by Art. 70, is therefore 


(x 4- ae) sin a — y cos a = 0 


( 2 ). 


If Y be the point (h, 7c) then, since Y lies on both (1) and (2), we 
have 


h cos a + 7c sin a = N / a- cos 2 a 4- b‘ z sin 2 a, 


and 


7i sin a — k cos a = - «<» sin a = - >/a 2 — U 2 sin a. 

Squaring and adding these equations, we have 7i- ■+■ 7c- = « 2 , so that 
Y lies on the auxiliary circle x 2 + 7/ 2 = a 2 . 

Similarly it may be proved that Y’ lies on this circle. 

Again S is the point ( - ae, 0) and S' is (ae, 0). 

Hence, from (1), 

SY=p + ae cos a, and S'Y'=p — ae cos a. (Art. 75.) 


Thus 


SY . S'Y'=p* - a-e- cos 2 a 

= a 2 cos 2 a 4- 5 2 sin 2 a — (a 2 — b-) cos 2 a 

= l>* 


Also 


and therefore 


CT= 


a- 


s ’ T =m~ a ‘= 


CK* 

a (a- eCN) 

CN 

CT _ a CY 

'** S'T ~ a-e . CN ~ S'P * 

Hence CY and S'P are parallel. Similarly CY ' and SP are 
parallel. 
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(y) Ij the normal at out/ point P meet the major and minor axes 
in G and g, and ij CF he the perpendicular upon this normal, then 
PP. PG = b 2 and PF. Pa — a". 


The tangent at any point P (the point “£”) is 


x a . 

co 30 + sm 0 = 1. 


a 


Hence 1*F = perpendicular from C upon this tangent 

_ 1 __ ah 

/ cos- <p sin- <f> N / b' 1 cos- <f> + a- sin '* 4 <f> 

V a 2 + 1P~ 

The normal at P is 


ax 


= <i 2 - b J 


_ b _U_ 

cos tp sin <p 

Cl" ^2 

If we put g — 0, we liave CG = -cos <p. 


• PG 2 


-(• 


cos <f> — 


a 

a-- IP 


-IP \ 

cos <t> ) 

< l / 


+ 6 2 siu 2 0 


b* 


= -7. cos- <p + IP sin 2 0 , 


t.c. 


PG = — N / b- cos'-’ <p + a- sin 2 <p. 


From this ami (1), we have PF. PG = b-. 

If we put x = 0 in (2), we see that g is the point 

(o a ‘ - h ' • \ 

( °, ~ j,— s,n <P ) . 


Hence 


so that 


/ a-- IP 

Pg- = a-cos z <f> + ( b sin <p-\ -^ si 

Pg = ^ >Jb- cos'-’ <p + a 2 sin 2 <p. 


n 0 j , 


( 1 ). 


( 2 ) 


From this result and (1) we therefore liave 

PF. Pg = a-. 

271. To find the locus of the point of intersection of 
tangents which meet at right angles. 

Any tangent to the ellipse is 

y = mx + \fa 2 nP 

and a perpendicular tangent is 


y = - 77, X + \A (~ Si)’ + ** 
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Hence, if (A, A) he their point of intersection, we have 

k — ink = N / a~/u~ 4 - b~ . ( \ ) 

aiK l ink 4- h = Ja 1 4 - ^m 2 .(2). 

If between (1) and (2) we eliminate m, we shall have a 
relation between h and k. Squaring and adding these 
equations, we have 

(k 2 + k 2 ) (1 4- in' 2 ) = (« 2 + b~) (1 4 - m 2 ), 

A 2 4- k~ = a 2 4- 6 2 . 

Hence the locus of the point (A, A) is the circle 

„ O 9 O . TO 

a:-4- y* = ar 4- 6*, 

t.e. a circle, whose centre is the centre of the ellipse, and 
whose radius is the length of the line joining the ends 
of # the major and minor axis. This circle is called the 

Director Circle. ( 


Find the equation to the tangent and normal 

1. at the point (1, $) of the ellipse 4x 2 + 9 j/ 2 = 20, 

2. at the point of the ellipse 5x 2 + 3 y^ = 137 whose ordinate is 2, 

3. at the ends of the latera recta of the ellipse 9x 2 4- 10>y-= 144. 

4. Prove that the straight line y =x + touches the ellipse 

3x 2 + 4j/ 2 =1. 

5. Find the equations to the tangents to the ellipse 4x 2 + 3 y 2 =o 
which are parallel to the straight line y = 3x + 7 . 

Find also the coordinates of the points of contact of the tangents 
which are inclined at G0° to the axis of x. 


6. Find the equations to the tangents at the ends of the latera 

x 2 ?/ 2 

recta of the ellipse — 4 - = 1, and shew that they pass through the 

intersections of the axis and the directrices. 


7. Find the points on the ellipse such that the tangent at each 
of them makes equal angles with the axes. Prove also that the length 
of the perpendicular from the centre on either of these tangents is 


■J- 


a- 4- b- 


2 
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[Exs. 


8 . In an ellipse, referred to its centre, the length of the sub¬ 
tangent corresponding to the point (3, V) is A/ 1 ; prove that the 
eccentricity is 

9. Prove that the sum of the squares of the perpendiculars on 

any tangent from two points on the minor axis, each distant N //i- - b 2 
from the centre, is 2 <v*. 

10 . 1 ind the equations to the normals at the ends of the latera 
recta, and prove that each passes through an end of the minor axis if 
e* + c-=l. 

11. If any ordinate MP meet the tangent at L in Q t prove that 
-1/ Q and SP are equal. 

12. Two tangents to the ellipse intersect at right angles; prove 
that the sum of the squares of the chords which the auxiliary circle 
intercepts on them is constant, and equal to the square on the line 
joining the foci. 


13. If P he a point on the ellipse, whose ordinate is y\ prove 
that the angle between the tangent at P and the focal distance of P 

• ♦ -i i;l 

is tan 1 

aey 



Shew that the angle between the tangents to the ellipse 
= 1 and the circle x- + y~=ab at their points of intersection is 


tan -1 


a - b 
N /a b 


15. A circle, of radius r, is concentric with the ellipse; prove 
that the common taugent is inclined to the major axis at an angle 
/, 't _ V* 

tan 1 —- 2 and find its length. 


16. Prove that the common tangent of the ellipses 

y- 2x , x* y* 2x ^ 

~o + T7, = — and rn + 4- — =0 

a 2 b 1 c b* a 2 c 


subtends a right angle at the origin. 

17. Provo that PG . Pg = SP . S'P, and CG . CT= CS 3 . 

18. The tangent at P meets the axes in T and f, and CY is the 
perpendicular on it from tho centre; prove that (1) Tt . PY=a* - b* t 
and ( 2 ) tho least value of Tt is a + b. 

19. Provo that the perpendicular from the focus upon any tangent 
and the line joining the centre to the point of contact meet on the 
corresponding directrix. 

20. Prove that tho straight lines, joining each focus to tho foot of 
tho perpcndiculur from the other focus upon the tangent at any 
point P t meet on the normal PG and bisect it. 
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21. Prove that the circle on any focal distance as diameter touches 
the auxiliary circle. 

22. Find the tangent of the angle between CP and the normal at 

2 i 2 

-P, and prove that its greatest value is ——— . 

2 ab 

23. 1 rove that the straight line /.r + niM = « is a normal to the 

ellipse, if £ + ^ = . 

I- in- n- 

24. Find the locus of the point of intersection of the two straight 

lines — - ^ + * = 0 and - + -^ - 1 = 0. 
a b a b 

Prove also that they meet at the point whose eccentric angle is 
2 tan -1 t. 

25. Prove that the locus of the middle points of the portions of 
tangents included between the axes is the curve 

a- b 2 
—3 + —« = 4. 
y 1 

26. Any ordinate NP of an ellipse meets the auxiliary circle in 

Q; prove that the locus of the intersection of the normals at P and 
Q is the circle x 2 + y 2 = (a + b ) 2 

27. The normal at P meets the axes in G and g ; shew that the 
loci of the middle points of PG and Gg are respectively the ellipses 

4*7*2 4 i/2 

+ w = 1 . + 6 V = i <«= - b "-Y : - 

28. Prove that the locus of the feet of the perpendicular drawn 
from the centre upon any tangent to the ellipse is 

r 2 =a 2 cos 2 0 + 6 2 sin 2 0. [Use Art. 264.] 

29. If a number of ellipses be described, having the same major 
axis, but a variable minor axis, prove that the tangents at the ends of 
their latera recta pass through one or other of two fixed points. 

30. The normal GP is produced to Q , so that GQ = n. GP. 

. X 2 77 2 

Prove that the locus of Q is the ellipse — w -—-—-.rro H—5r» = 1. 

1 a 2 (n + e-- ne 1 )- n*b* 


31. If the straight line y = mx + c meet the ellipse, prove that the 
equation to the circle, described on the line joining the points of 
intersection as diameter, is 

(arm 2 + b~) (x 2 + y 2 ) + 2ma 2 cx — 2b 2 cy + c 2 ( a 2 + b 2 ) — a 2 b 2 (1 + m 2 ) = 0. 

32. PM and PN are perpendiculars upon the axes from any point 
P on the ellipse. Prove that MN is always normal to a fixed 
concentric ellipse. 
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33. Prove that the sum of the eccentric angles of the extremities 
of a chord, which is drawn in a given direction, is constant, and 
equal to twice the eccentric angle of the point at which the tangent is 
parallel to the given direction. 

o o 

34. A tangent to the ellipse = 1 meets the ellipse 

< 1 - * 

_*» *> 

' •+; r =«+ 1 
a b 

in the points P and (p, prove that the tangents at P and Q are at 
right angles. 


272. To prove that through any <jiveil point y,) 
there pass , in general , two tangents to an ellipse. 

The equation to any tangent is (by Art. 233) 

y = rn:c + sja 1 mi 2 + Ir .(1 ). 

If this pass through the fixed point (,r If y,), we have 



inx l 


\^a 2 m 2 + 



i.e. y," — 2m.r 1 y | + nr.c 2 = a 2 nr 4- b 2 , 

i.e. nr (.#y — a') — 2 nix x y x 4- (y 2 — b 2 ) = 0.(2). 

Kor any given values of x x and y, this equation is in 
general a quadratic equation and gives two values of in 
(real or imaginary). 

Corresponding to each value of in we have, by sub¬ 
stituting in (1), a different tangent. 

The roots of (2) are real and different, if 


i.e. if 
i.e. if 


(-^y,)*- 4(V- 

//-./y 4- a 2 y 2 - 


a-) (y 2 — l 2 ) be positive, 
a 2 b 2 be positive, 


. ?/i 

b 2 


a 


•j 


— 1 be positive, 


i.e. if the point (.»•,, y,) be outside the curve. 
The roots are equal, if 

b 2 u y + a 2 y 2 — orb* 

he zero, i.e. if the point (a?,, y,) lie on the curve. 





249 


CHORD OF CONTACT OF TANGENTS. 


1 he roots a-re imaginary, if 

V\ 


x 


a- + i 2 


- 1 


bo negative, i.e. if the point (*., y ,) lie within the curve 

(Art. 255). 


' Equation to the chord of contact of tangents 
drawn from a point (x ly y x ). 

*1 he equation to the tangent at any point Q, whose 
coordinates are x and y' y is 

™ , Vj/ 1 

a 2 b* ~ 

„ the tangent at the point R y wliose coordinates are 

oc and y" y is 


// 


rf 


u yy_i 

a 2 h 2 ~ 


If these tangents meet at the point T y wliose coordi¬ 
nates are x t and y l , we have 


*1* + V_M_ = j 


a 


IS 2 


and 


Bi*" , ViV" = t 


a' b~ 
The equation to QR is then 


(1) . 

( 2 ) . 


+ .(3)- 

For, since (1) is true, the point (x, y') lies on (3). 

Also, since (2) is true, the point (x" y y") lies on (3). 

Hence (3) must be the equation to the straight line 
joining (x' y y') and (x" y y") y i.e. it must be the equation to 
QR the required chord of contact of tangents from (x ly y x ). 



2 *74:. To find the equation of the polar of the poiyit 
(x l , y x ) with respect to the ellipse 



1. 


[Art. 162.] 





250 


COORDINATE GEOMETRY. 


L«»t Q and R l»e the points in which any chord drawn 
through the point (.r,, ?/,) meets the ellipse [Fig. Art. 214j. 

Let the tangents at Q and R meet in the point whose 
coordinates are (//, /.). 

"We require the locus of (//, k). 

Since QR is the chord of contact of tangents from 
(h, X), its equation (Art. 273) is 

xh yk 

’•» l •* * • 

<r b m 

Since this straight line passes through the point (ar,, y^) x 
we have 


o ' r i j *- 1 

a- o 


(!)• 


Since the relation (1) is true, it follows that the point 
(//, X) lies on the straight line 


-5 ZZi = 1 
a 2 ^ b 2 


( 2 )- 


Hence (2) is the equation to the polar of the point 

(^*i> y.)- 

Cor. The polar of the focus ( ae , o) is 

x. ae a 

—— = 1, i.e. x= - , 
ft- c 

i.e. the corresponding directrix. 


275. When the point (x Xi y x ) lies outside the ellipse, 
the equation to its polar is the same as the equation of the 
chord of contact of tangents from it. 

When (.r,, y x ) is on the ellipse, its polar is the same as 
the tangent at it. 

As in Art. 215 the polar of (#,, y x ) might have been 
defined as the chord of contact of the tangents, real or 
imaginary, drawn from it. 

276. By a proof similar to that of Art. 217 it can be 
shewn that Jf the jwlar of J* pass through 7 T , then the polar 
of T passes through P. 
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277. 


line 


To find the coordinates of the pole of any giv 


ven 


A x + By + C - 0 . ( 1 ) 

I^et (x ly y j) be its pole. Then (1) must be the same as 
the polar of (x l9 ?/,), i.e. 


XX, i/1/. 

—*4. •'dJ _ I t , ft 

a- 6- 


(2)- 


Comparing (1) and (2), as in Art. 218, the required pole 
is easily seen to be 

f A a- Bh 2 \ 

\ ~c ’ ~~C )' 

278. To find the equation to the pair of tangents that 
can he drawn to the ellijyse from the point (x lf y x ). 

Let (A, k) be any point on either of the tangents that 
can be drawn to the ellipse. 

The equation of the straight line joining (//, k) to 

0*1* Vi) is 

k — y, , 

y - y i = t—t: 


z. e. 


h — x x 


k — y, hy. — kx, 
y = - - —x ■ 1 


h — x x 


h — x 1 


If this straight line touch the ellipse, it must be of the 
form 


Hence 


in 


y = 7nx + •Jcfm? 4- b~. (Art. 263.) 

h — 2 /i . (hy x — kx A 2 2 , 

= 7 -— , and ( - ) = arm? + b~. 

ft — x x \ ft — x x / 


Hence 




k - ?A 


But this is the condition that the point (A, k) may lie 
on the locus 

(xy x - x x yf = a- (y- yfi + h 2 (x - xfi .(1). 

This equation is therefore the equation to the required 
tangents. 
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It would be found that (1) is equivalent to 



279. To find the locus of the middle points of parallel 
chords of the ellipse. 


Let the chords make with the axis an 
tangent is m, so that the equation to any 
QR , is 

y — mx + c . 


angle whose 
one of them, 

.(i). 


where c is different for the different chords. 



This straight line meets the ellipse in points whose 
abscissae are given by the equation 

ur (mx 4- c) 2 f 

" o 4- T 7 ' — *» 

a u 

i. r. ur (a‘nr + b' J ) 4- 2 a?mcx + a’ (c* - b 2 ) = 0 .(2). 

Let the roots of this equation, i.e. the abscissae of 
and R> be x x and au, and let J r , the middle point of QRy 
the point (//, k). 

Then, by Arts. 22 and 1, we have 



Xj + :c 2 


or me 
a*m* + b 2 


(3). 
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Also V lies on the straight line (1), so that 

k = mil + c .( 4 ). 

If between (3) and (4) we eliminate c, we have 

. a ~ni(k — mh) 

~ •) i ) 

urmr -+- b 

e ' b~h = — armk . (5). 

Hence the point (It, k) always lies on the straight line 

1r 

!/ =^ -— ^ . (6). 

arm x ' 

The required locus is therefore the straight line 

i b2 

y = m x x y where m v = — --— , 

arm 

i- e - //<//«, = -- . ( 7 ). 

280. Equation to the chord luliose middle point is ( h , A). 

The required equation is (1) of the foregoing article, where m and 
c are given by equations (4) and (5), so that 

b 2 h , aVc 2 +lVi* 

m =-^L- and c= —*nr-- 

The required equation is therefore 

bVi ark? + bVC- 
V ~ aVc X+ a?k 

t.e. p {’J - *) + A> ~ h)=0. 

It is therefore parallel to the polar of (h, k). 

281. Diameter. DefL The locus of the middle 
points of parallel chords of an ellipse is called a diameter, 
and the chords are called its double ordinates. 

I3y equation (6) of Art. 279 we see that any diameter 
passes through the centre C. 

Also, by equation (7), we see that the diameter y — m x x 
bisects all chords parallel to the diameter y = mx } if 

b 2 

7/iWll = __ 2 .(1). 
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But the symmetry of the result (1) shows that, in this 
ease, the diameter ?/ — me bisects all chords parallel to the 
diameter y = m x x. 

Such a pair of diameters are called Conjugate Diameters. 
Hence 

Conjugate Diameters. Def. Two diameters are 
said to be conjugate when each bisects all chords parallel 
to the other. 

Two diameters y — true and y — m x x are therefore con¬ 
jugate, if 

b 2 

mm i = - 57 • 


282. The tangent at the extremity of any diameter is 
parallel to the chords which it bisects. 

In the Figure of Art. 279 let (.x*', y ) be the point T on 
the ellipse, the tangent at which is parallel to the chord 
QR y whose equation is 

y = inx -f - c .(1). 


The tangent at the point (x\ y) is 


xx 





Since (1) and (2) are parallel, we have 

b 3 x 

VI =- 3 / , 

ay 

i.e. the point (x\ y) lies on the straight line 

l > 2 

y = - ~r~ x ’ 

a 1 m 

But, by Art. 279, this is the diameter which bisects QR 
and all chords which are parallel to it. 

Cor. It follows that two conjugate diameters CP and 
CD are such that each is parallel to the tangent at the 
extremity of the other. Hence, given either of these, we 
have a geometrical construction for the other. 
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283. The tangents at the ends of any chord meet on the 
diameter which bisects the chord. 

Let the equation to the chord QR (Art. 279) he 


y — nix + c .( 1 ). 

Let T be the point of intersection of the tangents at Q 
and R , and let its coordinates be h and k. 

Since QR is the chord of contact of tangents from T, its 
equation is, by Art. 273, 


xh 

o 

a~ 




The equations (L) and (2) therefore represent the 
straight line, so that 


?1l - 


bfh 
d-k ’ 


same 


i. e. 


(h, k) lies on the straight line 



b- 

— 

a ni 


which, by Art. 279, is the equation to the diameter bisect¬ 
ing the chord QR. Hence T lies on the straight line CP. 


284. If the eccentr ic angles of the ends, P and D , of a 
;pair of conjugate diameters be <f> and <f>, then <f> and <f>' differ 
by a 'right angle. 

Since P is the point (a cos <£, b sin </>), the equation to 

CP is 



— tan </> 
a 



So the equation to CP is 

y^x. 


— tan 
a 




These diameters are (Art. 281) conjugate if 

b 2 , 6 2 

—= tan d> tan <f> — - 5 , 

a 2 a 2 

tan <f> = — cot <f>' — tail (<// =*= 90°j. 

<p — <f>'=± 90°. 


i.e. if 
i.e. if 
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Cor. 1. The points on the auxiliary circle correspond¬ 
ing to P and D subtend a right angle at the centre. 

O O O 

For if ]) and d be these points then, by Art. 258, we 
have 

_ pC A = and l. dCA’ — <f>'. 

Hence 

__ pt’d — _ tlC A' — L-pCA' = </>-</>' = 90". 

Cor. 2. In the figure of Art. 28G if P be the point <£, 
then D is the point <f> + 90" and D ' is the point <f> - 90°. 


285. From the previous article it follows that if P be 
the point (r« cos c/>, b sin <£), then D is the point 

{a cos ( 90 ' -f <£), b sin ( 90 ° + <£)} ?. e. (— a sin </>, b cos <£). 

Hence, if PX and 1)M be the ordinates of P and D , 
we have 

XP CM . CX MI) 

—r- -, and - = —r~ - 

b a a 0 

286. If PCP ' and DCD' be a pair of conjugate dia¬ 
meters , then ( 1 ) CP- + CD 2 is constant , and ( 2 ) the area oj 
the parallelogram formed by the tangents at the ends oj these 
diameters is constant. 
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Let i* be the point <£, so that its coordinates are a cos </> 
and b sin <£. Then D is the point 90° 4 - <£, so that its co¬ 
ordinates are 

a cos (90° 4- cf>) and b sin (90°+ <£), 

7 - e • — a sin <f> and b cos <f>. 

(1) We therefore have 

CP 2 = a 2 cos 2 <f> + b 2 sin 2 <f> % 
an d CD 2 = ar sin 2 + b 2 cos 2 < 

Hence CP 2 4- CP 2 = a 2 + b 2 

= the sum of the squares of the semi-axes of the ellipse. 

(2) Let KLMN be the parallelogram formed by the 
tangents at P, P, P\ and P'. 

We have 

area KLMN" — 4 . area CPKP 

= 4 . CU. PK = 4 CU . CZ>, 

where (7^7 is the perpendicular from 6' upon the tangent 
at P. 

How the equation to the tangent at P is 

cos d> 4- % sin <£—1=0, 
a b 


so that (Art. 75) we have 

1 


CU = 


ab 


ab 


•/ 


cos 2 <£ + sin 2 <£ 


Jo? sin 2 <f> 4- IP cos 2 <£ CP 


a? 


b 3 


Hence CU.CP = ab. 

Thus the area of the parallelogram KLMN — 4ab, 

which is equal to the rectangle formed by the tangents 
at the ends of the major and minor axes. 


The product of the focal distances of a point P is 
equal to the square on the semidiameler parallel to the tanyeut 

at P. 

If P be the point <£, then, by Art. 251, we have 
SP = a 4- ae cos <£, and S'P = a — ae cos q,. 

X*. 9 
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Hence SP . S'F - a 2 - «V cos 2 <f> 

= a 2 — (a 2 — Ir) cos 2 <f> 
= a~ sin 2 </> + b' cos 2 <f> 

= CZ> 2 . 


288. Ex. If P and D be the ends of conjugate diameters, find 
the locus of 

(1) the middle point of PL), 

(2) the intersection of the tangents at P and I), 

and (3) the foot of the perpendicular from the centre upon PD. 

P is the point (a cos 0, b sin <p) and D is ( — a sin 0, b cos <p). 

(1) If (x, y) bo the middle point of PD, we have 

a cos <t* - a sin d> , fcsin <p + bcos<p 

-r=-- r , and y = — —-• 

If we eliminate <p we shall get the required locus. We obtain 

o 2 

— + 'L = | [(cos 0 - sin 0 )- + (sin 0 -f-cos 0 )-] = A. 
a- b- 


The locus is therefore a concentric and similar ellipse. 

[N.B. Two ellipses are similar if the ratios of their axes are tho 
same, so that they have the same eccentricity.] 



The tangents are 


x U . . i 

- cos 0 + , s,n 0 = t, 
a b 


and -^sin0 + |cos0 = l. 

Both of these equations hold at the intersection of the ta “8® n *f; 
If we eliminate <p we shall have the equation of the locus of tliei 

intersections. 

By squaring and adding, wo havj 


* 2 

a 1 )r 



so that the locus is another similar and concentric ellipse. 

(3) By Art. 259, on putting 0'=9O° + 0, the equation to PD i> 


- COS (45° + 0) +1 sin (45° + 0) = cos 45°. 

Let the length of the perpendicular from the centre be p and let it 
make an angle u> with the axis. Then this line must be equiva en 

x cos u) + y sin co=p. 
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Comparing the equations, we have 

a cos 10 cos 45° 


cos (45° -f «£) = ————- 


, and sin (45° +«£) = 


h sin to cos 45° 


P p 

Hence, by squaring and adding, = rt 2 cos 2 u + b- sin* u , i.e. the 
locus required is the curve 

2r 2 = a- cos 2 0 + sin 2 0, i.e. 2 (.c 2 + = a ~x~ + b*y-. 


Equiconjugate diameters. Let P and D be ex¬ 
tremities of equiconjugate diameters, so that CP- CD*. 

If the eccentric angle of P be </>, we then have 

a* cos - + b- sin" cf> ~ « 2 sin 2 <f> + b~ cos 2 <f>, 

giving tan 2 <£ = 1, 

<f> = 45°, or 135°. 

The equation to CP is then 

b 

y — x . — tan <£, 

(C 


i.e. 


V = ± - « 
a 


and that to CD is 


i.e. 


y — — x~ cot <f>, 


_ b 

y = + - x 

a 




( 2 ). 


If a rectangle be formed whose sides are the tangents 
at A , A', B, and B' the lines (1) and (2) are easily seen to 
be its diagonals. 

The directions of the equiconjugates are therefore along 
the diagonals of the circumscribing rectangle. 

The length of each equiconjugate is, by Art. 28G, 

a 2 4- b* 

— - • 

2 

290. Supplemental chords. Def. The chords 

joining any point P on an ellipse to the extremities, R and 
R\ of any diameter of the ellipse are called supplemental 
chords. 

Supplemental chords are parallel to conjugate diameters. 
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Let I* be the point whose eccentric angle is <j>, and R 
and R' the points whose eccentric angles are <f> x and 

ISO’4- <f> x . 

The equations to 1*R and PR' are then (Art. 259) 


x 

- cos 
a 


</> 4- </>. y . 

--- 1 4- t SHI 

2 b 


= cos tlJh 
•) o 




and 


x d> 4- 180° 4- y . </> 4- 180° 4- </>, 

— cos - -3-+ 7 8in -5-= 


cos 


<£- 180 °-<fc 


o 


l.t’. 


X . d> 4- d>, y 4> 4- <£, . <f>— <f >i /n\ 

- - sin ^ 4- j cos ——= sin —^— ... (2) 

a 2 0 


o 


The “?/i ” of the straight line (1) --cot ^ 0 —- 


a 


Tlie “ ” of the lino (2) = - tnn ^4-^*. 

Cl J* 

The product of these “ m's ” = —p, so that, by Art. 281, 

the lines PR and PR are parallel to conjugate diameters. 

This proposition may also be easily proved geometrically. 

For let V and V be the middle points of PR and PR'. 

Since V and C are respectively the iniddlo points of RP and RR » 
the line CV is parallel to PR'. Similarly CV' is parallel to PR. 

Since CV bisects PR it bisects all chords parallel to PR, t.t. all 
chords parallel to CV\ So CF' bisects all chords parallel to CV. 

Hence CFand Cl" are in the direction of conjugate diameters and 
therefore PR' and PR, being parallel to CJ'and Cl ' respectively, are 
parallel to conjugate diameters. 
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^91. To find the equation to an ellipse referred to a 
pair oj conjugate diameters. 

Let the conjugate semi-diameters be CP and CD (Fig. 
.Art. 2S6), whose lengths are a and b' respectively. ° 

If we transform the equation to the ellipse, referred to 
its principal axes, to CP and CD as axes of coordinates, 
then, since the origin is unaltered, it becomes, by Art. 134* 
of the form 


Aar + ’2IIxt/ + By' = 1 . ( \ ^ 

Now the point P , («', 0), lies on (1), so that 

Act 3 = 1 .( 2 ). 


So since D, the point (0, b'), lies on (1), we have 

BU* - 1 . 

Hence A = -4, and B = -- . 

a ~ b* 


Also, since CP bisects all chords parallel to CD , there¬ 
fore for each value of x we have two equal and opposite 
values of y. This cannot be unless // = 0. 

The equation then becom.es 

or ?/ 

—+ yrr, — 1 . 

a- b 2 


Oor. If the axes be the equiconjugate diameters, the 
equation is a; 2 -4- y 3 = a 3 . The equation is thus the same in 
form as the equation to a circle. Tn the case of the ellipse 
however the axes are oblique. 


, It will be noted that the equation to the ellipse, 
when referred to a pair of conjugate diameters, is of the 
same form as it is when referred to its principal axes. 
The latter are merely a particular case of a pair of conjugate 
diameters. 


Just as in Art. 262, it may be shewn that the equation 
to the tangent at the point (x, y) is 

. yy' _ , 

^ u* ~ 

Similarly for the equation to the polar. 
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X2x. If QVQ ' be a double ordinate of the diameter CP % and if the 
tangent at Q meet CP in T, then CV. CT —CP 1 . 

If Q be the point {x\ y'), the tangent at it is 

x ^ + y £=i 

a - b J 


Putting »/ = 0, we liave 





i.e. 

i.e. 



Cl* 



CV. CT— CP 2 . 



?LES. 


XXXIV. 


A 2 

1. In the ellipse ~ = 1, find the equation to the chord which 

uO y 

passes through the point ( 2 , 1 ) and is bisected at that point. 


2. Find, with respect to the ellipse 4x 2 + 7 »/ 2 = S, 

( 1 ) the polar of the point ( - h, 1 ), and 

(2) the pole of the straight line 12x + 7y + 16 = 0. 

3. Tangents are drawn from the point (3, 2) to the ellipse 
a p + 4 y* = 9 . Rind the equation to-their chord of contact and the 
equation of the straight line joining (3, 2) to the middle point of this 
chord of contact. 


4 Write down the equation of the pair of tangents drawn to the 
ellipse 3 x- + 2 y 2 = 5 from the point ( 1 , 2 ), and prove that the angle 

12 /5 

between them is tan -1 —-— . 


5 In the ellipse + -^ = 1, write down the equations to the 

a 1 b J 

diameters which arc conjugate to the diameters whose equations are 

a . b 

x- y = 0, x + i/ = 0, V = and = 

6. Shew that the diameters whoso equations aro j/ + 3x = 0 and 
4y - x — 0, are conjugate diameters of the ellipse 3x 2 + 4r/ Q = 5. 

7. If the product of the perpendiculars from the foci upon the 
polar of P bo constant an l equal to c 2 , prove that the locus of I is t io 
ellipse fc 4 x 2 (c 2 + a 2 <r 2 ) + c 2 a*y 2 = a*b*. 

8. Shew that the four lines which join the foci to two points P 
and Q on an ellipse all touch a circle whoso centre is the pole of I v- 
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, 9- the pole of the normal at P lie on the normal at Q, then 
shew that the pole of the normal at Q lies on the normal at P. 

10. C/Cis the perpendicular from the centre on the polar of any 
point P, and PAT is the perpendicular from P on the same polar and 
is produced to meet the major axis in L. Shew that (1) CK. PL = b- 
and (2) the product of the perpendiculars from the foci on the polar 

What do these theorems become when P is on the ellipse ? 

11. In the previous question, if PX be the ordinate of P and the 
P olar meet the axis in T, shew that CL = e~ . CX and CT . CN = a 2 . 

12. If tangents TP and TQ be drawn from a point T, whose 
coordinates are h and k, prove that the area of the triangle TPQ is 

; ( ]{i . * 2 fh 2 * 2 \ 

and that the area of the quadrilateral CPTQ is 

«*(5 

13. Tangents are drawn to the ellipse from the point 

( +'' 2 ) ; 

prove that they intercept on the ordinate through the nearer focus a 
distance equal to the major axis. 

14. Prove that the angle between the tangents that can be drawn 
from any point (x x , y x ) to the ellipse is 


b- 


tan 


y 


+y 2 - a* - b- 


15. If P he the point (x 1 , y x ), shew that the equation to the 
straight lines joining it to the foci, .S' and S', is 

(xOf - xy x )-- a-c* {y -y x ) 2 — 0. 

Prove that the bisector of the angle between these lines also 
bisects the angle between the tangents TP and TQ that can be drawn 
from T, and hence that 

Z STP = z S'TQ. 

16. If two tangents to an ellipse and one of its foci be given, prove 
that the locus of its centre is a straight line. 


17. Prove that the straight lines joining the centre to the inter- 

sections of the straight line y = mx + y* ~ 2 ~— with the ellipse are 
conjugate diameters. 
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18. Any tangent to an ellipse meets the director circle in p and d ; 
prove that Cp and Cd are in the directions of conjugate diameters of 
the ellipse. 

19. If CP be conjugate to the normal at Q , prove that CQ is 
conjugate to the normal at P. 

20 . II a fixed straight line parallel to either axis meet a pair of 
conjugate diameters in the points K and L, shew that the circle 
described on KL as diameter passes through two fixed points on the 
other axis. 

21. Prove that a chord which joins the ends of a pair of conjugate 
diameters of an ellipse always touches a similar ellipse. 

22. The eccentric angles of two points P and Q on the ellipse are 
0 ! and <p., ; prove that the area of the parallelogram formed by the 
tangents at the cuds of the diameters through P and Q is 

4ab cosec ( 0 , - 

and hence that it is least when P and Q are at the end of conjugate 
diameters. 

23. A pair of conjugate diameters is produced to meet the 
directrix ; shew that the orthocentre of the triangle so formed is at 
the focus. 

24. II the tangent at any point P meet in the points L and 1/ 

( 1 ) two parallel tangents, or ( 2 ) two conjugate diameters, 

prove that in each case the rectangle LP .PL ' is equal to the square 
on the semidiameter which is parallel to tho tangent at P. 

25. A point is such that the perpendicular from the centre on its 
polar with respect to the ellipse is constant and equal to c ; shew that 
its locus is the ellipse 

£ + £_2 
a* ^ b'~ 

x 2 y* ___« 

26. Tangents are drawn from any point on tho ellipse y, + )p- L 

to the circle x a -f t/ 2 =r 2 ; prove that the chords of contact are tangents 
to the ellipse a a x a + b a // 2 =r 4 . 

If i = i + i , prove that the lines joining tho centre to the points 

i & (j » 

of contact with the circle are conjugate diameters of the second 
ellipse. 

27. CP and CD are conjugate diameters of the ellipse; prove that 
tho locus of the orthocentro of the triangle CPD is tho carve 

2 (&V + a 2 x 2 ) 3 = (a 2 - b 2 ) 2 (&V “ a2x2 ) 2 * 

28. If circles be described on two semi-conjugate diameters of the 
ellipse as diameters, prove that the locus of their second points of 
intersection is the curve 2 (x 2 -^ p 2 ) a = a 2 x 2 + b-y-. 
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*^93. To prove that , in general , /owr normals can be 
drawn from any point to an ellipse , am/ that the sum of the 
eccentrxc angles of their feet is equal to an odd multiple of 
two right angles. 

The normal at any point, whose eccentric angle is <£, is 

acc by 

—-7 - ~ = « 2 -6 2 = aV. 
cos cp sin <f> 

If this normal pass through the point (h, 7c ), we have 

all bk 

cos <f> sin <f> ' ' 

For a given point (h, k) this equation gives the 
eccentric angles of the feet of the normals which pass 
through (h } k). 

T <h 

-L-et tan — = t y so that 

1 - tan 2 | 2 tan % 

cos <f> = -— =1 - >’ and sin <f> — -— = —. 

1 + tan 2 ! 1 + * l + tan 2 | 1+ ^ 

Substituting these values in (1), we have 

ah r^T 2 ~ bk 2t~ = a ' e > 

i.e. bkt 4 + 2 1 3 (ah + a 2 e 2 ) + 2 1 (ah — a 2 e 2 ) — bk — 0 ... (2). 

Let t lt t 2 , t 3 , and be the roots of this equation, so that, 
by Art. 2, 

. . . . ah -b are 2 

ti + l t + t 3 + t t = —2 .(3), 

^1^2 + ^1^3 ^1^4 ^2^3 ^2^4 t ^3^4 = 0.^4-)^ 

((.11 - 

+ ++ =- 2 ~ w ~ .< 5 >> 

and t x tdJ A = - 1.(6). 
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Hence (Trigonometry , Art. 125), we have 

. (4>i , $2 . 4*3 8 i~ s 3 __ ,<? i — 8 s 

tan ( T + Y + Y + - ! _ fc + - —0 


= X 


. *** 4*2 + <t>3 + <^4 

* O 


7r 

= 7<7T + - , 


and hence 


</>i + <£ 2 r^ + ^ = (2n + 1) 7T 

= an odd multiple of two right angles. 


294 . We shall conclude the chapter with some ex¬ 
amples of loci connected with the ellipse. 

E*. ^ Find the locus of the intersection of tangents at the ends 
of chords of an ellipse, which are of constant length 2c. 

Let (JR be any ouch chord, and let the tangents at Q and R meet 
in a point P, whose coordinates are (h, k). 

Since QR is the polar of V , its equation is 


rh gk _ 
«i*' r b* 


(!)• 


The abscissas of the points in which this straight line meets the 
ellipse are given by 


t.e. 


(•-3)'-S(-S)- 

S(S* 5) 


If X, and x.j bo the roots of this equation, t.e. the abscissa! of <*> 
and R, we have 

2a-b-h _ a*(b~ — k~) 

hWVaW' an * lX *-bVr + aW 


1 “t" 3*') — • .i 


••• (J-1 - J-o) 2 = (^i + **)- - = 


4<z 4 [b-h- + n-k* — k“ 


{bVr + aWf- 




If ?/, and i/ 2 be the ordinates of Q and R , we have from (1) 


+ y*h-i 

— + ... - 1, 


u- 


and 

so that, by subtraction. 


* + b* 


X 

a- 


h*h . 

V<2 ~V\ — ~ (l '2fc ( x - x l' 9 
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The condition of the question therefore gives 

4c2= ( J ‘- ~ x i ) 2 + (P* - i/i) 2 = (l + ££) (x 2 - x,) 

_ 4 (« 4 A 2 -4- h *h*) (bVt 2 4- « 2 * 2 _ a 2 &2) 

(A 2 7* 2 + a 2 * 2 ) 2 » b ->" ( 2 )- 

Hence the point (7i, A:) always lies on the curve 

C 2 ( X 1 + ?!V- z^ 2 _u ^ 2x2 \ v 2 ,\ 

U a *v v**' + + p -• 

which is therefore the locus of P. 



the locus (I) of the middle points , a//rf (2) o/ f 7/c »o/*s, 
of normal chords of the ellipse. J 1 

£ he cl ?°. rd - who , se middle point is (A, A), is parallel to the polar of 
(/i, A*), and is therefore 




• 

• 

o 

II 

j- 

If this be a normal, it must be the 

same as 


ax sec 0 -bit cosec 0 = a 1 - A 2 

We therefore have 



a sec Q — b cosec 0 

1 


h ~ k 

A 2 A 2 ’ 


a 2 b- 

a 2 + A 2 

so that 

_ a 3 / 

cos 0— . — f 

'7/ 2 A-2\ 


h (a 2 - A 2 ) \ 

a 2 + A 2 / ’ 

and 

■ 

sin# — , , „ 



k (a 1 - A 2 ) 

V«* + A 2 / 

Hence, 

by the elimination of 0 , 



(1). 


( 2 )- 


» 

/«« ?; 6 \ /7/ 2 7c 2 \ 2 o 

(/7« + *0 {a* + fO =< a -^ 2 * 

The equation to the required locus is therefore 

/x 2 ?/ 2 \ 2 /a 6 A 6 \ 

(a 2 + P/ (i 2 + ^ 2 ) = {a “ &2)2 * 

Again, if (x,, t/,) be the pole of the normal chord (2), the latter 
equation must be equivalent to the equation 


xx \ , I///i _ 
a 2 A- _ 


(3). 


Comparing (2) and (3), we have 

a 3 sec 0_ A 3 cosec 0 

x i “ Vi 


= a 2 - A 2 , 


1 — 0 +' + , 


bo that 
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and hence the required locus is 


a 


l 6 


Itfaf. 3. 


-+ - 5 = (a*- 6 *)*. 

x- yr x 

“ !/ 2 


Chords of the ellipse + •—= 1 a he ay 8 touch the concentric 


7/** 

am/ coaxal ellivsc + *£r,=sl; /imf /Ac locus of their voles. 

a- £- 

Any tangent to the second ellipse is 


y = tux + N /a*«i s + /f- 


( 1 ). 


Let the tangents at the points where it meets the first ellipse meet 
in (/*, k). Then (1) must be the some as the polar of (A, k) with 
respect to the first ellipse, i.c. it is the same as 


xh t/k 

— + fu- 1 =° 

<r tf 


( 2 ). 


Since (1) and (2) coincide, we have 

rn _ -_1 _ N / a' 2 m' 2 + /S'" 

77 ~ k - 1 

b 2 


a- 


Hence 


in 


= ~J*k' ft,ul ^ o2,,<2 + f* I =T 


Eliminating m, we hnve 


o M A 2 


A« 


" , ffl _ 

a* k^P ~~ k 2 ’ 


i.C. the point (//, k) lies on the ellipse 


"4* r + 

a* 


£> =1 - 


X? 


i.e. on a concentric and coaxal ellipse whose semi-axes aro — and ^ 
respectively. 


EXAMPLES. XXXV. 

The tangents drawn from a point P to the ellipse make angles 0j 
and 0 2 with the major axis ; find the locus of P when 

1. 0 1 + 0., is constant ( = 2a). [Compare Ex. 1, Art. 235.] 

2. tan 0j + tan 0 2 is constant (= c). 

3. tan 0 X - tan 0 2 is constant ( = d). 

4. tau 2 0 X + tan 2 0 2 is constant (= X). 





examples. 
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Find the locus of the intersection of tangents 
5. 'which meet at a given angle a. 

be £„il tol !:ZtfntT as To%T riC ° f their P ° iutS ° f c ‘>“ tact 

7. if tlie difference of these eccentric angles be 120°. 

perpendicular. 1 *" 6 * j ° !ni ' 18 1>0i “ tS ° f ' ontact to thc c<;,lt ' e be 


9. if the sum of the ordinates of the points of contact be equal to b 
l*ind the locus of the middle points of chords of an ellipse 

10. whose distance from the centre is the constant length c. 

11. which subtend a right angle at thc centre. 

12. which pass through the given point (//, /■). 

13. whose length is constant ( = 2c). 

14:. whose poles are on the auxiliary circle. 

15. the tangents at the ends of which intersect at right angles. 

16. Prove that the locus of the intersection of normals at the 
ends of conjugate diameters is the curve 

2 (a 2 x 2 + b 2 y 2 f = (a 2 - b 2 )2 ( a 2 x 2 _ b 2 y 2 ) 2 . 

17. J Provc tliat t ^ lc i° cus °f ti |e intersection of normals at the ends 

of chords, parallel to the tangent at the point whose eccentric angle is 
a, is the conic ® 


2 (ax sin a f- by cos a) (ax cos a + by sin a) = (a 2 - b 2 f sin 2a cos 2 2a. 

. If the chords be parallel to an equiconjugate diameter, the locus 
is a diameter perpendicular to the other equiconjugate. 


18. A parallelogram circumscribes the 
opposite angular points lie on the straight 
the locus of the other two is the conic 

• 2 «- / a- \ 

1 


V 


x 

l7 2 + b 2 


(*-?)- 


ellipse and two of its 
lines x 2 =h 2 ; prove that 


19. Circles of constant radius c are drawn to jiass through the 
ends of a variable diameter of the ellipse. Prove that the locus of 
their centres is the curve 


(x 2 + y 2 ) (a 2 x 2 + b 2 y 2 + a-b 2 ) = c 2 (a-x 2 + b 2 y 2 ). 

20. The polar of a point P with respect to an ellipse touches a 
fixed circle, whose centre is on the major axis and which passes 
through the centre of the ellipse. Shew that the locus of P is a 
parabola, whose latus rectum is a third proportional to the diameter 
of the circle and the latus rectum of the ellipse. 

21. Prove that the locus of the pole, with respect to the ellipse, of 

any tangent to the auxiliary circle is the curve A # 

•t l i * a 2 * 
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22. Shew that the locus of the pole, with respect to the auxiliary 
circle, of a tangent to the ellipse is a similar concentric ellipse, 
whose major axis is at l ight angles to that of the original ellipse. 

23. Chords of the ellipse touch the parabola ay 2 = -2b 2 x; prove 
that the locus of their poles is the parabola ay 2 = 2b 2 x. 

24. Prove that the sum of the angles that the four normals 
drawn from any point to an ellipse make with the axis is equal to 
the sum of the angles that the two tangents from the same point 
make with the axis. 

[Use the equation of Art. 208.] 

25. Triangles are formed by pairs of tangents drawn from any 
point on the ellipse 

n 2 x 2 -f b 2 y- = («'- + b-) 2 to the ellipse - 2 + jt, = 1, 

and their chord of contact. Prove that the orthocentre of each such 
triangle lies on the ellipse. 

26. An ellipse is rotated through a right angle in its own plane 
about its centre, which is fixed ; prove that the locus of the point of 
intersection of a tangent to the ellipse in its original position with 
the tangent at the same point of the curve in its new position is 

(x 2 + y 2 ) (x 2 -ry 2 - <i 2 -b 2 ) = 2 (a 2 - b 2 ) xy. 

27. If Y and Z be the feet of the perpendiculars from the foci 
upon the tangent at any point P of an el.ipse, prove that the tangents 
at 1" and Z to the auxiliary circle meet on the ordinate of P and that 
the locus of their point of intersection is another ellipse. 


28. Prove that the directrices of the two parabolas that can be 
drawn to have their foci at any given point P of the ellipse and to 
pass through its foci meet at an angle which is equal to twice the 
eccentric angle of P. 


29. Chords at right angles are drawn through any point P of the 
ellipse, and the line joining their extremities meets the normal in the 
point Q. Prove that Q is the same for all such chords, its 

,. . , . flVcosa , -a 2 be 2 sin a 

coordinates being —=—nr- an d -— tt .— • 

a 2 + b 2 + 

Prove also that the major axis is the bisector of the angle PC Q, 
and that the locus of Q for different positions of P is the ellipse 




CHAPTER XIIT. 

THE HYPERBOLA. 

295 . The hyperbola is a Conic Section in which the 
eccentricity e is greater than unity. 

To find the equation to a hyperbola. 

Let ZK be the directrix, S the focus, and let SZ be 
perpendicular to the directrix. 

There will be a point A on AZ , such that 

a SA — e . AZ .(1) 
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Since e> 1, there will be another point A', on SZ pro¬ 
duced, such that 

SA' = e.A'Z. .(2). 

Let the length A A' be called 2a, and let C be the middle 
point of A A'. 

Subtracting (1) from (2), we have 
2a = AA’ = e.A'Z-e.AZ 

= e [CA + CZ ] - e [CA - CZ ] = e. 2 CZ, 

i.e. CZ=- .(3). 

c 


Adding (1) and (2), we have 

e (A Z+ A ’Z) = SA ' + SA = 2<7£, 

i.e. *.dd' = 2.CW, 

and hence CS — ae . .(4). 

Let C be the origin, CSX the axis of x , and a straight 
line CY, through C perpendicular to CX , the axis of y. 

Let P be any point on the curve, whose coordinates are 
x and y, and let PM be the perpendicular upon the directrix, 
and PN the perpendicular on A A'. 

The focus S is the point (ae, 0). 

The relation SI” = e -. PM- = e~. ZN* then gives 


(x - ae)* 4 -y* = c 2 ^x - , 


i.e. x~ — 2aex + are 1 + y 2 = e*.c* — 2 aex + a 1 . 

Hence a* 2 (e* — 1) — y* — a 2 (e* — 1), 


t.e. 


x 




a 2 a 3 (e*—1) 


= 1 


(5). 


Since, in the case of the hyperbola, e> 1, the quantity 
(e* — 1) is positive. Let it be called IP, so that the equa¬ 
tion (5) becomes 


x_ 2 _ y_ 2 _ - 
a 2 b 2 


( 0 ), 


where b* -- aV - a? = CS* - CA 8 .(7), 

and therefore CS* = a? + b* .(8). 
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296. The equation (G) may be written 

V* _ fET i _ * x ’ 2 — (- x ’ — a ) (x + a) 

b' 2 “a 2 “ ^-^2 - 


i e PN* A JST . NA' 

b 2 a 2 

so that 7TV 2 : HA . NA' :: b* : a 2 . 

If we put x = 0 in equation (6), we liave y 2 = — b 9 , 

shewing that the curve meets the axis CY in imaginary 
points. ° J 


D©f*. The points A and A are called the vertices of the 
hyperbola, C is the centre, A A' is the transverse axis of the 
curve, whilst the line BB' is called the conjugate axis, 
where B and B ' are two points on the axis of y equidistant 
from C, as in the figure of Art. 315, and such that 

B'C = CB = b. 


Since S is the point ( ae , 0), the equation referred to the 
focus as origin is, by Art. 128, 

(x + ae)' 2 _ ?r_, 

75 i •> ^) 

a- 6- 


x.e • 


^5+2—-|C + « 2 -l = 0. 

a* a Ir 


Similarly, the equations, referred to the vertex A and foot of the 
directrix Z respectively as origins, will be found to bo 


and 


x 2 y~ 2x 

i-fr. + — = 0, 

a- lr a 

x 2 y 2 2x _ 1 

a 2 V 2 ae e- * 


The equation to the hyperbola, whose focus, directrix, and eccen¬ 
tricity are any given quantities, may be written down as in the case 
of the ellipse (Art. 249). 


298. TJcere exist a second focus and a second directrix 
to the curve. 

On SC produced take a point S', such that 

SC = CS' = ae, 

and another point Z', such that 

ZC = CZ' = - . 

e 
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Draw Z'M' perpendicular to AA\ and let PM be pro¬ 
duced to meet it in M'. 


The equation (5) of Art. 295 may be written in the 
form 

or + 2 a ex + art 2 + y~ = e 9 ar 4- 2 aex + a 2 , 


i.e. 


(x 4- ae) 2 4- y 2 = er 



i.e. ST- = t 2 (Z'C 4- CiV) 2 = e 2 . PM' 2 . 

Hence any point P of the curve is such that its distance 
from S' is e times its distance from Z'K\ so that we should 
have obtained the same curve if we had started with S as 
focus, Z'K' as directrix, and the same eccentricity e. 


v /~299. The difference of the focal distances of any point 
on the hyperbola is equal to the transverse axis. 

For (Fig , Art 295) we have 

SP = * . PM, and S'P = <?. PM '. 

Hence S'P - SP = e ( PM ' - PM) = e . MM' 

— e . ZZ' = 2e . CZ = 2a 


= the transverse axis A A'. 

Also SP = e. PM ~ e. ZN — e. CN - e . CZ = ex' - a, 
and S'P = e. PM' = e.Z'N=c.CN+e.Z'C = ex' + a, 

where x is the abscissa of the point /’referred to the centre 
as origin. 

^300. Latus-rectum o f the Hyperbola. 

Let LSV bo the latus-rectum, i.e. the double ordinate 
of the curve drawn through S. 

By the definition of the curve, the semi-latus-rectum SL 

= e times the distance of L from the directrix 


= e.SZ=e(CS-CZ) 

= e . CS-eCZ = ae"- ~a = 

a 


by equations (3), (4), and (7) of Art. 295. 
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301. To trace the carve 






The equation may be written in either of the forms 



11 

H- 

*•-1 . 

a z 

.(2), 

or 

M - ± <1 .^/ 

/ v:+ i 

b 2 * 1 . 

.(3). 


From (2), it follows that, if 
an d — a, then y is impossible, 
of the curve between A and 


:r 


.2 


: a~, i.e. if a* lie between a 
There is therefore no part 
A'. 


^ °r all values of ur > « 2 tlie equation (2) shews that 
there are two equal and opposite values of y, so that the 
curve is symmetrical with respect to the axis of x. Also, 
as the value of x increases, the corresponding values of y 
increase, until, corresponding to an infinite value of x, we 
have an infinite value of y. 

h or all values of y, the equation (3) gives two equal 
and opposite values to x, so that the curve is symmetrical 
with respect to the axis of y. 

If a number of values in succession be given to x, and 
the corresponding values of y be determined, we shall 
obtain a series of points, which will all be found to lie on a 
curve of the shape given in the figure of Ai t. 295. 

The curve consists of two portions, one of which extends 
in an infinite direction towards the positive direction of 
the axis of x , and the other in an infinite direction towards 
the negative end of this axis. 



/o /o 

rrmj *** X ~ V • 

1 he quantity —~ ~ -* ls 2 )0slt,lve > zero, or 

negative , according as the point (x, y') lies within , upon, 
or without, the curve. 

Let Q be the point (a/, y f ), and let the ordinate QN 
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through Q meet the curve in P, so that, by equation (6) of 
Art. 295, 

•2L* _ 222 _ 1 

o 7 2 * * 


and hence 


■ — ■ A • 


If Q be within the curve then y\ i.e. QX } is less than 

^ JJ r C* 

PXy so that ‘-j-£ < , i.e. < - 1. 


6 " a 


Hence, in this case, — — ~ > 0, i.e. is positive. 

a~ ir 

Similarly, if Q be without the curve, then y > PX, and 


we liavt 


/•> #•> 

^ • ?/ * 

— - “ — 1 negative. 
a' b~ 


303. To find the lenyth of any central radius drawn in 
a (jiven direction. 

The equation (G) of Art. 295, when transferred to polar 
coordinates, becomes 

„ /cos- 0 sin 2 0\ 

r \ a' i--gi-;- 1 ’ 

\_ _ cos^ _ siu=J cos’? _ , 0 \ . (1) . 

This is the equation giving the value of any central 
radius of the curve drawn at an inclination 0 to the trans¬ 


verse axis. 


So long as tan 2 0<^, the equation (1) gives two equal 
and opposite values of r corresponding to any value of 0. 
For values of tan* 0 > — , the corresponding values of 

\ are negative, and the corresponding values of r imaginary. 

-i ^ 

Any radius drawn at a greater inclination than tan 
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length of a central radius. 

H?nf ^ * hereforo nieet the Curve in an y real points, so 
that all the curve is included within two straight lines 

drawn through C and inclined at an angle ^tan" 1 - to C X. 

a 

Writing (1) in the form 

b- 

r~ — - 

/IP \ ’ 

cos 2 0 — tan 2 0 \ 

we see that r is least when the denominator is greatest, i.e. 
when 0 = 0. The radius vector CA is therefore the least. 

Also, when tan 6 ^ =±= - , the value of v is infinite. 

CL 

For values of G between 0 and tan -1 — the corresponding 

a 1 ° 

positive values of r give the portion All of the curve (Fig., 

Art. 295) and the corresponding negative values give the 
portion A'R'. ° 

For values of 0 between 0 and - tan" 1 -, the positive 

values of It give the portion AR l9 and the negative values 
give the portion A'Rf. 

The ellipse and the hyperbola since they botli have a 
centre (7, such that all chords of the conic passing through 
it are bisected at it, are together called Central Conics. 

304. In the hyperbola any ordinate of the curve does 
not meet the circle on A A' as diameter in real points. 
There is therefore no real eccentric angle as in the case of 
the ellipse. 

When it is desirable to express the coordinates of any 
point of the curve in terms of one variable, the substitutions 

x = a sec ^ and y = b tan <p 

may be used; for these substitutions clearly satisfy the 
equation (6) of Art. 295. 

The angle cj> can be easily defined geometrically. 

On A A' describe the auxiliary circle, (Fig., Art. 306) 
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and from the foot X of any ordinate XP of the curve draw 
a tangent XU to this circle, and join C U. Then 

CU = CX cos XCL\ 
i.e. x — CX — a sec XC U. 

The angle XCU is therefore the angle <f>. 

Also XU — CU tan </> — a tan <£, 

so that XI* : XU :: b : a. 

The ordinate of the hyperbola is therefore in a constant 
ratio to the length of the tangent drawn from its foot to 

O O 

the auxiliary circle. 

This angle </> is not so important an angle for the 
hyperbola as the eccentric .angle is for the ellipse. 

305. Si nee the fundamental equation to the hyper- 
t>ola only differs from that to the ellipse in having — U 
instead of b 2 , it will be found that many propositions for 
the hyperbola are derived from those for the ellipse by 
changing the sign of b~. 

Thus, as in Art. 2G0, the straight line y = mx + c meets 
the hyperbola in points which are real, coincident, or 
imaginary, according as 

c~ > - < a~m m — 6*. 

As in Art. 2G*2, the equation to the tangent at (x\ y) is 

_ Vjf _ , 

a~ b m 

As in Art. 2G3, the straight line 

y — mx + slahrP — b’ 

is always a tangent. 

The straight line 

x cos a -r y sin a=j> 

is a tangent, if jr — a 2 cos 2 a — Ir sin 2 a. 

The straight line lx + my = n 
is a tangent, if ?r = a-P - b*m\ 


[Art. 264.] 
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The normal at the point (a;', y ') is, as in Art. 2GG, 



or - b - 


oen 3 ° 6 7 Y lth sorne modifications the properties of Arts. 
-0J and 270 are true for the hyperbola also, if the 
corresponding figure be drawn. 

In the case of the hyperbola the tangent bisects the 
interior, and the normal the exterior, angle between the 
focal distances JSP and $'I>. 



It follows that, if an ellipse and a hyperbola have the 
same foci S and they cut at right angles at any common 
point P. For the tangents in the two cases are respec¬ 
tively the internal and external bisectors of the angle SI\ S", 
and are therefore at right angles. 

O O 

307. The equation to the straight lines joining the 
points (a sec <f>, b tan <f>) and (a sec </>', b tan <f>') can be 
shewn to be 

OC d>' — d> ?/ . d> 4 - d> <f> 4- d>' 

a 2 b 2 2 
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Hence, by putting </>'=</>, it follows that the tangent at 
the point (a sec </>, b tan <f>) is 

X ?/ 

- ~r sin d> = cos <f>. 

a b 

It could easily be shewn that the equation to the 
normal is 

ax sin (f> + by = (a 2 4- b 2 ) tan <f>. 

308. The proposition of Art. 272 is true also for the 
hyperbola. 

As in Art. 273, the chord of contact of tangents 
from (x lt //,) is 

“i _ . ? /y« _ i 

a 2 b 2 “ 

As in Art. 274, the polar of any point (x,, y,) is 

__ yy, _ 

a 2 b ' 2 “ 

As in Arts. 279 and 281, the locus of the middle 
points of chords, which are parallel to the diameter y= ;«x, 
is the diameter y= m x x y where 

Jr 

mm x = — . 
a' 

The proposition of Art. 278 is true for the hyperbola 
also, if we replace b 2 by — b°. 

309. Director circle. The locus of the intersection 
of tangents which are at right angles is, as in Art. 271, 
found to be the circle xr t + y i = a 2 — i.e. a circle whose 

centre is the origin and whose radius is *Ja 2 — b 2 . 

If b 2 < a 2 y this circle is real. 

If b 2 = a-y the radius of the circle is zero, and it reduces 
to a point circle at the origin. In this case the centre is 
the only point from which tangents at right angles can be 
drawn to the curve. 

If b 2 > a 2 , the radius of the circle is imaginary, so that 
there is no such circle, and so no tangents at right angles 
can be drawn to the curve. 
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310. Equilateral, or Rectangular, Hyperbola. 

The particular kind of hyperbola in which the lengths 
of the transverse and conjugate axes are equal is called an 
equilateral, or rectangular, hyperbola. The reason for the 
name “ rectangular ” will be seen in Art. 318. 

Since, in this case, b = a, the equation to the equilateral 
hyperbola, referred to its centre and axes, is x 2 - y' 2 = a 2 . 

The eccentricity of the rectangular hyperbola is J'2. 

For, by Art. 205, we have, in this case, 


= = 2a® _ 0 


a 


a 


•> 


so that 


e = J'2. 



The jierpendiculars from the centre upon the tangent 

y 

b 


and normal at any point of the hyperbola - ^=1 meet them in Q 


and R. Find the loci of Q and R. 

As in Art. 308, the straight line 

x cos a + y sin a =p 

is a tangent, if p 2 = « 2 cos 2 a - b- sin 2 a. 

butp and ct are the polar coordinates of Q, the foot of the perpen¬ 
dicular on this straight line from C. 

The polar equation to the locus of Q is therefore 

r- = a- cos 2 Q - b- sin 2 0, 

t.e., in Cartesian cooi'dinates, 

(x 2 -f- ?/ 2 ) 2 = a 2 x 2 — b~y 2 . 

If the hyperbola be rectangular, we have a = b, and the polar 
equation is 

r- = a 2 (cos 2 0 - sin 2 0) = a 2 cos 20 . 

Again, by Art. 307, any normal is 

ax sin <p + by= (a 2 + b-) tan 0 .( 1 ). 

The equation to the perpendicular on it from the origin is 

bx — ay sin 0 = 0 .( 2 ). 

If we eliminate 0 , we shall have the locus of R. 

bx 

From ( 2 ), we have sin 0 = —, 

ay 

sin 0 bx 

tan 0 f \ — sin 2 0 *Ja-y 2 — b-x 2 ' 


and then 


Substituting in (1) the locus is 

(x 2 + i/ 2 ) 2 (a 2 y 2 - fc 2 x 2 ) = (a 2 + fc 2 ) 2 xhj 2 . 
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EXAMPLES. XXXVI. 

Find the equation to the hyperbola, referred to its axes as axes of 
coordinates, 

1. whose transverse and conjugate axes are respectively 3 and 4, 

2. whose conjugate axis is 5 and the distance between whose foci 
is 13, 

3. whose conjugate axis is 7 and which passes through the point 

(3, -2). 

4 . the distance between whose foci is 16 and whose eccentricity 

iS yj’2. 

5. In the hyperbola - 9y 2 = 36, find the axes, the coordinates 
of the foci, the eccentricity, and the latus rectum. 

6. Find the equation to the hyperbola of given transverse axis 
whose vertex bisects the distance between the centre and the focus. 

7. Find the equation to the hyperbola, whose eccentricity is $, 
whose focus is (o, 0), and whose directrix is 4x - 3i/=a. 

Find also the coordinates of the centre and the equation to the 
other directrix. 

8 . Find the points common to the hyperbola 25x 2 - 9»/ 3 = 225 
and the straight line 25-c-f- 12y - 46 = 0. 

9. Find the equation of the tangent to the hyperbola - 0#/°= 1 
which is parallel to the line 4y = 5.r +7. 

10 . Prove that a circle can be drawn through the foci of a 
hyperbola and the points in which any tangent meets the tangents at 
the vertices. 

11. An ellipse and a hyperbola have the same principal axes. 
Shew* that the polar of any point on either curve with respect to the 
other touches the first curve. 

12 . In both an ellipse and a hyperbola, prove that the focal 
distance of any point and the perpendicular from the centre upon the 
tangent at it meet on a circle whose centre is the focus and whose 
radius is the semi-transverse axis. 

13. Prove that the straight lines “ “ ^ = m am * “ + £ = “ always 
meet on the hyperbola. 

14. Find the equation to, and the length of, the common tangent 

to the two hyperbolas — - = 1 and — 0 - 77 .= 1 . 

a 2 6 - a 2 b- 

15. In the hyperbola 16x-- 0i/ 2 = 144 f find the equation to the 
diameter which is conjugate to the diameter whose equation is x = 2y. 
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16. Find the equation to the chord of the hyperbola 

2ox 2 — 16y 2 = 400 

which is bisected at the point (o, 3). 

17. In a rectangular hyperbola, prove that 

SP . S'P = Cl » 

18. the distance of any point from the centre varies inversely as 
the perpendicular from the centre upon its polar 

19. if the normal at P meet the axes in G and g, then PG = Pg = PC. 

20. the angle subtended by any chord at the centre is the 

supplement of the angle between the tangents at the ends of the 
chord. 


21. the angles subtended at its vertices by any chord which is 
parallel to its conjugate axis are supplementary. 


2 2 

22. The normal to the hyperbola %, - •— = 1 meets the axes in M 

and N, and lines MP and NP are drawn at right angles to the axes • 
prove tbat the locus of 1 J is the hyperbola 9 

a 2 x 2 -b 2 y 2 =(a 2 +b 2 ) 2 . 

23. If one axis of a varying central conic be fixed in magnitude 
and position, prove that the locus of the point of contact of a tangent 
drawn to it from a fixed point on the other axis is a jjurabola. 


24. If the ordinate MP of a hyperbola be produced to Q , so that 
MQ is equal to either of the focal distances of P t prove that the locus 
of Q is one or other of a jjair of parallel straight lines. 


25. Shew that the locus of the centre of a circle which touches 
externally two given circles is a hyperbola. 

26. On a level plain the crack of the rifle and the thud of the ball 
striking the target are heard at the same instant; prove that the 
locus of the hearer is a hyperbola. 


27. Given the base of a triangle and the ratio of the tangents of 
half the base an'.'les, prove that the vertex moves on a hyi^erbola 
whose foci are the extremities of the base. 


28. Prove that the locus of the poles of normal chords with 

^•2 7*2 

respect to the hyperbola —, — ^ = 1 is the curve 

b- 

y 2 a 6 — x-b 6 = 

29. Find the locus of the pole of a chord of the hyperbola which 
subtends a right angle at (1) the centre, (2) the vertex, and (3) the 
focus of the curve. 

30. Shew that the locus of poles with respect to the parabola 
y 2 =4ax of tangents to the hyperbola x 2 — y 2 = a 2 is the ellipse 
4*? + y 2 =4a 2 . 


(a 2 + b 2 ) 2 x 2 y 2 . 
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31. Prove that the locus of the pole with respect to the hyperbola 


JT m 


— • • • 

- - *—= 1 of any tangent to the circle, whose diameter is the line 
</- 6 - 

J- 1 

joining the foci, is the ellipse — 4 -f = - 2 - 


a 


b* a 2 + b 2 


32. Prove that the locus of the intersection of tangents to a 
hyperbola, which meet at a constant angle ft, is the curve 


(.rP + y~ + C ot 2 ft (a 2 // 2 - b 2 x 2 + orb-). 

33. From points on the circle x- + y- = u- tangents are drawn to 
the hyperbola x" - y- = a 2 ; prove that the locus of the middle points of 
the chords of contact is the curve 

(x*-y*)* = «*(x 8 + y a ). 

34. Chords of a hyperbola are drawn, all passing through the 
fixed point ( h, k)\ prove that the locus of their middle points is a 

hyperbola whose centre is the point , and which is similar to 

either the hyperbola or its conjugate. 

312. Asymptote. Def. An asymptote is a straight 
line, which meets the conic in two points both of which are 
situated at an infinite distance, but which is itself not alto¬ 
gether at infinity. 

, To find the asymptotes of the hyperbola 

o o 

— _ ?r - 1 
<i J 6 a 

As in Art. 2G0, the straight line 

y = mx + c . .(i) 

meets the hyperbola in points, whose abscissue are given by 
the equation 

xP (U 2 — ahn 9 ) — 2 armex — a- (c 2 4- b") = 0.(-)• 

If the straight line (1) be an asymptote, both roots of (2) 
must be infinite. 

Hence the coefficients of x 2 and x in it must both be 
zero. 

We therefore have 

b 2 — a^m 2 = 0, and aPmc = 0. 
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Hence 


7/1 = = 4 = - 5 aiid c — 0. 
a 


Substituting these values in (1), we have, as the re¬ 
quired equation, 

b 


y = =*= -- a;. 

a 


There are therefore two asymptotes both passing 
through the centre and equally inclined to the axis of x , 
the inclination beiiur 


tan 1 —. 
a 


The equation to the asymptotes, written as one equa¬ 
tion, is 


X 2 7/ 2 

- - J - =o 

•> 1 — v • 

a- 


b~ 


Cor. For «all values of c one root of equation (2) is 
infinite if m = =*= —. Hence any straight line, which is 


a 


parallel to an asymptote, meets the curve in one point at 
infinity and in one finite point. 


314. That the asymptote passes through two coincident points 
at infinity, i.e. touches the curve at infinity, may be seen by finding 
the equations to the tangents to the curve which pass through any 

point on the asymptote y = ~x. 

As in Art. 305 the equation to either tangent through this point i3 

y = mx + sja 2 /n~ — b~. 


where 


- x, = mx, + aV a 2 m- — //-, 
a 1 


i.e. on clearing of surds, 


7n 2 (x x ~ — « 2 ) - 2in - x x ~ + (x x 2 -f a 2 ) — 2 = 0. 


a 


a 


One root of this equation is in = -, so that one tangent through 
the given point is y = ^x, i.e. the asymptote itself. 
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315. Geometrical construction for the asymptotes. 

Let A' A be the transverse axis, and along the conju¬ 
gate axis measure ofF CB and CB\ each equal to l>. 
Through B and B' draw parallels to the transverse axis 
and through A and -1' parallels to the conjugate axis, and 
let these meet respectively in A",, 7C, A” s , and 7f 4 , as in the 
figure. 



Clearly the equations of K X CK- and K.,C A A are 


b . b 

y — cr and y — - x f 

a a 


and these arc therefore the equations of the asymptotes. 


316. Let any double ordinate J*jYP' of the hyperbola 
be produced both ways to meet the asymptotes in Q and Q , 
and let the abscissa CAT be x'. 

Since P lies on the curve, we have, by Art. 302, 

XV = - Jx* - a\ 
a 
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Si 


nee Q is on the asymptote whose equation 


we have 




Hence PQ = XQ - XP = - (x - Jx"~ — or), 

a ' 

and P'Q = - ( x ' + s 4-'= — a'-). 

Cl 

Therefore PQ . P'Q = K, lv s - (x 2 - a 2 )} 

a~ x / * 


Hence, if from any point on an asymptote a straight 
line be drawn perpendicular to the transverse axis, the 
product of the segments of this line, intercepted between 
the point and the curve, is always equal to the square on 
the semi-conjugate axis. 

Again, 



b ar 

a x + \f x ~ — or 



PQ is therefore always positive, and therefore the 
part of the curve, for which the coordinates are positive, 
is altogether between the asymptote and the transverse 
axis. 


Also as x increases, i.e. as the point P is taken further 
and further from the centre C , it is clear th;«t PQ con¬ 
tinually decreases ; finally, when x’ is infinitely great, PQ 
is infinitely small. 

The curve therefore continually approaches the asymp¬ 
tote but never actually reaches it, although, at a very great 
distance, the curve would not be distinguishable from the 
asymptote. 

This property is sometimes taken as the definition of an 
asymptote. 


317- If SF be the perpendicular from S upon an 
asymptote, the point F lies on the auxiliary circle. This 
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follows from the fact that the asymptote is a tangent, 
whose point of contact happens to Jie at infinity, or it may 
be proved directly. 

For 

a 

- -a. 

Ja 2 + lr 

Also Z being the foot of the directrix, we have 

CA 2 = CS. CZ, (Art. 295) 

and hence CF 2 = CS. CZ , i.e. CS : CF: : CF : CZ. 

By geometry, it follows that l. CZF — z_ CFS = a right 
angle, and hence that F lies on the directrix. 

Hence the perpendiculars from the foci on either asymptote 
meet it in the same poirits as the corresponding directrix, 
and the comnwn points of intersection lie on the auxiliary 
circle. 


e 1 

CF = CS cos FCS = CS. + i-. 

C A 


318. Equilateral or Rectangular Hyperbola. 

rii this curve (Art. 310) the quantities a and b are equal. 
The equations to the asymptotes are therefore y = *=x, i.e. 
they are inclined at angles ± 45° to the axis of x , and hence 
they are at right angles. Hence the hyperbola is generally 
called a rectangular hyperliola. 


319. Conjugate Hyperbola. The hyperliola which 
has Jili' as its transverse axis, and A A' as its conjugate 
axis, is said to be the conjugate hyperbola of the hyperbola 
whose transverse and conjugate axes are respectively A A 
and 11W. 

Thus the hyperbola 

i.(i). 

b a 

is conjugate to the hyperbola 


,% m -• 1 

a 


2 b* 


(2)- 


Just its in Art. 313, the equation to the asymptotes of 


(l)is 


-^ = 0 
b* a* ' 
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which l.y ithe same article, is the equation to the asvmp- 
totes or (2). 1 

Thus a hyperbola and its conjugate have the same 
asymptotes. 

The conjugate hyperbola is the dotted curve in the 
figure of Art. 323. 

320. Intersection* of a hyperbola with a pair of con- 
jugate diameters. 

The straight line y = m i x intersects the hyperbola 

o O 

•21 _ y ~ , 

o 7 o A 

a- b~ 

in points whose abscissa? are giveil by 

O 




o 7 o 

a-lr 


i.e. by the equation of = —;- - - ; . 

b 1 — (fmf 

The points are therefore real or imaginary, according as 

afm* is < or > & 2 , 


i.e. according as 

O 


m x is numerically 


b 

or > — 
a 


0 ), 


i.e. according as the inclination of the straight line to the 
axis of x is less or greater than the inclination of the 
asymptotes. 

Now, by Art. 308, the straight lines y = ?n t x and y = m/c 
are conjugate diameters if 

b- 


m x ?n 2 = -- 
cv 




Hence one of the quantities m x and m 2 must be less 

than — and the other greater than — . 
a b a 

Let 7ti 1 be < —, so that, by (1), the straight line y =-m x x 

(i/ 

meets the hyperbola in real points. 


10 
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Then, by (2), m., must be > - , so that, by (1), the straight 

Cl 

line y = m T c will meet the liyperbola in imaginary points. 

Tt follows therefore that only one of a pair of conjugate 
diameters meets a liyperbola in real points. 


_ J If a pair of diameters be conjugate with respect 

to a hyperbola, they will be conjugate with respect to its con¬ 
jugate hyperbola. 

For the straight lines y = m x x and y = m^x are conjugate 
with respect to the hyperbola 


if 


= 1 

a 3 b* 

6 s 

m.m n — — 9 
a 


< 

( 2 )- 


Now the equation to the conjugate hyperbola only 
differs from (1) in having — « 2 instead of a 2 and — b m instear 
of b' 1 , so that the above pair of straight lines will he con¬ 
jugate with respect to it, if 

J ° * 12 1 ° 

-b- b- , o > 

7/1,77/., = „ = . .' '* - 

1 - - a* a- 

But the relation (3) is the same as (2). 

Hence the proposition. 

322. If a pair of diameters be conjugate with respect 
to a hyperbola , one of them meets the hyperbola in real points 
and the other meets the conjugate hyperbola in real points. 

Let the diameters be y — m x x and y = m.,r y so that 

7/1,771., = — . 

a- 

As in Art. 320 let m x < - , and hence »i 3 > -> so t,mt tll ° 

a a 

straight line y = m x x meets the hyperbola in real points. 

Also the straight line y — m.pc meets the conjugate 

hyperbola yy —-^ = 1 in points whose abscissas are given >y 

b~ a~ 

. . „ /771 2 3 1 \ i • 1 J 

the equation x* ~ ~s) = t e - x = 
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Since m. 2 > —, these abscissae are real. 

ft 

Hence the proposition. 


3 ‘ V a P ni . r °f conjugate diameters meet the hyperbola 
and its conjugate tn P and Z>, then (1) CP 2 - CD~ J <r - //- 

and (2) the tangents at P, £> and the other ends of the 
diameters passing through them form a parallelogram whose 
vertices lie on the asymptotes and whose area is constant. 

Let P be any point on the hyperbola whose 

coordinates are ( a sec <f>, h tan <f>). 

The equation to the diameter CP is therefore 


h tan d> 

V =-r x - x 

a sec <f> 


h * ^ 
-sin d>. 

a 



By Art. 308, the equation to the straight line, which 
is conjugate to CP , is 

b 

y = x —.—-. 
a sin <f> 
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This straight lino meets the conjugate hyperbola 

o o 

?! _ i 

I .. •• 1 * 

in the points (a tan </>, b sec <£), and (-a tan <£, - 6 sec <£) so 
that I) is the point (a tan <£, 6 sec <£). 

We therefore have 

C P~ — a" sec ~ <j> + b~ tan 2 <f>, 

and CD-=-. or tan 2 <f> + b" see 2 <£. 

Hence 

CP" - CD 2 = (a 3 - //-) (sec 2 - tan 2 <£) = a 2 - b". 

Again, the tangents at P and D to the hyperbola and 
the conjugate hyperbola are easily seen to be 


— — j- sin <f> = cos <£,.( 

a b 


and f - - sin c/> = cos <f> .( 2 )- 

b a 

These meet at the point 

X If cos </> 
ah 1 — sin </> 

This point lies on the asymptote CL. 

Similarly, the intersection of the tangents at P and D 
lies on 6'A,', that of tangents at D' and P' on CL , and 

those at D and P' on CL x . 

If tangents be therefore drawn at the points where a 
pair of conjugate diameters meet a hyperbola and its 
conjugate, they form a parallelogram whoso angular points 

are on the asymptotes. 

Again, the perpendicular from C on the straight line (1) 

ab co s 

s b J 4- a 2 sin 2 <f> 


ab ab _ ab 

•Jb 2 sec * <f> + a 3 tan 2 <f> CD PR 
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so that PK X perpendicular from C on PIC = ab, 
i-e. area of the parallelogram CPKD = ah. 

Also the areas of the parallelograms CPKD 
CP A D , and CD' IC^P are all equal. 

The area KK l K'K l ' therefore = 4 ah. 


CDK X P’ 


Cor. PK = CD = JSC = A'/P, so that the portion of a 
tangent to a hyperbola intercepted between the asymptotes 
is bisected at the point of contact. 


324. Delation between the equation to the hyperbola , 

the equation to its asymptotes , and the equation to the conju¬ 
gate hyperbola. J 

The equations to the hyperbola, the asymptotes, and the 
conjugate hyperbola are respectively 

O o 

y ■> 



and 




AVe notice that the equation (2) differs from equation (1) 
by a constant, and that the equation (3) differs from (2) by 
exactly the same quantity that (2) differs from (1). 

If now we transform the equations in any way we 
please—by changing the origin and directions of the axes— 
by the most general substitutions of Art. 132 and by 
multiplying the equations by any—the same—constant, 
we shall alter the left-hand members of (1), (2), and (3) in 
exactly the same way, and the right-hand constants in the 
equations will still be constants, and differ in the same way 
as before. 


Hence, whatever be the form of the equation to a 
hyperbola, the equation to the asymptotes only differs from 
it by a constant, and the equation to the conjugate 
hyperbola differs from that to the asymptotes by the same 
constant. 
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325. As an example of the foregoing article, let it be required 


to find the asymptotes of the hyperbola 

3.r 2 - oxy - 2y* + 5x+lly - 8 = 0.(1). 

Since the equation to the asymptotes only differs from it by a 
constant, it must be of the form 

3-e 2 - 5xy - 2y- + ox + lly + c = 0 .(2). 


Since (2) represents the asymptotes it must represent two straight 
lines. The condition for this is (Art. 11(3) 

3 ( - 2) c + 2 . & . V ( - f) - 3 (V ) 2 " ( - 2) (f )* -*(-*)*= 0. 

i>. c= -12. 

The equation to the asymptotes is therefore 

3j- 2 - oxy - 2y* + ox + 1 \y - 12 = 0, 
and the equation to the conjugate hyperbola is 

3x 2 - oxy - 2y 2 + 5x + lly - 10 = 0. 

326. As another example we see that the equation to any 
hyperbola whose asymptotes are the straight lines 

Ax + By + C = 0 and AjX + B x y + C x =0, 

is (Ax + liy 4* C) (A x x + li x y + ( j) = X~ . (1)» 

where X is any constant. 

For (1) only differs by a constant from the equation to the 
asymptotes, which is 

(Ax + lhj \-C)(A l x + H l y + C l ) = 0 . (2). 

If in (1) we substitute —X 2 for X 2 we shall have the equation to its 
conjugate hyperbola. 

It follows that any equation of the form 

(Ax + By + C) (A jj + Gj) = X 2 

represents a hyperbola whose asymptotes are 

Ax + By + C — 0, and A l x + B l y + C, = 0. 

Thus the equation x(x + y) = a 2 represents a hyperbola whose 
asymptotes are x = 0 and x + y = 0. 

Again, the equation j 2 + 2xy cot 2a - j/ 2 = a 2 , 

*. f. (jcota-j/)(x tana + i/) = fl 5 , 

represents a hyperbola whoso asymptotes are 

x cot a — y = 0, and xtana + i/ = 0. 

327 . It would follow from the preceding articles that the 
equation to any hyperbola whoso asymptotes are x = 0 and y = u 13 
;r?/ = const. 
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The constant could be easily determined in terms of the semi- 
transverse and semi-conjugate axes. 

S28 .y e sh f a11 obtain this equation by direct transformation 
from the equation referred to the principal axes. 


1. Through the positive vertex of the hyperbola a tangent is 

drawn; where does it meet the conjugate hyperbola? ° 

2. If e and <?' be the eccentricities of a hyperbola and its conjugate. 


prove that 


■i "t / o — I • 


if — 


3. Prove that chords of a hyperbola, which touch the conjugate 
hyperbola, are bisected at the point of contact. 

4. Shew that the chord, which joins the points in which a pair of 
conjugate diameters meets the hyperbola and its conjugate, is parallel 
to one asymptote and is bisected by the other. 

5. Tangents are drawn to a hyperbola from any point on one of 
the branches of the conjugate hyperbola; shew that their chord of 
contact will touch the other branch of the conjugate hyperbola. 

6. A straight line is drawn parallel to the conjugate axis of a 
hyperbola to meet it and the conjugate hyperbola in the points P and 
Q\ shew that the tangents at P and Q meet on the curve 

vl (vl _ : 1 2 \ _ 4x2 

b*\b 2 a 2 ) ~~ ~a? * 

and that the normals meet on the axis of x. 

7. From a point G on the transverse axis GL, is drawn perpen¬ 
dicular to the asymptote, and GP a normal to the curve at P. Prove 
that LP is parallel to the conjugate axis. 

8. Find the asymptotes of the curve 2x 2 + 6xy + 2y 2 + 4x + 5y = 0> 
and find the general equation of all hyperbolas having the same 
asymptotes. 

9. Find the equation to the hyperbola, whose asymptotes the 
straight lines x + 2// + 3 = 0, and 3x + 4y + 5 = 0, and which passes 
through the point (1, — 1). 

Write down also the equation to the conjugate hyperbola. 

10. In a rectangular hyperbola, prove that CP and CD are equal, 
and are inclined to the axis at angles which are complementary. 
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X 2 ?/ 2 

11. C is the centre of the hyperbola — - = 1 and the tangent at 

any point P meets the asymptotes in tho points Q and JR. Trove that 
the equation to the locus of the centre of the circle circumscribing 
the triangle CQIi is 4 - b : y-) — (a 2 + b-)-. 

12. A series of hyperbolas is drawn having a common transverse 
axis of length 2</. Trove that tho locus of a point P on each hyper¬ 
bola, such that its distance from the transverse axis is equal to its 
distance from an asymptote, is the curve (r- - </-) 2 = 4x-(x--a 2 ). 

328. To find (he equation to a hyperbola referred to its 
asymptotes. 



Let P be any point on the hyperbola, 
referred to its axes is 



•whose equation 



Draw P1I parallel to one asymptote CL to meet the 
other CIC in //, and let CII and IIP be It and k respec¬ 
tively. Then h and k are the coordinates of P referred to 

tho asymptotes. 

Let a be tho semi-angle between the asymptotes, so that, 


by Art. 313, tan 





and hence 


sin a 


cos a 


Va 2 + b 1 


Draw IIN perpendicular to the transverse axis, and IIP 
parallel to the transverse axis, to meet the ordinate PM ot 
the point P in JR. 
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I hen, since 1*11 and HR are parallel respectively to CL 
and CM, we have z. P1IR = LCM = a. 

Hence CM = CX + HR ^ CH cos a + HP cos a 


= (4 + k) 


a 


and MP = HP - IIN = IIP s i n a -ClI si 


Ja- + b- ’ 


sin a 


= (k — h) 


J a 2 4- b* 


Therefore, since G\[ and l y satisfy the eouation (1) 


we have 


(4 4- k)~ {7c — hf- 


a 


= 1, i. e. hk = 


a 2 4 - b- 


b~ cl~ + b~ 4 


Hence, since (4, 7c) is any point on the hyperbola, tl 
required equation is 

a 2 4- b 2 


le 


This is often written in the form xy = c 2 , where 4c 2 
equals the sum of the squares of the semiaxes of the 
hyperbola. 

Similarly, the equation to the conjugate hyperbola is, 
when referred to the asymptotes, 



a 3 + b* 
4 


329. To find the equation to the tangent at any j>oint 
of the hyperbola ocy = c 2 . 

Let (a/, y) be any point P on the hyperbola, and 
(«", V ") a point Q on it, so that we have 


ocy' = c 


o 


and 


// // 


x y =c 


The equation to the line PQ is then 


y-y 



(1), 

( 2 ). 


(3). 
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But, by (1) and (2), we have 



n 9 

y -y 

9 / 9 

X — X 


9 9 J 

X X 

9 9 9 

x — X 



9 9 9 

X X 


9 99 


X — X 

99 7 

X — X 



9 99 * 


XX 


Hence the equation (3) becomes 


y-v -- t , x - ( x - *') 



Let now the point Q be taken indefinitely near to 1\ so 
that x" — o: ultimately, and therefore, by Art. 149, PQ 
becomes the tangent at P. 


.Then (4) becomes 

y - y - - At. (.« - x) =- V -, (x - x), by (1). 

X X 


The required equation is therefore 

xy -f xy = 2 xy — 2 c* .(3). 

The equation (5) may also bo written in the form 

x >/ 

“7 + ~/ = 

.c y 



330 . The tangent at any point of a hyperbola cuts off a triangle 
of constant area from the asymptotes, and the portion of it intercepts 
beticeen the asymptotes is bisected at the point of contact. 

Take the asymptotes as axes and let the equation to the hyperbola 
be xy = c 1 . 

The tangent at any point P is —, -f — =2. 

x y 

This meets the axes in the points (2x', 0) and (0, 2 y'). 

If these points be L and L\ and the centre bo C , we liavo 

CL = 2x\ and CL'-2i/. 

If 2a be the angle between the asymptotes the area of the triaDgle 

I.CL’=\CL . CL’ sin 2a = 2x'y' sin 2a = —~j— . 2 sin a cos a = ab. 

(Art. 328.) 

Also, since L is the point (2x' f 0) and L' is (0, 2 y') t the middle 
point of LIS is (x', y') t i.e. the point of contact P. 
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A s in Art. 274, the polar of any point (;c., 7 /.) 
with respect to the curve can be shewn to be 

+ x x y = 2c 2 . 

Since, in general, the point (x ly y,) does not lie on the 
curve the equation to the polar cannot be put into the form 
(G) of Art. 329. 

332. The equation to the normal at the point (x\ y ) 

ls t/-y' = m(x — x') t where m is chosen so that this line is 
perpendicular to the tangent 

V 2c 2 

y = --.* + — • 


x 


x 


If co be the angle between the asymptotes wo then 
obtain, by Art. 93, 


X — 7/ cos <0 
7U - 

y — x cos oj 

so that the required equation to the normal is 

y (y' - x cos w) - x {x - y' cos co) = y' 2 - x ' 2 . 

Also cos co = cos 2a = cos 2 a — sin 2 a = ?* “ 

L a 2 + l n -J * 

If the hyperbola be rectangular, then co = 90°, and the 
equation to the normal becomes xx — yy = x 2 — y' 2 . 

333. Equation referred to the asymptotes. 
One Variable. 

The equation xy = c 2 is clearly satisfied by the substitu- 
tion x — ct and y = - . 

Hence, for all values of the point whose coordinates 
are ^ ct , —^ lies on the curve, and it may be called the point 


The tangent at the point “ t” is by Art. 329, 


x 


- + yt = 2c. 
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Also the normal is, by the last article, 


y (1 — V cos oj ) — x (t 2 — cos oj ) = - ( 1 — l*) f 
or, when tlie hyperbola is rectangular, 

v ~ xl ' = ~t (1 - 

The equations to the tangents at the points and “ 


are 


x 


j+yt i = 2c, t + y<i = 2 c, 

1 1 f 2 

and hence the tangents meet at the point 

/2c/,/, 2 c \ 

Vi + t*’ /, + /,./ 

The line joining u t l ” and “/,,’’ which is the polar of this 
point, is therefore, by Art. 331, 

x -f *//,/, = c (/j + /,). 

This form also follows by writing down the equation 
to the straight line joining the points 


(«• d 


AIK 


1 


f) ■ 


. 1. If a rectangular hyperbola circumscribe a triangle , 
it also passes through the orthocentre of the triangle. 

Let the equation to the curve referred to its asymptotes bo 

xy = c 2 .(!)• 

Let the angular points of the triangle bo 1\ Q , and R, and let their 
coordinates be 

("*•?)• (“••£)’ nml 

respectively. 

As in the last article, the equation to QR is 

x + yU 3 = c (/ 2 4 -/ 3 ). 

The equation to the straight lino, through P perpendicular to QR y 
is therefore 

V - r = Vs [-r-chh 

*i 

!/+cWj = Vl [ I+ -y.( 2 ). 


t.e. 
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to /e/' n is arly ’ tbe eqUati ° n *° the stra ‘R ,jt line through Q perpendicular 

y + c tl f ;! r 3 = Vl [x+-- C -J .( 3 ). 

The common point of (2) and (3) is clearly 

('Ws’ ~ cW *) .W- 

and this is therefore the ortliocentre. 

But the coordinates (4) satisfy (1). Hence the proposition. 

Also if ^ be the orthocentre of the points “/j,” “ and 

“ t 3 ,” we have tf.f 3 t 4 = - 1. 
y 

Ex. 2. If a circle and the rectangular hyperbola av/ = o 2 meet in 
the four points “f 2> ” “< 3 ,” and “f 4 ,” prove that 

(1) £|f;>^3^4 = 

(2 ) the centre of mean position of the four points bisects the 
distance between the centres of the two curves , 

and (3) the centre of the circle through the points “f ’» i s 

{|(*. +<*+t 3+ A-). |(i + i + 1 +fl %)} • 

Let the equation to the circle be 

x- + y- - 2 yx - 2 fy + k = 0, 
so that its centre is the point ( g,f ). 

Any point on the hyperbola is (ct, 0 . If this lie on the circle, 

C" c 

we have c-t- + — - 2 get -2 f - + k = 0, 

so that t*-2- t 3 +^,t-t+1 = 0 ... (i) 

C C~ C .' /• 

If t J, t 2r t 3 y and t 4 be the roots of this equation, we have, by Art. 2, 

tit 2 t 3 t 4 = l .(2), 

l i -i- f* + f 3 + *4=“r.(3). 

and W 4 + W 1 + W 2 + = .(4). 

Dividing (4) by (2), we have 

11112/ 

7, + t- J + l 3 + f. r .<«>• 
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The centre of the mean position of the four points, 

• t \c, , c/1 1 1 1\) 

i.c. the point -j- (*! + -f t 3 + f 4 ), - ^ + - + - + - ) J- , 

is tlierefore the point ^ , and this is the middle point of the lino 

joining (0, 0) and (g,f). 

Also, since t A = —— . we have 

1 l f 2*3 


-i (<. 


•f - f o + / n + 


w,)' and + ^ + t h Wi ) - 


Again, since f,tof 3 f 4 = l, we have product of the abscissae of the 
four points = product of their ordinates = c*. 


EXAMPLES. XXXVIII. 



a 0 + l/l 

Prove that the foci of the hyperbola .r//= —— are given by 

o^ + lr 

X=y=± -2S— 


2. Shew that two concentric rectangular hyperbolas, whose axes 
meet at an angle of 4.7\ cut orthogonally. 

3. A straight lino always passes through a fixed point; prove 
that the locus of the ini Idle point of the portion of it, which is 
intercepted between two given straight lines, is a hyperbola whose 
asymptotes are parallel to the given lines. 

4. If the ordinate NP at any point P of an ellipse be produced to 
Q , so that XQ is equal to the subtaugent at P, prove that the locus of 
Q is a hyperbola. 

5. From a point P perpendiculars PM and PX are drawn to two 
straight lines OM and OX. If the area OMPX be constant, provo 
that the locus of P is a hyperbola. 

6. A variable lino has its ends on two lines given in position and 
passes through a given point; prove that the locus of a point which 
divides it in any given ratio is a hyperbola. 

7. The coordinates of a point arc «tan(0 + a) and Man(0 + /?h 
where 0 is variable; prove that the locus of the point is a hyperbola. 

8. A scries of circles touch a given straight line at a given point. 
Provo that the locus of the pole of a given straight line with regard to 
these circles is a hyperbola whoso asymptotes are respectively a 
pnrallel to the first given straight lino and a perpendicular to the 
second. 
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9. If a ^Slit-angled triangle be inscribed in a rectangular hyper- 
upon fhehy^othenuse 86nt ^ right an8 ' e iS the Perpe n dio u lar 

10. In a rectanprillar hyperbola, prove that all straight lines, which 

subtend a right angle at a point P on the curve, are parallel to the 
normal at P. 

11. Chords of a rectangular hyperbola are at right angles, and 

they subtend a right angle at a fixed point O ; prove that they inter¬ 
sect on the polar of O. 

12. Prove that any chord of a rectangular liypeibola subtends 
angles which are equal or supplementary (1) at the ends of a perpen- 
dicular chord, and (2) at the ends of any diameter. 

13. In a rectangular hyperbola, shew that the angle between a 
chord PQ and the tangent at P is equal to the angle which PQ 
subtends at the other end of the diameter through P. 

Show that the normal to the rectangular hyperbola xy = c n - at 
tne point meets the curve again at a point such that 

t*t'= - 1. 

15. If P lt P 2 , an ‘l 1*3 be three points on the rectangular hyperbola 
xij = c 2 , whose abscissae are ar„ x 2 , and x 3 , prove that the area of the 
triangle PjP 2 P 3 is 

c 2 ( x 2 -x 3 ) jx 3 -x y ) (x x -x 2 ) 

2 x 2 x.j 

and that the tangents at these points form a triangle whose area is 

2c 2 ~ * r 3 ^ ~ ^ r i ~ X ‘2) 

(X2 + X.J (X 3 + X l ) (Xj+Xjj)* 

16. Find the coordinates of the points of contact of common 
tangents to the two hyperbolas 

x 2 — y 2 = 3a 2 and xy — 2a 2 . 

17. The transverse axis of a rectangular hyperbola is ?c and the 
asymptotes are the axes of coordinates; shew that the equation of the 
chord which is bisected at the point (2c, 3c) is 3x + 2y =12c. 

18. Prove that the portions of any lino which are intercepted 
between the asymptotes and the curve are equal. 

19. Shew that the straight lines drawn from a variable point on 
the curve to any two fixed points on it intercept a constant distance on 
either asymptote. 

20. Shew that the equation to the director circle of the conic 

xy = c 1i is x 2 + 2xy cos w+j/ 2 = 4c 2 cos w. 

-flf. Prove that the asymptotes of the hyperbola xy = hx + ky are 
x = k and y = h. 
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22. Shew that the straight line y = »ix + 2c % / - m always touches the 


— — 


CV - m 


hyperbola xy = c 2 , and that its point of contact is ^ ~— 

23. Trove tliat the locus of the foot of the perpendicular let fall 
from the centre un<*n chords of the rectangular hyperbola xy=c 2 
vliich subtend half a right angle at the origin is the curve 

r 4 - 2c 2 /- 2 sin 20 = c*. 


24. A tangent to the parabola x 2 =4ay meets the hyperbola xy = k 2 
in two points P and Q . I’rove that the middle point of PQ lies on a 
parabola. 

25. If ft hyperbola be rectangular, and its equation be xi/ = c 2 , 
prove that the locus of the middle points of chords of constant length 

2d is (x 2 -f y-) (xy - c 2 ) = d?xy. 

26. Shew that tlie pole of any tangent to the rectangular hyper¬ 
bola xy — c with respect to the circle .r 2 + j/ 2 = <i 2 , lies on a concentric 
and similarly placed rectangular hyperbola. 

27. Prove that the locus of the poles of nil normal chords of the 
rectangular hyperbola xy = c 2 is the curve 

(x 2 - i/ 2 ) 2 + 4 c 2 xy = 0. 

28. Prove that triangles can he inscribed in the hyperbola xy — C 1 , 
whose sides touch the purubolu y- = 4</x. 


29. A point moves on the given straight lino y = mx ; prove that 
the locus of the foot of the perpendicular let full from the po.nt upon 

x ?/ * a rectangular 


its polar with respect to the ellipse — + ; =1 is 

(t J b- 


hyperbola, one of whoso asymptotes is the diameter of the ellipse 
which is conjugate to the given straight line. 


30. If from a fixed point on a rectangular hyperbola, perpen¬ 
diculars are let fall on any two conjugate diameters, the straight line 
joining the feet of these perpendiculars has a constant direction. 

31. A quadrilateral circumscribes a hyperbola; prove that the 
straight line joining the middle points of its diagonals passes through 
the centre of the curve. 

32. A, P, C % and D are the points of intersection of a circle and a 
rectangular hyperbola. If Alt pass through the centre of the hyper¬ 
bola, prove that CD passes through the centre of the circle. 

33. If ft circle and a rectangular hyperbola meet in four points P, 
Q, Ji, and S, sin w that the ortliocentres of the triangles QIIS, JISF, 
SPQ , and PQH also lio on a circle. 

Prove nlso that tlio tangents to the hyperbola at 7? and S meet 
in a point which lies on the diameter of the hyperbola which is of 
right angles to PQ. 
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34. A series of hyperbolas is drawn, having for asymptotes tlie 
piincipal axes of an ellipse; sliew that the common chords of the 

hyperbolas and tlie ellipse arc all parallel to one of the conjugate 
chameters of the ellipse. J ° c 

35. A circle, passing through the centre of a rectangular hyperbola 
cuts the curve in the points A, B, C, and D ; prove that the circum- 
cncle of the triangle formed by the tangents at A, B, and C goes 

1 i ™ le , centre °* hyperbola, and lias its centre at the point 
of the hyperbola which is diametrically opposite to 1). 

36. Given five points on a circle of radius a ; prove that the 
centres of the rectangular hyperbolas, each passing through four of 

these points, all lie on a circle of radius -- . 

2 


. 37. If a rectangular hyperbola circumscribe a triangle, shew that 
it meets the circle circumscribing the triangle in a fourth point, which 
is at the other end of the diameter of the hyperbola which passes 
through tlie orthocentre of the triangle. 

Hence prove that the locus of the centre of a rectangular hyper¬ 
bola which circumscribes a triangle is the nine-point circle of the 
triangle. 



CHAPTER XIV. 

POLAR EQUATION OF A CONIC SECTION, ITS FOCUS 

BEING THE POLE. 

335. Let S be the focus, A the vertex, and ZM the 
directrix ; draw SZ perpendicular to ZM. 

Let ZS be chosen as the positive direction of the 
initial line, and produce it to X. 

Take any point P on the 
curve, and let its polar co¬ 
ordinates be r and 0, so that 
we have 

SP — r, and l XSP — 0. 

Draw PN perpendicular 
to the initial line, and PM 
perpendicular to the directrix. 

Let SL be the semi-latus- 
rectum, and let SL — l. 

Since SL = c. SZ y we have 

szA. 

c 

Hence 

r = SP = e . PM=c.ZX 
= e(ZS+ SX) 

= c 4 SP . cos 0^ = / h- e . r . cos 6. 

1 

1 — e cos 0 



Therefore 


(1> 
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ben ' g the r . elatio11 folding between tlie polar 
cooidinates of any point on tlie curve, is, by Art. 42 the 
required polar equation. 


the vectorKl'l^,! 3 | < ; t ^ ken V 1 ®, p< J sit . ive direction of tlie initial line and 
ne ^ cctonal angle measured clockwise, tlie equation to the curve is 

l 


r = 


1 + e cos d ' 


is 


If the conic be a parabola, we have e = l, and the equation 

l / l .0 


r = 


1 — cos 0 


2 sin 2 - 
2 


0 = 2 C ° Sec " 2 * 


. .If the initial line, instead of being the axis, be such that tlie axis 
is inclined at an angle y to it, then, in the previous article, instead of 
0 we must substitute 0 - y. 

The equation in this case is then 

^ = 1 — e cos (0 - y). 

To trace the curve — = 1 — e cos 0 

r 


I- © = 1* so that the equation is - = 1 — cos 6 

r 

When 0 is zero, we have ^ = 0, so that r is infinite. As 
0 increases from 0° to 90°, cos 6 decreases from 1 to 0, 
and lienee - increases from 0 to 1, i.e. r decreases from 
infinity to l. 

As 0 increases from 90° to 180°, cos 0 decreases from 

0 — 1, and hence — increases from 1 to 2, i.e. r decreases 

r 

from l to \l. 

Similarly, as 6 changes from 180° to 270°, r increases 
from — to l , and, as 6 changes from 270° to 360°, r increases 
from l to go . 

The curve is thus the parabola go FPLATJl y F’ co of 

Art. 197. 
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c 

Case II. e < 1. When 0 is zero, we have - =1- e, 

r 

i m C' r — —— . This gives the point A' in the figure of Art. 

1 — e 

247. 

As 0 increases from 0 3 to 90°, cos 0 decreases from 1 to 

l 

0, and therefore 1 - e cos 0 increases from 1 - e to 1, i.e. - 

increases from 1 — e to 1, i.e. r decreases from -- to l. 

1 — c 

We thus obtain the portion A'PBL. 

As 0 increases from 90° to 180°, cos 0 decreases from 0 
to - 1, and therefore 1 — ecos 0 increases from 1 to 1 + e, 

l l 

i.e. - increases from 1 to 1 + e, i.e. r decreases from l to r—- • 
^ 1 + * 

We thus obtain the portion LA of the curve, where 

SA = . 

1 +e 

Similarly, as 0 increases from 180° to 270 and then to 
3(50°, we have the portions AIJ and // B'I y A'. 

Since cos 0 = cos (— 0) = cos (3G0* — 0) y the curve is sym¬ 
metrical about the lino SA . 

Case III. e > 1. When 0 is zero, 1 -ecosO is equal 
to 1 - e y i.e. -(e- 1), and is therefore a negative quantity, 
since e > 1. This zero value of 0 gives r = - l -r (e - 1 )• 

We thus have the point A' in the figure of Art. 29o. 

Let 0 increase from 0 3 to cos -1 (-\. Thus 1— ecosO 


©■ 


increases algebraically from — (e — 1) to — 0, 

i.e. — increases algebraically from — (c — 1) to —0, 
v 

l 

i.e. r decreases algebraically from — -—^ to — cc . 

For these values of 0 the radius vector is therefore 

negative and increases in numerical length from-; t° 00 • 

C I 
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We thus have the portion A'P(R oo of the curve. For 
this portion r is negative. 

If (9 be very slightly greater than cos” 1 1, then cos 6 is 

e 

slightly less than —, so that 1 — e cos 0 is small and positive, 
and therefore r is very great and is positive. Hence, as 0 
increases through the angle cos" 1 - , the value of r changes 
from — oo to + co . 

.A-S 0 increases from cos 1 — to 7r, 1 — e cos 0 increases 

e 

from 0 to 1 + e and hence r decreases from oo to 


l 


1 +<?* 


JNow --is < - 

1 + e e — 1 

to 0 = 7r, is such that SA <SA'. 


. Hence the point A , which corresponds 


1 


For values of 6 between cos -1 - and tt we therefore 

e 

have the portion, co HP A, of the curve. For this portion 
r is positive. 

As 0 increases from 7r to 2 tt— cos _1 i, e cos 6 increases 

e 

from — e to 1, so that 1 — e cos 0 decreases from 1 + e to 0, 

and therefore r increases from ,-to co . Corresponding 

\ + e i o 

to these values of 0 we have the portion ATJR V vd of the 
curve, for which r is positive. 

Finally, as 6 increases from 2 tt — cos' 1 — to 27r, e cos 0 

e 

increases from 1 to e , so that 1 — e cos 0 decreases algebraic¬ 
ally from 0 to 1— e , i.e. — is negative and increases 

r 

numerically from 0 to e— 1, and therefore r is negative and 
decreases from oo to-= . Corresponding to these values 

6 X 

of 6 we have the portion, oo H/A of the curve. For this 
portion r is negative. 
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r is therefore always positive for tlie right-hand branch 
of the curve and negative for the left-hand branch. 

It will be noted that the curve is described in the order 

A’P;K 00 oo RPAL’ R x GO oo R X A\ 


338. In Case III. of the last article, let any straight line be 
drawn through .V to meet the nearer branch in p t and the further 
branch in q. 

The vectorial angle of p is XSp, and we have 


1 - e cos XSp * 

The vectorial angle of q is not XSq but the angle that qS produced 
makes with SX y i.e. it is A Sq tt. Also for the point q the radius 
vector is negative so that the relation (1) of Art. 335 gives, for the 
point q, 

s * l _ 

^ 1 — c cos (XSq 7r) 1 + «* cos XSq ’ 


i.e. 



I 

1 + e cos XSq ’ 


This Is the relation connecting the distance, Sq, of any point on 
the further branch of the hyperbola with the angle XSq that it makes 
with the initial line. 


Equation to the directrices. 

Considering the figure of Art. 295, the numerical values 

of the distances SZ and SZ’ are - and - + 2 CZ y 

e e 


i.e. 


e a,Kl e +2 ^-\y 


a 


l 


since 


CZ=-=-- 

e e (e 1 - 1) 


[Art. 300.] 


The equations to the two directrices are therefore 

l 


r cos 6 = — 


and 


r cos 6 


~e 


21 _"I l c*+ 1 

e (e- — 1 ) J e e 2 — 1 


+ 


The same equations would be found to hold in the case 
of the ellipse. 
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_ The Perpendicular distance from S upon an asymptote 

t. olD) 

~ es siix (y t -- rtfi .. —_ = 

■s'a- + b- 

A1 so the asymptote CQ makes an angle cos- 1 - witli the 


axis. 


The perpendicular on it from S therefore makes an 

r 1 


, 7T 1 

angle - + cos~ J - . 


(rf „'? euce > t ^ ie polar equation to the asymptote 

C (J is 

b = v cos j 0 - cos- 1 - v sin ^6 - cos" 1 -J . 

The polar equation to the other asymptote is similarly 
b = »• cos - cos - 1 I) J = - ?• sin ^ + cos-' I) . 


34 Eac- 1 . 7/i any conic , prove that 

(1) (urn o/ tfte reciprocals of the segments of any focal chord 
is constant , and 

(2) sum of the reciprocals of two perpendicular focal chords is 

constant. 

Let PSP' be any focal chord, and let the vectorial angle of P be a, 
60 that the vectorial angle of P' is it -ha. 

(1) Ly equation (1) of Art. 335, we have 


and 


l 

SP' 


Hence 


l . 

;rp=l — e cos a, 

= 1 — e cos (tt + a) = 1 + e cos a 

l 1 O 

SP + SP' ~ ’ 


so that _ + _ = 

SP SP l 

The semi-latus-rectum is therefore the harmonic mean between 
the segments of any focal chord. 
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(2) Let QSQ' be the focal chord perpendicular to PSP', so that the 
vectorial angles of Q and Q’ are - + a and — -fa. We then have 


l 


= 1 - C cos l - 


(l—r 


1 4- e sin a, 


and 


/ 


= 1 - e cos 


SQ' 

Hence 

PP’=SP + SP' = 


s = 1 + e cos -f = 1 - e si 


sm a. 


/ 


+ 


/ 


21 


and 


QQ' = SQ + SQ’ = 


1 — e cos a ' 1 -f c cos a 1 — c 2 cos 2 a * 
I l 21 

1+csina 1-esina . l-c 2 sin 2 a 


Therefore 


1 


1 - c 2 cos- a 1 - e- sin- a 2 - c 2 


"i" / ii 


— + -; 


PP' * QQ' 21 ■ 21 21 

and is therefore the same for all such pairs of chords. 

Ex. 2. Prove that the locus of the middle points of focal chords of 
a conic section is a conic section. 

Let PSQ be any chord, the angle PSX being 0 , so that 

l 

1 — e cos 0 ’ 


SP = 


and 


SQ=.— 


l—ecos(-rr + 0) 1+ccosO 
Let It bo the middle point of PQ, and let its polar coordinates be 
r and 0. 

SP+SQ SP-SQ 
2 ~ 2 


Then 


r=SP-HP=SP- 


r 1 * "j _ J e Ct 

~~ ^ Ll - e cos 0 1 + e cos 0 J 1 - e~ 


e cos 0 
cos 2 0 

i.e. r 2 - c 2 / -2 cos 2 0 = le . r cos 0. 

Transforming to Cartesian coordinates this equation becomes 

x 2 + y 2 — e 2 x 2 =lex .(!)• 

If the original conic be a parabola, we liavo c = l, an 1 equation (1) 
becomes y 2 = lx, 60 that the locus is a parabola whose vertex is S and 
Intus-rectum l. 

If c be not equal to unity, equation (1) may be written in the form 

C le H 2 Pe* 

X ~ * 1-e 2 J + 2/3 = 4li -^r 2 ) 

and therefore represents an ellipse or a hyperbola according as the 
original conio is an ellipse or a hyperbola. 
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' To fi ncl t1ie polar equation of the tangent at. any 

point P of the conic section - — 1 — e cos 6 

v 

Let P be the point (r,, a), and let Q be another point 
on the curve, whose coordinates are (r 2 , /?), so that we have 


and 


— = 1 — e cos a 

r i 

l 

— = 1 — e cos /? 
1 2 


■(i), 

( 2 ). 


By Art. 89, the polar equation of the line PQ is 

si n ( / ? — a ) ~ sin (0 — a) sin (/? — 0) 
r ~ r 2 r x 

l By means of equations (1) and (2) this equation becomes 
~ 8 ^ n (P ~ a ) = sin (0 — a) {1 —e cos /?} + sin (/? — 6) {1 — e cos a} 

= {sin(0 —a) + sin (J3-0)} —e {sin (0 — a) cos/? + sin (/? — 0)cosa} 

._ /? — a_ 20 — a — /? 

2 

— e{(sin0 cosa — cos 0sina)cos/? 4- (sin/?cos 6— cos/?sin£) cosa} 

(o — a ^ ^ — e cos 0 sin (/? — a), 


— 2 sin •—-— cos 


o . /?— a 

— Z sin —t— cos 


^.e. 


2 


l (3 — CL 

- = sec —-— cos 
r 2 


(•- 


a 


+ /8 


^ — e cos 0.(3). 


This is the equation to the straight line joining two 
points, P and Q , on the curve whose vectorial angles, a and 
/?, are given. 

To obtain the equation of the tangent at P we take Q 
indefinitely close to P, i.e. we put /? = a, and the equation 
(3) then becomes 


— = cos (0 — a) — e cos 0 


(4). 


This is the required equation to the tangent at the 
point a. 
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343. If we assume a suitable form for the equation to the 
joining chord we can more easily obtain the required equation. 

Let the required equation be 

- = L cos (0 - y) - e cos 0 .(1). 


[On transformation to Cartesian coordinates this equation is 
easily seen to represent a straight line; also since it contains two 
arbitrary constants, L and y, it can be made to pass through any two 
points.] J 

If it pass through the point (r,, a), we have 

1 - <• cos a = — = L cos (a - 7 ) - e cos a, 

r i 

i ‘ e - L cos (a - 7 ) = 1 .( 2 ). 

Sirnilaily, if it pass through the point (r 2 , ft) on the curve, we have 

Lcos (£ — 7 ) = 1 .( 3 ). 

Solving these, we have, [since a and ft are not equal] 

«->=-(/*->). if- 7 =- 2 ~• 

Substituting this value in (3), we obtain L = sec a_ ^. 

The equation ( 1 ) is then 

l a.- ft / a+ft\ 

- = scc 2 cosf<?-— J-^cos 0. 

As in the last article, the equation to the tangent at the point a is 
then 


- = cos (0 - a) - c cos 0. 


*344. To find the polar equation of the polar of any 

point (?*,, Oft with respect to the conic section - = 1 —ecosO. 

r 

Let the tangents at the points whoso vectorial angles 
are a and ft meet in the point (r,, Oft. 

The coordinates r x and 0 X must therefore satisfy equation 
(4) of Art. 342, so that 


— = cos ( 0 X -a)-e cos 0 X .(1 ). 

r i 

Similarly, 

l 

— = cos (0 X — ft) — e cos 0 X 

r \ 


(2). 
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Subtracting (2) from (1), we have 

cos (<?!-«) = cos (£,-/?), 

and therefore 

— a = — (^i — [since a and p are not equal], 

a + 8 

% - e - - 2 ' =0 i .( 3 ). 

Substituting this value in (1), we have 

l (a -h P ) 

— = cos | —^ a.} — e cos 0 X , 

• fB — a l 

cos —-— = — + e cos 6 X .(4). 

Also, by equation (3) of Art. 342, the equation of the 
line joining the points a and p is 

^ n P — a / _ a - 1 - P\ 

--he cos 6 = sec — cos ( 6 -— ) 

r 2 \ 2 / 

i.e. (^ + e cos 6^ cos = cos (d - , 

+ e cos 0^ (J- + e cos 0^ = cos (0 - (9.).(5). 

This therefore is the required polar equation to the polar 
of the point (r x , 6 X ). 

*345. To find the eqvxition to the normal at the point 
whose vectorial angle is a. 

The equation to the tangent at the point a is 

^ = cos (0 — a) — e cos 0, 

i.e., in Cartesian coordinates, 

cc (cos a — e) +y sin a = /.(1). 

Let the equation to the normal be 

A cos 0 4- Jj sin 0 = — .(2), 

i.e. Ax-hBy = l .(3). 
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Since (1) and (3) are perpendicular, we have 

A (cos a — e) + B sin a = 0. 


(*)• 


Since (2) goes through the point (= --- , a\ we have 

\ 1 - e cos a / 


A cos a + B sin a = 1 — e cos a 


(5). 


Solving (4) and (5), we have 

. 1 — ecostt . ri ( 1 — e cos a) (e — cos a) 

A = , and Ji = --/ v -- 

e esina 

The equation (2) then hecoines 

le sin a 


t.c. 


sin a cos 0 + (e — cos a) sin 0 = 


sin (0 — a) — e sin 0 = — 


r ( 1 — e cos a) ’ 
e sin a l 


1 — e cos a r 


346. If the axis of the conic he inclined at an angle y to the 
initial line, so that the equation to the conic is 

- = l-e cos (0-y), 

the equation to the tangent nt the point a is obtained by substituting 
a - y and 0-y for a and 0 in the equation of Art. 342. 

The tangent is therefore 

- = cos (0 - a) - c cos (0 - y). 
r 


The equation of the line joining the two points a and ft is, by the 
fame article. 


/ ft- 
- = sec — 


2 ~* cos (° - - e cos (° - y)- 


The equation to the polar of the point (r,, 0,) is, by Art 344, 

| * + e cos (0 - y)| + e cos (0 V - y)j- = cos (0 - Oft. 

Also the equation to the normal at the point a 

r {e sin (tf-yj + sin (a - =- v - — r — 

1 - e cos (a - y) 


347. Ex. 1. If the tangents at any tico points P and Q of a 
conic meet in a point T, and if the straight line PQ meet the directrix 
corrcspomling to S in a point K, then the angle KST is a right angle. 
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If the vectorial angles of P and Q be a and B respectively the 
equation to PQ is, by equation (3) of Art. 342, 


l /3- 
- = sec 
r 


2 cos ~ -r) 


— e cos 0 


(!)• 


Also the equation to the directrix is, by Art. 339, 

l 


r 


= — e cos 0 


( 2 ). 


If we solve the equations (1) and (2), we shall obtain the polar 
coordinates of K. 

But, by subtracting (2) from (1), we have 
O = sec^cos(*-^), 


l.C. 


AKSX = l + a+ J- 
2 2 


so that SK bisects the exterior angle between SP and SQ. 

Also, by equation (3) of Art. 344, we have the vectorial angle of T 

equal to a + ^ , i.e. z TSX— . 

^ 2 


Hence 


7r 


z KS T — z KSX - z TSX = - 


■ 2. S is the focus and P and Q two 2 >oint* on a conic sucJi that 
the angle PSQ is constant and equal to 25; prove that 

(1) the locus of the intersection of tangents at P and Q is a conic 
section whose focus is S t 

and (2) the line PQ always touches a conic whose focus is S. 

(1) Let the vectorial angles of P and Q be respectively y + d and 
y — 5, where y is variable. 

By equation (4) of Art. 342, the tangents at P and Q are therefore 



— = cos {0 — y — 8) — e cos 0 . 

. (1), 

and 

1 

- = cos (0 — y + 5) — e cos 0 . 

.(2). 


If, between these two equations, wo eliminate the variable quantity 
y, we shall have the locus of the point of intersection of the two 
tangents. 

Subtracting (2) from (1), we have 

cos (0 — y — 5) = cos (0 — y + 5). 

Hence, (since 6 is not zero) we have y = 0. 
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Substituting for y in (1), we liave 


/ 

- = cos 8 - e cos 0, 
r 


i.e. 


I sec 5 


r 


= I - c sec 8 cos 0. 


Hence the required locus is a conic whose focus is .S', whose latus 
rectum is 2 /seco, and whose eccentricity is e sec o. 

It^ is therefore an ellipse, parabola, or hyperbola, according as 
e sec 5 is < = > 1 , i.e. according as cos 3 > = <e. 

(2) The equation to PQ is, by equation (3) of Art. 312, 

l 


- = sec 8 cos {0 - y) - e cos 0, 


i.e. 


I cos 5 


= cos (0 - 7 ) - <• cos o cos 0 


(3). 


Comparing this with equation O) of Art. 312. we see that it always 
touches a conic whose latus rectum is 2 /coso and whose eccentricity 
is c cos 8. 

Also the directrix is in each case the same as that of the original 

conic, r or both --and -- are equal to - . 

e sec 5 c cos 8 1 c 


.. 3. A circle pushes through the focus S of a conic and meets it 
in four points whose distances from S are r,, r 2 , r 3 , and r 4 . Prove that 

iT'P 

( 1 ) r, r 2 r 3 r « — ~~~2 » 1c h* rg 2 / and e are the latus rectum and 

eccentricity of the conic, and d is the diameter of the circle, 

, /ov 11112 
and ( 2 ) — + - + — + —= 7 . 

r i »a r r »4 / 

I ake the focus as pole, and the axis of the conic as initial line, so 
that its equation is 

- = 1 - e cos 0 .( 1 ). 

If the diameter of the circle, which passes through S , be inclined 
at an angle y to the axis, its equation is, by Art. 172, 

r = d cos (0 - y) .( 2 ). 

If, between (1) and ( 2 ), we eliminate 0 , we shall have an equation 
in r, whose roots are r,, r 2 , r 3 , and r 4 . 

From ( 1 ) wo have cos0 = r —, and hence sin 0 = . /1 - (' 

er \r \ er / 

and then ( 2 ) gives 

r = d cos y cos 0 + d sin y sin 0, 

{ er ' J - dcos7 (r — /)} a = d 2 sin 2 y [e 2 r* - (r — I) 2 ], 
i.e. e-i-*-2edcosy.r 3 + r l (<P + 2 eld cos 7 - e-d 2 sin 2 7 ) - 2 ld-r + d-P=0. 
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Hence, by Art. 2, we have 


r l»W*4= 




t* — 


and + r Z>‘Sl + >Vi r 2 + r i r 2 r 3 

Dividing (4) by (3), we have 


2 Id- 

*> 

e~ 



■w, 

.(4). 


EXAMPLES. XXXIX. 


1 . In a parabola, prove that the length of a focal chord which is 
inclined at 30° to the axis is four times tiie length of the latus-rectum. 

The tangents at two points, P and Q, of a conic meet in T, and .S’ 
is the focus; prove that 


2. if the conic be a parabola, then S'T- = SP . SQ. 

1 1 


3 . if the conic be central, then 
where b is the semi-minor axis. 


SP . SQ ST 2 b- 


1 . n PSQ 

= — sin- 


4. The vectorial angle of T is the semi-sum of the vectorial 
angles of P and Q. 

Hence, by reference to Art. 338, prove that, if P and Q be on 
different branches of a hyperbola, then ST bisects the supplement of 
the angle PSQ, and that in other cases, whatever be the conic, .S’ 7’ 
bisects the angle PSQ. 

5. A straight line drawn through the common focus S of a 
number of conics meets them in the points P,, P 2 , ... ; on it is taken 
a point Q such that the reciprocal of SQ is equal to the sum of the 

reciprocals of SP lt SP. Z . Prove that the locus of Q is a conic 

section whose focus is S t and shew that the reciprocal of its latus- 
rectum is equal to the sum of the reciprocals of the latera recta of tlie 
given conics. 

6 . Prove that perpendicular focal chords of a rectangular hyper¬ 
bola are equal. 


7. PSP ' and QSQ' are two perpendicular focal chords of a conic ; 
prove that ^ sp . + Qs ~ SQ . ™ constant. 

8 . Shew that the length of any focal chord of a conic is a third 
proportional to the transverse axis and the diameter parallel to the 
chord. 


9. If a straight line drawn through the focus S of a hyperbola, 
parallel to an asymptote, meet the curve in P, prove that SP is one 
quarter of the latus rectum. 
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10. Prove that the equations - = 1 - e co sO and -ccos0~l 

r r 

represent tlie same conic. 

11. Two conics have a common focus; prove that two of their 
common chords pass tinough the intersection of their directrices. 

12. P is nnv point on a conic, whose focus is S , and a straight 
line is drawn turou^ii .S' at a given angle with SP to meet the tangent 
at P in T\ prt.ve that the locus of T is a conic whose focus and 
direct!ix are the same as those of the original conic. 

13. If a chord of a conic section subtend a constant angle 2a at the 
focus, prove that the locus of the p > hit where it meets the internal 
bisector of the angle 2a is the conic section 


/ COR a 


= 1 - e cos a cos 0. 


r 


14. 1 wo conic sections have a common focus about which one of 
them is turned; prove that the common chord is always a tangent to 
another conic, having the same focus, and whoso eccentric.ty is the 
ratio of the eccentricities of the given conics. 

15. Two ellipses have a common focus; two radii vectored, one to 
each ellipse, are dr iwn from the focus at right angles to one another 
and tangents me drawn at t heir extremities; prove that these tangents 
meet on a lixed iouic, and find when it is a parabola. 

16. Provo that the sum of the distances from the focus of the 
points in which a conic is intersected by any circle, whose centre is at 
a fixed point on the transverse axis, is constant. 


17. Shew that the equation to the circle circumscribing the triangle 

2 i 

formed by the three tangents to the parabola r =-— - drawn at 

1 — cos 0 

the points whose vectorial angles arc a, ft, and y, is 

ft y .(a+ ft + y \ 

and lienee that it always passes through the focus. 


a 

r =s a cosec - cosec 

•> 


18. If tangents bo drawn to the same parabola nt points whoso 
vectorial angles arc a, ft, y. and 5, show that the centres of the circles 
circumscribing the four triangles formed by these four lines all lie on 
the circle whose equation is 



a 


a 


P 


- = cosec - cosec coscc 
& 2 '2 


y d 

- cosec - cos 



y+ _ ‘ 


19. The circle circumscribing the triangle formed by three tangents 
to a parabola is drawn ; prove that the tangent to it at the focus 
makes with the axis an angle equal to the sum of the angles made 
with tho axis by the three tangents. 
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20. Shew that the equation to the circle, which passes through 
the focus and touches the curve * = l- 6C os0 at the point 0 = a, is 

r (1 — e cos a)- = l cos (0 — a) — el cos (0 — 2a). 

™ 21 “ given circle, whose centre is on the axis of a parabola 
passes through the focus S and is cut in four points A, li , C, and D by 

IatU ?' reCtura » ^ving S as focus and a tangent to 
the parabola tor directrix ; prove that the sum of the distances of the 
points Ay B, Cy and D from S is constant. 

22. Prove that the locus of the vertices of all parabolas that can he 
drawn touching a given circle of radius a and having a fixed point on 

the circumference as focus is r = 2aco S 3|, the fixed point being the 

pole and the diameter through it the initial line. 

23. Two conic sections have the same focus and directrix. Shew 
that any tangent from the outer curve to the inner one subtends a 
constant angle at the focus. 

24. Two equal ellipses, of eccentricity e , are placed with their 
axes at right angles and tney have one focus S in common ; if PQ be 

a common tangent, shew that the angle PSQ is equal to 2 sin-» — 

v '2* 

25. Prove that the two conics -* = 1 - ^costf and l -?= l - e..coa(0 - a) 

will touch one another, if T 

h 2 (1 - ' 2 2 > + I - 2 2 (1 - *i 2 ) = 2fj/ 2 (1 - <V 2 cos a). 

26. An ellipse and a hyperbola have the same focus .9 and 
intersect in four real points, two on each branch of the hyperbola ; if 
r. and r 2 be the distances from S of the two points of intersection on 
tne nearer branch, and r 3 and r 4 be those of the two points on the 
further branch, and if l and V be the semi-latera-recta of the two 
conics, prove that 

[Make use of Art. 338.] 

Q 

27. If the normals at three points of the parabola r = a cosec 2 - , 

£ 

whose vectorial angles are a, /9, and*y» meet in a point whose vectorial 
angle is 5, prove that 25 = a + p + y - ir. 
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CHAPTER XV. 


GENERAL EQUATION OF THE SECOND DEGREE. 

TRACING OF CURVES. 


348. Particular cases of Conic Sections. The 

general definition of a Conic Section in Art. 19G was that 
it is the locus of a point P which moves so that its distance 
from a given point S is in a constant ratio to its perpen¬ 
dicular distance PM from a given straight line ZK. 

When S does not lie on tlie straight line ZK, we have 
found that the locus is an ellipse, a parabola, or a hyperbola 
according as the eccentricity e is <= or > 1. 

The Circle is a sub-case of the Ellipse. For the 
equation of Art. 139 is the same as the equation (6) of 
Art. 247 when £ 2 = r/ 2 , i.e. when e = 0. In this case 


CS = 0, and SZ=z- — ae=&z . The Circle is therefore a 

€ 

Conic Section, whose eccentricity is zero, and whose direc¬ 
trix is at an infinite distance. 

Next, let S lie on the straight line Z/C t so that S and Z 
coincide. 


In this case, since 

SP = e . PM, 

we have 

PM 


sin PSM = 


SI 


1 

e 


If a>l, then P lies on one or 
other of the two straight lines S(J 
and SU' inclined to KK ' at an angle 


sin -1 






DEGREE. 323 


GENERAL EQUATION OF THE SECOND 


If e _ 1, then PSM is a right angle, and the locus 
becomes two coincident straight lines coinciding with SX. 

. . If 1 ’ * he z PSJ / , is imaginary, and the locus consists 
ot two imaginary straight lines. 

1 r^ f ’thf a r n ’ b °o/r KK a o n r^ S B be at inlinit y a ”d ‘S' be on 
CA , the lines aS'^/ and SU of the previous figure will be 

two straight hnes meeting at infinity, i. e. will be two 
parallel straight lines. 


Finally, it may happen that the axes of 
both be zero, so that it reduces to a point. 

Under the head of a conic section we 
include : 


an ellipse may 
must therefore 


(1) An Ellipse (including a circle and a point). 

(2) A Parabola. 

(3) A Hyperbola. 

(4) Two straight lines, real or imaginary, inter¬ 
secting, coincident, or parallel. 


349. To 87tew that the general equation of the second 
degree 

aoc 1 + 2 liocy + hif + 2 gx + 2 fg + c = 0 . (1) 

always represents a conic section. 

Let the axes of coordinates be turned through an an<de 

6, so that, as in Art. 129, we substitute for x and y the 

quantities x cos 0 — y sin 0 and x sin 0 + y cos 0 respec¬ 
tively. 

The equation (1) then becomes 
a (x cos 0 — y sin 6 ) 2 + 2 h (x cos 0 - y sin 0) (x sin 0 + y ~is 0) 

+ b (x sin 0 + y cos <9) 2 + 2 g (x cos 0 - y sin 0) 

+ 2 f (x sin 0 + y cos 0) + c = 0 f 
i. e. x 2 (a cos 2 0 + 2h cos 0 sin 0 + b sin 2 0) 

+ 2 xy {h (cos 2 0 - sin 2 0) - (a - b) cos 0 sin 0} 
+ f(a sin 2 0 - 24 cos 0 sin 0 + b cos 2 0) + 2x (g cos 0 + fs in 0) 

+ 2 y (/cos 0 - g sin 0) + c = 0.(2). 
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Now choose the angle 0 so that the coefficient of xy in 
this equation may vanish, 

i.e. so that h (cos 2 6 — sin 2 0) = (a — b) sin 0 cos 6 , 

2 h cos 20 — (a — b) sin 20, 

2 h 


x.e. 


i.e. so that 


tan 20 - 


a-b * 


Whatever he the values of a , b, and //, there is always 
a value of 0 satisfying this equation and such that it lies 
between — 45° and + 45°. The values of sin 0 and cos 0 are 
therefore known. 

On substituting their values in (2), let it become 

Ax 2 + By 2 + 2 Gx + 2 Fy + c = 0.(3). 

First, let neither A nor B be zero. 

The equation (3) may then be written in the form 

A B 




— c. 


Transform the origin to the point • 


The equation becomes 


Q 2 7/3 

Ax 2 4- By- = — + -g - C = K (say) 


t. e. 


£+' 4 =i 


( 4 ) , 

(5) . 


K K 

If — and — be both positive, the equation represents an 

ellipse. (Art. 247.) 

K K . 

If — and — be one positive and the other negative, it 
il IS 

represents a liyperbola (Art. 295). If they be both 
negative, the locus is an imaginary ellipse. 

If K be zero, then (4) represents two straight lines, 
which are real or imaginary according os A and B have 
opposite or the same signs. 
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Secondly, let either A or B be zero, and let it be A. 
Then (3) can be written in the form 

\ BJ |_ 2 G 2 BG\ 

Transform the origin to the point whose coordinates 


(- JL 

V 2 G 


+ 


F 2 


- 

BJ' 


2BG 

This equation then becomes 

Bif + 2 Gx = 0, 

i e 2 2G 

y = ~~~B Xj 

which represents a parabola. (Art. 197.) 

If, in addition to A being zero, we also have G zero the 
equation (3) becomes ’ 

By 2 + 2 Fy + c = 0, 


e. 


y 


and this represents two parallel straight lines, real or 
imaginary. 

thus ever y case the general equation represents one 
of the conic sections enumerated in Art. 348. 

350. Centre of a Conic Section. Def. The 

centre of a conic section is a point such that all chords of 
the conic which pass through it are bisected there. 

When the equation to the conic is in the form 

oar 2 4 - 2 hxy 4- by 2 + c = 0 .(1), 

the origin is the centre. 

For let (x\ y) be any point on (1), so that we have 

ax" 1 + 2 hx'*/ 4- by /a 4 - c = 0. (2). 

This equation may be written in the form 

« (- O’ + 2 h (- O (- y') 4- b (— y'Y 4- c = 0, 
and hence shews that the point (- ar', -y) also lies on (1). 
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But tlie points y) and (— x\ — y) lie on the same 
straight line through the origin, and are at equal distances 
from the origin. 

The chord of the conic which passes through the origin 
and any point ( x\ y') of the curve is therefore bisected at 
the origin. 

The origin is therefore the centre. 

O 

351. When tlie equation to the conic is given in the 
form 

axr + 2 hxy + by- 4- 2gx + 2 fy + c= 0.(1), 

the origin is the centre only when bothy*and g are zero. 

For, if the origin be the centre, then corresponding 
to each point (x\ y) on (1), there must be also a point 
(— x\ —y) lying on the curve. 

Hence we must have 

ax" 1 4- 2 hxy 4- by 2 + 2 gx + 2 ft/ + c = 0.(2), 

and ax' 2 4- 2 hx y' + by' 2 — 2 gx - 2fy 4- c = 0.(3). 

Subtracting (3) from (2), we have 

gx +/y' = 0. 

This relation is to be true for all the points (x\ y) 
which lie on the curve (l). But this can only be the case 
when g — 0 and f — 0. 

352. To obtain the coordinates of the centre oj the 
conic given by the general eqiuition , and to obtain the 
equation to the curve referred to axes through the centi e 
parallel to the original axes. 

Transform the origin to the point (x, y) f so that for x 
and y we have to substitute x + £ and y + y. The equation 
then becomes 

a (x + £) 2 •+■ 2 h (x + x) (y + y) + b (y + y) 2 + 2g (x 4- x) 

+ 2/(y + y) + c = 0, 

ax 2 4- 2 hxy by 2 4- 2x (ax + hy + g) + 2y (/uS 4- by +f) 

4- ax 1 + 2hxy + bjf 4- 2 g£ 4- 2 fy 4- c = 0 . (2). 


ue. 
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If the point (£■, y) be the centre of the conic section the 
thaf we^ave * V “ th<3 ec l uation ( 2 ) vanish, so 

ax + hy + g = 0 .( 3 ^ 

and hx + by +f = 0.(4). 

Solving (3) and (4), we have, in general, 

— bg qh — a f 

x — , - — , and i/z=~ - J /r;\ 

ab — h- J ub- A 2 . 

With these values the constant term in (2) 

= <*&* + 2/t£ff + brf + 2 gx + 2fy + c 

= x (ax -*■ hy 4- g) + y (lex 4- +y*) + gj; + fy±c 

= &x + fy + c. (6)> 

by equations (3) and (4), 

_ a&c 4- 2 fgh — q / 2 - 67 s - cA* . 

- 6 _ h , -, by equations (5), 

A 

~ ab- A 2 ’ 

where A is the discriminant of the given general equation 
(Art. 118). 

The equation (2) can therefore be written in the form 

ax ? + 2hxy 4 - by 2 4 - — A = 0. 

ab — A 2 

This is the required equation referred to the new axes 
through the centre. 

Find, the centre of the conic section 

2x* - 5xy - 3// 2 - x - 4y 4 - 6 = 0, 
and its equation when transformed to the centre. 

The centre is given by the equations 2x - f 77 — £—0, and 
— §x — .\y — 2 = 0, so that x = — and y = — 

The equation referred to the centre is then 

2x 2 — 5xy — 3y 2 4 - c' = 0, 

where c'=-£.2-2.£4-G = *4 -?4-6 = 7. (Art. 352.) 

The required equation is thus 

2x* — 5xy — 3 y 2 4-7 = 0. 
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353. Sometimes the equations (3) and (4) of the last 
article do not give suitable values for £ and y. 

For, if ab — h 2 be zero, the values of £ and y in (5) are 
both infinite. When ab - h 8 is zero, the conic section is a 
parabola. [Art. 239.] 

The centre of a parabola is therefore at infinity. 


Again, if j = j = >, the result (5) of the last article is 

tc b j 

of the form g and the equations (3) and (4) reduce to the 
same equation, viz., 


a£ + hy + g = 0. 

We then have only one equation to determine the 
centre, and there is therefore an infinite number of centres 
all lying on the straight line 


ax + hy + g = 0. 

In this case the conic section consists of a pair of 
parallel straight lines, both parallel to the line of centres. 

354. The student who is acquainted with the Dif- 
ferential Calculus will observe, from equations (3) and (4) 
of Art. 352, that the coordinates of the centre satisfy the 
equations that are obtained by differentiating, with regard 
to x and y> the original equation of the conic section. 

It will also be observed that the coefficients of £, y , and 
unity in the equations (3), (4), and (G) of Art. 352 are the 
quantities (in the order in which they occur) which make 
up the determinant of Art. 118. 

This determinant being easy to write down, the student 
may thence recollect the equations for the centre and the 
value of c. 

The reason why this relation holds will appear from the 
next article. 


36 5. Ex. Find the condition that the general equation of the 
secotid degree may represent tico ttraight lines. 

The centre (X, y) of the conic is given by 


ax + hy + g = 0 . (l)t 

and _ h£ + by +/=0.(2). 
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Also, if it be transformed to the centre as origin, the equation 
becomes 

ax 2 + 2 hxy 4- by 2 + c' = 0.(3), 

where c’ = gx + fy + c. 

Now the equation (3) represents two straight lines if c‘ be zero, 
i.e. if gx+fy + c = 0 .(4). 

The equation therefore represents two straight lines if the relations 
(1), (2), and (4) be simultaneously true. 

Eliminating the quantities X and TJ from these equations, we have, 
by Art. 12, 

a, h , g 

h, b, f = 0. 

<7. /, c 

This is the condition found in Art. 118. 


356. To find the equation to the asymptotes ofi the conic 
section given by the general equation of the second degree. 

Let the equation be 

act? + 2 hxy + by- + 2 gx + 2 fy + c = 0.(1). 

Since the equation to the asymptotes lias been shewn to 
differ from the equation to the curve only in its constant 
term, the required equation must be 

ax 2 -t- 2 hxy + by 2 + 2gx + 2fy + c + X = 0.(2). 

Also (2) is to be a pair of straight lines. 

Hence 

ab (c 4 - X) + 2fgh — af 2 — bg 2 — (c + X) h 2 = 0. (Art. 116.) 

abc + 2fgli - of 2 — by 2 - ch 2 A 

Therefore X - T^h 2 -” " ab^h 2 * 

The required equation to the asymptotes is therefore 

_ _ _ _ A ^ 


aa? + 2 hxy + by 2 + 2 gx + 2 fy + c — 


ab - h 2 


= 0 ...( 2 ). 


Cor. Since the equation to the hyperbola, which is 
conjugate to a given hyperbola, differs as much from the 
equation to the common asymptotes as the original equation 
does, it follows that the equation to the hyperbola, which is 

conjugate to the hyperbola ( 1 ), is 

_ _ A 


aaf + 2 hxy + by 2 + 2 gx + 2fy + c — 2 ^ — 


h 2 


= 0 . 
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357. To determine by an examination of the general 
equation what kind of conic section it represents. 

[On applying the method of Art. 313 to the ellipse and 
parabola, it would be found that the asymptotes of the 
ellipse are imaginary, and that a parabola only has one 
asymptote, which is at an infinite d stance and parallel 
to its axis.] 

The straight lines ax 1 -4- 2 hxy ■+■ bf — 0.(1) 

are parallel to the lines (2) of the last article, and hence 
represent straight lines parallel to the asymptotes. 

Now the equation (1) represents real, coincident, or 
imaginary straight lines according as hr is > = or < ab, 
i.e. the asymptotes are real, coincident, or imaginary, 
according as /T > = or -cab, i.e. the conic section is a hyper¬ 
bola, parabola, or ellipse, according as 1c > = or < ab. 

Again, the lines (l) are at right angles, i.e. the curve is 
a rectangular hyperbola, if a + b = 0. 

Also, by Art. 143, the general equation represents a 
circle if a = b , and h = 0. 

Finally, by Art. 116, the equation represents a pair of 
straight lines if A = 0 ; also these straight lines are parallel 
if the terms of the second degree form a perfect square, i.e. 
jf A 2 — ab. 


, The results for the general equation 
ax 3 + 2 hxy + by 2 + 2 yx + 2 fy + c = 0 
are collected in the following table, the axes of coordinates 


being rectangular. 


Ellipse. 

Parabola. 

Hyperbola. 

Circle. 

Rectangular hyperbola. 

Two straight lines, real or 
imaginary. 

Two parallel straight lines. 


Condition. 

A 2 < ab. 

A 2 = ab. 

A 2 > ab. 

a = bj and A = 0. 

a + b — 0. 

A *-= 0, 


i. e. 


abc - 4 - 2 fjh — af' — by 2 — cA*—0. 
A = 0, and A 2 = ab. 
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If the axes of coordinates be oblique, the lines (1) of Art. 356 are 
at right angles if a + b - 2h cos w = 0 (Art. 93); so that the conic 
section is a rectangular hyperbola if a + b - 2/t cos u = 0. 

Also, by Art. 175, the conic section is a circle if b = a and 

h — a cos o>. 

The conditions for the other cases in the previous article are the 
same for both oblique and rectangular axes. 


What conics do the following equations represent? When 
possible, find their centres, and also their equations referred to the 
centre. 

1. 12x'-’ — 23xy + 10y 2 — 25x + 2Gy = 14. 

2. 13x 2 - 18xy+ 37y 2 + 2x-f 14y —2 = 0. 

3. y 2 — 2 3 xy + 3x 2 + 6 x — 4 y + 5 = 0. 

4. 2x 2 — 72xy 23y 2 — 4x — 2Qy — 48 = 0. 

5 . 6 x 2 — 5 xy - Gy* + 14x + 5// + 4 = 0. 

6 . 3x 2 — 8xi/ — 3y~ 4 - lOx — 13y + 8 = 0. 

Find the asymptotes of the following hyperbolas and also the 
equations to their conjugate hyperbolas. 

7 . 8x 2 + lOxi/ — 3y 2 — 2x + 4y = 2. 8. V 2 - xy - 2x 2 - by -f- x - 6 = 0. 

9. 55x 2 - 120xy+20y 2 -+-G4x — 48y = 0. 

10. 19x 2 + 24xy + y 2 — 22x — Gy = 0. 

11. If (x, 27) be the centre of the conic section 

f (x, y)=ax 2 + 2hxy + by 2 + 2yx + 2fy + c — 0 , 
prove that the equation to the asymptotes is f (x, y)—f (Z, y). 

If t be a variable quantity, find the locus of the point (x, y) when 

12 . x ~ a -f ^ and y=a(t — . 

13. x = at + bt 2 and y = bt + at 2 . 

14. x=l + t + t 2 and y = 1 — t + t 2 . 

If 0 be a variable angle, find the locus of the point (x, y) when 

15. x = a tan (0 + a) and y = b tan (0 + £). 

16. x = acos (0 + a) and y = b cos (0 -f- /3). 

What are represented by the equations 

17. (x-y) 9 +(x-a) 2 = 0. 18. xy + a 2 =a (x + y). 
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[Exs. XL.] 


19. 

X*-y*=(y - a) (x 3 - y 3 ). 



20 . 

ar* + y 3 - xy (x -+->/) 4- a 2 (ij - x) = 0. 

21. 

(x 3 — a 2 p — y* = 0 . 

22 . 

^ + y '+ (-Z+ y) (xy - ax. - ay) = 0 . 

23. 

x 3 + xy+ t / 3 = 0 . 

24. 

(r cos 0 - a) (r - a cos 0) = 0 . 

25. 

r sin 3 0 = 2a cos 0. 

26. 

r -f- - = 3 cos 0 + sin 0. 27. 

r 

1 _ 
r 

1 + cos 0 + ^/3 sin 0. 

28. 

r (t — 3 sin - 0) = 8<i cos 0. 




339 . To truce the parabola given bg the general equa¬ 
tion oj' the second degree 

cue* 2 hxg + by- + 2 gx + 2 fy 4- c = 0.(1), 

anti to Jind its latus rectum. 

First Method. Since the curve is a parabola we 
have fi 2 = ab, so that the terms of the second degree form 
a perfect square. 

Put then a. = a? and b — /? 2 , so that h = a/3 f and the 
equation ( 1 ) becomes 

(<xx + (By) 3 + 2 gx + 2 fy + c = 0.(2). 

Let the direction of the axes be changed so that the 

straight lino cuv + f3y = 0 i i.e. y = — :r, may bo the new 
axis of JC. 



W © have therefore to turn the axes through an angle 0 
such that tan $ = — — , and therefore 

sin 0 - ---and cos 0 = ^ . 

Va 3 + p* Jo? + & 
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For x we have to substitute 


-V cos 6 - Ksin 0, i. e. ^f - + ai 


and for y the quantity 


Va 2 + p* 


X sin 0 + Y cos <9, i. e. + . (Art. 1 29.) 

V a 2 4- /3 2 

For ax + Py we therefore substitute Y ~Tp 2 ). 

The equation (2) then becomes 

9 


Y 2 (a 2 + p 2 ) + 


J a. 2 + p 


3-0 (PX + a Y) +f(/3Y-aX)] + c = 0, 


t. e. 


e. 


Y 2 + 2 Y + ^ — 9 A _ c 

(a 2 -*-/? 2 )*' " (a 2 4- P 2 f o. 2 ~P 2f 

a f~ @9 


(Y — K) 2 — 2 


where 


and 


(a 2 4- P 2 ) 

jx __ °-9 + Pf 

(a 2 + /?=)* 




( 3 ), 

( 9 , 


e. 


_ 2 a /~ Po 

(a 3 + /? 2 )* 

V 


If = K 2 — 


a 


p 


2 ’ 


ii = ±/*L f c _ to±#ri r » 

2(«/-/0)l_ («* + £yJ. ( )- 


The equation (3) represents a parabola whose latus 
rectum is 2-— a , whose axis is parallel to the new axis 

(a 2 + /3=) 4 1 

of JT, and whose vertex referred to the new axes is the 
point (//, K). 

360. Equation of the axis f and coordinates of the 
vertex , refe'rred to the original axes. 

Since the axis of the curve is parallel to the new axis of 
X , it makes an angle 6 with the old axis of x, and hence 
the perpendicular on it from the origin makes an angle 

90° + 0. 

.Also the length of this perpendicular is K. 
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The equation to the axis of the parabola is therefore 

x cos (90° -h $) + y sin (90° -+- 0) = A", 
i. e. — x sin 0 + y cos 6 = K , 


i. e. 


ax + /3y = A' N /a 2 + /3 s ag ^% 

a + ft* 


( 0 ). 


Again, the vertex is the point in which the axis (6) 
meets the curve (2). 

We have therefore to solve (6) and (2), i.e. (6) and 


< “" * + ** * 2 /, . . - 0 


( 7 )- 


(«' + /«' J > 

The solution of (G) and (7) therefore gives the required 
coordinates of the vertex. 


361. It was proved in Art. 224 that if PV be a 
diameter of the parabola and Q V the ordinate to it drawn 
through any point Q of the curve, so that Q V is parallel to 
the tangent at and if 0 be the angle between the diameter 
PV and the tangent at P 9 then 

Q V 9 = 4a cosec 2 0. PV .(1). 

If QL be perpendicular to TT and QL' be perpendicular 
to the tangent at P t we have 

QL = QVs in 0, and Q L' — P ! r sin 0> 
so that (1) is Q 1J 1 = 4a cosec 0 . QL'. 

Hence the square of the perpendicular distance of any 
point Q on the parabola from any diameter varies as the 
perpendicular distance of Q from the tangent at the end of 
the diameter. 

Hence, if Ax + By + C — 0 be the equation of any 
diameter and A'x + B'y + C‘ = 0 l>e the equation of the 
tangent at its end, the equation to the parabola is 

{Ax + By + Cy = A (A'x + By + C') .(2), 

where A is some constant. 

Conversely, if the equation to a parabola can be reduced 
to the form ( 2 ), then 


A x + By + C — 0 


(3) 
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is a diameter of the parabola and the axis of the parabola is 
parallel to (3). 

We shall apply this property in the following article. 

'lo trace the parabola, given by the general equa¬ 
tion of the second degree 

ax 2 + 2 lir.y + by 2 + 2 gx + 2fy + c = 0 .( 1 ). 

Second Method. Since the curve is a parabola, the 
terms of the second degree must form a perfect square 
and h 2 — ab. 

Put then a = a 2 and b = fir, so that h = afi, and the 
equation ( 1 ) becomes 

(ax + fiy) 2 =- (2 gx + 2 \fy + c) .(2). 

As in the last article the straight line ax r- fiy = 0 is a 
diameter, and the axis of the parabola is therefore parallel 
to it, and so its equation is of the form 

a* + fiy + X = 0.(3). 

The equation (2) may therefore be written 
(«*''• + Py + *) 2 = — + c) + A 2 + 2X (ax + fiy) 


= ~ <j) + (fi\ -/) + X 2 -c .(4). 

Choose X so that the straight lines 

ax + fiy + A. = 0.(5) 

and 2x (Xa - g) + 2y (fiX -f) + X 2 - c = 0.( 6 ) 

are at right angles, i.e. so that 

a (Xa -g) + fi (fiX -f) = 0, 

i.e. so that X = ~<S + ^ .( 7 )- 


The lines (5) and ( 6 ) are now, by the last article, a 
diameter and a tangent at its extremity ; also, since they 
are at right angles, they must be the axis and the tangent 
at the vertex. 
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The equation (4) may now, by (7), be written 

2 («/- fit 7 ) 


{aoc 4- fty 4- A } 2 = 


a 2 + /y» 


[ P»- *y + /*]. 


where 


a 


h = 


+ /3 1 


- c), 


l 6. 


{ 


2 (a/- /3<7) 

P’J + >-1 3 _ 2 {of— Pg) fix- — a?/ + ft 

Ja 1 + [? J (^ + /P) i ' «/a 3 + /S 3 


z. e. 


PN 3 = 2 K~. AN, 

(a’ + jS 3 )* 


where 7^V is the perpendicular from any point P of the 
curve on the axis, and A is the vertex. 

Hence the axis and tangent at the vertex are the lines 
(5) and (G), where A has the value (7), and the latus rectum 

= o a f-Py 
“ («’ + P ’)* ‘ 

363. Ex. Trace the parabola 

9x a -21xy+ 1G// 2 - 18x — 101»/ + 19 = 0. 

The equation is 

(3x- 4f/) 2 - 18x— 101j/ + 19 = 0. 


( 1 ). 


r*ln»t Method. Take 3x — 4»/ = 0 as the new axis of x, i.e. turn 
the axes through an anglo 0 , where tan 0 = 2 , and therefore sin 0 =i 
and cos 0 = 4. 

4 Y - 3 F 

For x wo therefore substitute .Ycos 0 — Y sin 0, i.e. -^ ; for 

y wo put X sin 0 4- Ycos 0, i.e . v—-» and honco for 3x — 4t / the 

5 

quantity — 5K. 

The equation (1) therefore becomes 

25 Y 2 - £ [72A' - 541'] - * [303A' 4- 404 F] 4-19 = 0, 

i.e. 25r 2 -75A'-70Y+19 = 0. (2). 

This is the equation to the curve referred to the axes OX and OY. 
But (2) can be written in the form 

14 Y 

r 9 - = *-= 3X-ii, 


i.e. 


(r-t) 3 =3jf-ii + }|=3(X + |). 
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Take a point A whose coordinates referred to OX and OY are - q 
ana and draw AL and AM parallel to OX and OY respectively. 



Referred to AL and AM the equation to the parabola is F 2 = SX. 
It is therefore a parabola, whose vertex is A , whose latus rectum is 3, 
and whose axis is AL. 

Second Method. The equation (1) can be written 

(3x - 4y + X) 2 = (GX + 18) a; + y (101 - 8X) + X 2 - 19 . (3). 

Choose X so that the straight lines 

3x-4// + X = 0 

and (GX + 18) x + ij (101-8X) + X 2 - 19 = 0 

may be at right angles. 

Hence X is given by 

3 (GX + 18) - 4 (101 - 8X) = 0 (Art. G9), 
and therefore X = 7. 

The equation (3) then becomes 

(3x -4 y + 7) 2 = 15 (4x + 3y + 2), 

/ 3x — 4?/ + 7 \ 2 4x + 3y + 2 

V - 753 —) =3 —725—. (4 >- 

Let AL be the straight line 

3x-4y + 7 = 0 . (5), 

and AM the straight line 4x+ 3y + 2 = 0.(G). 

These are at right angles. 

If P be any point on the parabola and PN be perpendicular to 
AL, the equation (4) gives PN 2 = 3 . AN. 

Hence, as in the firs*: method, we have the parabola. 

The vertex is found by solving (5) and (G) and is therefore the 

point (-**, »)• 
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In drawing curves it is often advisable, as a verification, to find 
whether they cut the original axes of coordinates. 

Thus the points in which the given parabola cuts the axis of x 
are found by putting y — 0 in the original equation. The resulting 
equation is \)jt - 18j* 4- 19 = 0, which has imaginary roots. 

The parabola does not therefore meet Ox. 

Similarly it meets Oy in points given by 1 Gy 2 — 101?/ 4 -19 = 0, the 
roots of which are nearly G& and ft. 

The values of OQ and OQ' should therefore be nearly ft and 6^. 

364 . To find the direction and magnitude of the axes 
ofi the central conic section 

aar 4- 2 hxy 4- by- = 1.(1). 

First Method. We know that, when the equation to 
a central conic section has no term containing xy and the 
axes are rectangular, the axes of coordinates are the axes of 
the curve. 


Now in Art. 349 we shewed that, to get rid of the term 
involving xy, we must turn the axes through an angle 0 
given by 

2 h 

tan 20 — ———f .(2). 

a — b 

The axes of the curve are therefore inclined to the axes 
of coordinates at an angle 0 given by (2). 

Now (2) can be written 

2 tan 0 2h 1 . 

1 — tan* 0 = (say) > 

tan 2 6 + 2A tan 6 — 1 = 0.(3). 

This, being a quadratic equation, gives two values for 0 , 
which differ by a right angle, since the product of the two 
values of tan 0 is — 1. Let these values be 0 t and 0», which 
are therefore the inclinations of the required axes of the 
curve to the axis of x. 

Again, in polar coordinates, equation (1) may be written 

r 2 (a cos 2 0 4- 2 h cos $ sin 0 + b sin 2 0) = 1 = cos 2 0 4- sin* 0 , 

i. e. 



cos 2 0 +- sin 2 0 1 4- tan 2 6 

a cos 2 0 + 24 cos 0 sin 0 + 6 sin 2 0 a 4- 2h tan 0 + b tan 2 0 
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If in (4) we substitute eitlier value of tan 9 derived 

from (3) we obtain the length of the corresponding 
semi-axis. ° 

The directions and magnitudes of the axes are therefore 
both found. 


Second Method. The directions of the axes of the 
conic are, as in the first method, given by 

2 h 


tan 29 = 


a — b 


When referred to the axes of the conic section as the 
axes of coordinates, let the equation become 


ar v 

- \- — = 1 

a" B- 


( 5 ) 


Since the equation (1) lias become equation (5) by a 
change of axes without a change of origin, we have, by 

Art. 135, 


and 


1 1 


+ '/DO = + b . 

a- fi~ 

. (0), 

1 , 


*03 = ah ~ h ~ . 

U-/3- 

.(7). 


These two equations easily determine the semi-axes a 
and /3. [For if from the square of (G) we subtract four 

1 l \ 2 7 i 1 1 

— — —. I _ n,nri hpnpp — — — • 

ft 


times equation (7) we have ? and hence \ ast 


lienee by (6) we get and ~ . 

(X /j _ 


p 

The difficulty of this method lies in the fact that we 
cannot always easily determine to which direction for an 
axis the value a belongs and to which the value /?. 

If the original axes be inclined at an angle <u, the equa¬ 
tions (6) and (7) are, by Art. 137, 

1 1 a + b — 2h cos o> 

a 2 (3 2 sin 2 to ’ 

. 1 ab - h' 

and = —-— 2 — • 

ar sin co 
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Cor. 1. The reciprocals of the squares of the semi¬ 
axes are, by (G) and (7), the roots of the equation 

& - (a + b) Z + ah - A 2 = 0. 

Cor. 2. It is shewn, in most treatises on Geometrical 
Conics that the area of an ellipse is 7ra/2, which by equation 

(7) = / r 

v ub — A - 


Ex. 1 


Trace the curve 


lix--4xy + llij-- 44j-- 58y 4-71 =0.(1). 

Since ( - 2) 2 - 14.11 is negative, the curve is an ellipse. [Art. 358.] 

By Art. 352 the centre ( x , y) of the curve is given by the equations 

1 lx- 2y — 22 = 0, and -25 4-11/7-20 = 0. 

Hence 7 = 2, and *7 = 3. 

The equation referred to parallel axes through the centre is 
therefore 14-r 2 — Ary 4- ll*/ 2 4- c' = 0, 

where c'= — 22.c — 29*7 4- 71 = — G9, 

so that the equation is 


14.r 2 — 4xy 4-11 */ 2 = GO. 

The directions of the axes are given by 

tan2<? = ^T6=14^ri == " 5 * 


( 2 ). 


so that 


and hence 


2 tan 0 _ 

1 - tan 2 0 “ 

2 tan 2 0-3 tan 0-2 = 0. 


i.c. 


Therefore tan 0 i = 2, and tan 0 2 = — ^. 

Referred to polar coordinates the equation (2) is 

r- (14 cos 2 0 - i cos 0 sin 0 4-11 sin 9 0) = GO (cos 2 0 4- sin 2 0), 

14- tan 2 0 _ 

14 — 4 tan 04-11 tan 9 0' 


14-4 


When tan 0 l =2, r 4 2 = G0 x 


— = G. 


When tan 0.,= - r 2 2 = G0 x + 2 + 


UL- 4 . 
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The lengths of the semi-axes are therefore ^/G and 2 . 

Hence, to draw the curve, 
take the point C, whose coordi- V| t 

nates are (2, 3). | 

Through it draw A'CA in- s'" /N. 

dined at an angle tan -1 2 to the /g /S \ 

axis of x and mark olf Q / \ 

A'C = CA=JG. ." 

Draw BOB' at right angles 0 \ 0 y 
to AC A’ and take B’C=CB=-2. y 

The required ellipse has A A' 

and BB' as its axes. A \ _ 

It would be found, a 3 a veri- ^ * 

fication, that the curve does not meet the original axis of x, and 
that it meets the axis of y at distances from the origin equal to 
about 2 and 3^ respectively. 


Since 


. 2. Trace the cui've 

x 2 - 3xy 4- y- 4- lOx - 10y 4-21=0. 

/ - 3 \ 2 

ce ( —— \ — 1.1 is positive, the curve is a hyperbola 


( 1 ). 


[Art. 358.] 


The centre ( 2 , y) is given by 


and 


3 

x--y + o — 0 , 
-^x + 77-5 = 0 , 


so that £=- 2 , and ?? = 2 . 

The equation to the curve, referred to parallel axes through the 
centre, is then 

x 2 — 3 xy 4 -y 2 4 - 5 ( — 2) — 5x24-21 = 0, 

i.e. x 2 — 3xy + y 2 = — 1.(2). 

The direction of the axes is given by 

. ^ 2 h -3 

tan 20 =-= — _=cc, 

a-b 1-1 


so that 20=90° or 270°, 

and hence 0 X = 45° and 0 2 = 135°. 

The equation ( 2 ) in polar coordinates is 

r 8 (cos* 0 — 3 cos 0 sin 0 4- sin 3 0 ) = — (sin 3 0 4- cos 2 G) t 

,14- tan 3 0 

Ue ‘ r — - j — 3 tan 0 4- tan 2 6 ’ 
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When = 45°, r, 2 = — ^ —_ = 2, so that r.== x /2. 

When 0 s =135 o t rr = - - — - = —^ , so that r 2 = 

1+0 + 1 *5 

To construct the curve take the point C whose coordinates are -2 
and 2. Through C draw a straight line A CA' inclined at 45° to the 
axis of x and mark off A C=CA=*J2. 

Also through A draw a straight line KAK' perpendicular to CA 
and take AK=IC'A=*Jl. Art. 315, CK and CK' are then the 

asymptotes. 

The curve is therefore a hyperbola whose centre is C\ whose 
transverse axis is A'A, and whose asymptotes are CK and CK'. 



Hence OQ = 3, OQ' = 7 , 011 = 3, and OR'=7. 


366. To find the eccentricity of the central conic section 

cue 1 4- 2 hscy + bifi = 1.(1 )• 

First, let hr — ab be negative, so that the curve is 
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an ellipse, and let the equation to the ellipse, referred to 
its axes, be 

-+ £-1 

a 2 + y3 2 A - 

By the theory of Invariants (Art. 135) we have 


1 1 

+ — Cl + U 


a 


and 


a 


1 

-Or 


F 

= ab - A 2 


( 2 ), 

(3). 


Also, if e be the eccentricity, we have, if a be>/?, 


e 2 = 


a 2 -y3 


a 


•i 


e 2 a 2 - (P 
* * 2 - e 2 " a 2 + (P * 

But, from (2) and (3), we have 

“ =+ ^=ra and 1 


aA - A 2 * 


Hence 

a 2 - yQ 2 = + V(a 2 + yS 2 ) 2 - 4a 2 /? 2 = + ^' / ^— 


* 2 — e 


e 2 ^ — A) 2 -4- 4A 


a 


+ A 


(4). 


This equation at once gives e 2 . 

Secondly, let A 2 — ab be positive, so that the curve is 
a hyperbola, and let the equation referred to its principal 
axes be 

o 9 

^ _ V _ i 
a 2 p 1 

so that in this case 


1 1 

—^ = a + 


a 


P 2 


A, and — = ab — Jr — — (A 2 — ab). 


Hence a 2 — (P = — .. 


a + A 


A 2 — ab 


and 


a. 




so that a 2 + yS 2 = + V(a 2 - /3'/ 2 + 4a 2 /? 2 = + — 
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In this case, if e be the eccentricity, we have 


e- = 




a 


t. e. 


_ a? + f3r _ J(a - bf + 44* 


2 — e 3 


a- — p 2 a 4- b 

This equation gives e 2 . 

In eacli case we see that e is a root of the equation 

/ e 2 \ 3 (a - bf + 4A 2 
\2 — e 1 ) * (a + bf * 

i.e. of the equation 

e 4 (ab - h 2 ) + {(« - b)- + 44*} (e 2 - 1) = 0. 


(5). 


367. To obtain the foci of the central conic 

a.v 2 + 2/tart/ -4 -bf — 1. 

Let tlie direction of the axes of the conic bo obtained as 
in Art. 3G4, and let 0 X be the inclination of the major axis 
in the case of the ellipse, and the transverse axis in the case 
of the hyperbola, to the axis of x. 

Let r, 2 he the square of the radius corresponding to 0 lf 
and let r* be the square of the radius corresponding to the 
perpendicular direction. [In the case of the hyperbola r* 
will he a negative quantity.] 

The distance of the focus from the centre is Jr* — rf 
(Arts. 247 and 295). One focus will therefore be the point 

(-J r* — r* cos 0 X , •Jr* — r* sin 6 X ), 
and the other will be 

(— >Jr* — r 2 2 cos 0 lt — *Jr x - — i y* sin 0 t ). 


Ex. Find the foci of the ellipse traced bn Art. 3G5. 

2 1 

Here tan 0^= 2, so that sin 0 l = and cos 0 X = . 


Also rj 9 = 6, and r a °==4, ro that *Jr x 2 - r 2 a = 

The coordinates of the foci referred to axes through C are therefore 
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Their coordinates referred to the original axes OX and OY are 

' - ■ ! - ,J 1.(i4, 


( 


X ± 


v/5’ 




v /5 / 


V- 


J5j- 


368. The method of obtaining the coordinates of the 
focus of a parabola given by the general equation may be 
exemplified by taking the example of Art. 3G3. 

Here it was shewn that the latus rectum is equal to 3, 
so that, if S be the focus, AS is J. 

It was also shewn that the coordinates of A referred to 
OX and O Y are — f and 

The coordinates of S referred to the same axes are 

-i + i and i ancI t* 

Its coordinates referred to the original axes are therefore 
■,/jj cos 6 — \ sin 6 and -Ay sin 0 + cos 0, 

e ' inr • r — i • i anc * ttjx • i + i • 

it and 

In Art. 393 equations will be found to give the foci of 
any conic section directly, so that the conic need not first 
be traced. 


1. Trace the curve 

3 (3a: - 2 y + 4) 2 + 2 (2x + 3 y - 5) 2 = 30 
The equation may be written 

'3x-2// + 4\2 


(!)• 


( 


v 13 




Now the straight lines 3x—2y 4-4 = 0 and 2x + 3y — 5 
right angles. Let them be CM and 
CN, intersecting in C which is the 

point fir). 

If P be any point on the curve 
and PM and PN the perpendiculars 
upon these lines, the lengths of PM 
and PN are 

3x - 2y + 4 _ 2x + 3y-5 

V13 “ d ^/13 • 

Hence equation (2) states that 
3PJ/ a 2PN 2 = 3, 


.( 2 ). 

0 are at 




1 

/M'lp 



V/ 


/A ’ 

a $ 



i.e. 


PM 2 PN 3 , 

— + nr =1 - 


1 
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The locus of P is therefore an ellipse whose semi-axes measured 
along CM and CTV are % and 1 respectively. 

Ex. 2. What is represented by the equation 

(x 2 — a 2 ) 2 + (y~ — a 2 ) 2 = a* 1 

The equation may be written in the form 

x 1 + y x - 2<i 2 (x 2 + y-) + a* = 0, 
i.e. (x 2 + y-)‘ - 2a? (x 2 + y-) + a * = 2x 2 y 2 , 

i.e. (x 2 + y - - a 2 ) 2 - ( v /2xy) 2 = 0, 

i.e. (x 2 + N f2xy + y- - a-) (x 2 - -J2xy -+- y- - <i 2 ) = 0. 

The locus therefore consists of the two ellipses 

x 2 + J2xy + »/ 2 — u 2 =0, and x 2 - >J2xy + y 2 - « 2 = 0. 

These ellipses are equal and their semi-axes would be found to be 

a *J'2 + y/2 and a y/'2 - 

The major axis of the first is inclined at an angle of 135° to the 
axis of x, ami that of the second at an angle of 45°. 


Trace the parabolas 

1. (x- iy) 2 = 51y. 2. (x-y)*=sx + y + l. 

3. (5x — 12 y) 2 = 2 ax + 29 ay + a 2 . 

4. (4x 4- 3y + 15) 2 = 5 (3x - 4y). 

5. 16x 2 + 2\xy 9y 2 — 5x — lOy + 1 = 0. 

6. 9x 2 + 24xy + ir»y 2 -4y-x + 7 = 0. 

7. 141x 2 - 12 >xy + 2oy- + C19x - 272y + GC3 = 0. and find its focus. 

8. 10x 2 -24xy + 9// 2 + 32x+8Gy-39 = 0. 

9. 4x 2 — lxi/ + y 2 — 12x -t- Gy + 9 = 0. 

Find the position and magnitude of the axes of the conics 
10. 12x 2 — 12xy + 7y 2 = 48. 11. 3x 2 + 2xy + 3y 2 =8. 

12. x*-xy - Gy* = G. 

Trace the following central conics. 

13. x s — 2xy cos 2o ♦- y 2 = 2a 2 . 14. x 2 - 2xy cosec 2a + y* = a 2 . 

15. xy=za (x + y). 16. xy - y* = a 7 . 

17. y 3 — 2x?/ 2X 2 + 2x — 2y = 0. 18. x 2 + xy -f- y 2 + x + y = 
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19. 2 x 2 4 - 3xt/ — 2y 2 — 7x 4 - y — 2 = 0 . 

20. 40x 2 4- 36 xy + 25y 2 - 19Gx - 122 y + 205 = 0. 

21. 9x 2 -32xt/4-9t/ 2 4-G0x4-10// = G4£. 

22. x- — xy 4- 2 y 2 — 2ax — Qtny 4 - 7a 2 = 0. 

23. 10x 2 - 48x// - 10 t/ 2 4- 38x4- 44y - 5^ = 0. 

24. 4x 2 4- 21 xy 4- Soy 2 — 14x - 31y - G =0. 

25. (3x — 4y 4 - a) (4x 4- Sy 4 - «) = a 2 . 

26. 3 (2x — 3y 4- 4) 2 4 - 2 (3x 4 - 2y — 5) 2 = 78. 

27. 2 (3x - 4y 4- 5) 2 - 3 (4x + 3y - 10) 2 = 150. 

Find the products of the semi-axes of the conics 

28. y 2 - 4xi/ 4- 5x2 = 2. 29. 4 (3x 4- 4y — 7) 2 4- 3 (4x — 3y 4 - 9) 2 = 3. 

30. 11x 2 4- 16x?/ — y 2 - 70x - 40y 4- 82 = 0. 

Find the foci and the eccentricity of the conics 

31. z? — Sxy 4- 4ax == 2a 2 . 32. Axy - 3x 2 - 2ay = 0. 

33. 5ar 4 - Gxy 4- 5y 2 4- 12x 4- 4y 4- G = 0. 

34. x 2 4 - 4xy 4-y 2 — 2x 4- 2y — G = 0. 

35. Shew that the latus rectum of the parabola 

(a 2 4- b 2 ) (x 2 4- y~) = (bx 4- ay - ab) 2 
is 2ab a? +b-. 

36. Prove that the lengths of the semi-axes of the conic 

ax 2 4 - 2 hxy -|- ay 2 = d 

are a/ —and 

V a 4- /t V a - /t 

respectively, and that their equation is x 2 — y 2 = 0. 

37. Prove that the squares of the semi-axes of the conic 

ax 2 4- 2hxy 4- by 2 + 2yx 4- 2 fy 4- c = 0 
are - 2A~ {(ab - h-) (a + b =t ^/(a - b)-+4h 2 )}, 

where A is the discriminant. 


38. If X be a variable parameter, prove that the locus of the 
vertices of the hyperbolas given by the equation x 2 — y-+ \xy =a 2 is 
the curve (x 2 + y 2 ) 2 = a 2 (x 2 - y 2 ). 


39. If the point (at x 2 , 2at x ) on the parabola y 2 = 4ax be called the 
point t lt prove that the axis of the second parabola through the four 
points t lt t 2 , t 3 , and t 4 makes with the axis of the first an angle 


cot -1 


( 


t 


i + f . 2 + t 3 + t 4 

4 



Prove also that if two parabolas meet in four points the distances 
of the centroid of the four points from the axes are proportional to the 
latera recta. 
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40. If the product of the semi-axes of the conic x 7 + 2xy + 17t/ 2 = 8 
be unity, shew that the axes of coordinates are inclined at an angle 
sin -1 

41. Sketch the curve 6x 2 — Ixij — oy 7 — 4x + lit/ = 2, the axes being 
inclined at an angle of 30°. 

42. Prove that the eccentricity of the conic given by the general 
equation satisfies the relation 



(a -r b — 2 h cos w) 2 
(aO — h~) sin 2 of 


t 


where u> is the angle between the axes. 


43. The axes being changed in any way, without any change of 
origin, prove that in the general equation of the second degree the 


.... + y 7 — 2 fa cos tv af 7 + bn* — 2fnh 

quantities c, ' -— . , - , -«-—— , 

sin 2 ta siu-o 

invariants, in addition to the quantities in Art. 137. 


and 


sin 2 w 


— are 


[On making the most general substitutions of Art. 132 it is clear 
that c is unaltered; proceed as in Art. 137, but introduce the condition 
that the resulting expressions are equal to the product of two linear 
quantities (Art. 11G); the results will then follow.] 



CHAPTER XVI. 

THE GENERAL CONIC. 


370. In the present chapter we shall consider proper¬ 
ties of conic sections which are given by the general equation 
of the second degree, viz. 

ax 2 + 2hxi/ + by 2 + 2 gx + 2 fy + c = 0.(1). 

For brevity, the left-hand side of this equation is often 
called <f> (x, y) y so that the general equation to a conic is 

4> (*, y) = 0 - 

Similarly, <f>(x',y') denotes the value of the left-hand 
side of (1) when x and y are substituted for x and y. 

The equation (1) is often also written in the form S — 0. 


371. On dividing by 

independent constants — , 

c 


Cy 

h 


c 


the equation (1) contains five 

bo . f 

, -, -, and -. 

c c c 


To determine these five constants, we shall therefore 
require five conditions. Conversely, if five independent 
conditions be given, the constants can be determined. 
Only one conic, or, at any rate, only a finite number of 
conics, can be drawn to satisfy five independent conditions. 


372. To find the equation to the tangent at any jioint 
V') of the conic section 

<f> (x, y) = ax 2 + 2 lixy + by 2 + 2gx + 2 fy + c = 0... (1). 
Let (x", y") be any other point on the conic. 
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I he equation to the straight line joining this point to 
(x\ y) is 

99 9 

y-y '=(*-*'). (2). 

Since both (x, y) and (x", y") lie on (1), we have 

2 + 2/wr'y' + by' 3 + 2 yx + 2fy + c = 0.(3), 

and ax*" 2 4- 2hx"y" + by"- 2 yx" 4- 2 Jy" 4 - c = 0.(4). 

Hence, by subtraction, we have 

a (x' 3 - x" J ) + 2 h (xy - x"y") + b (y' 3 - y" 2 ; 

+ 2 </ (* ~ x ) + 2/ (y' - y") = 0. (5). 

But 

2 (x-y - x- y-) = y + x "> (y - y ") + y - x") y + y"), 
so that (5) can be written in the form 
(x — x") [a (x' + x") 4- h (y 4 - y") 4 - 2y] 

+ w ~ y") 0 (*' + *") + b(y’ + y") + 2/] = o, 

i c V’ — V = _ ) 4- A (y' 4- y") + 2 y 

x — x ^ + a;") + 5 (y' -4- y") 4 - 2/ 

The equation to any secant is therefore 

, a (x' + x") 4 - h (y 4- y") 4- 2y . ... 

y - y = - - r - ; -- —7-7^—~(u? - *)... (6). 

/t (x 4 - x ) 4 - b (y -+- y ) 4- 2/ 

To obtain the equation to the tangent at (x', y'), we put 
x' — x and y" = y in this equation, anti it becomes 

/ ax' 4 - by' + g . 

y~y =~ , , , , (a; - x'), 

/<tx + oy 4- J v 7 

(nx 4- 7/y' 4 - y) x + (fix' 4- by 4-y“) y 
= ax' 2 4- 2fix'y' + by' 3 + yx' 4 - Jy' 

= — y*c' —fy' — c, by equation (3). 

The required equation is therefore 

axx' + h (xy' + x'y) + byy' + gr (x + x') +f(y + y') 

+ c = 0.(7). 

^ or - 1- The equation (7) may be written down, from 
the general equation of the second degree, by substituting 
xx for x 3 , yy' for y 2 , xy' 4 - x'y for 2xy, x + x' for 2x, and 

y + y for 2y. (Cf. Art. 152.) 
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Cor. 2. If the conic pass through the origin we have 
c = 0, and then the tangent at the origin (where x =0 and 
y = 0) is g X +fy = 0, 

i.e. the equation to the tangent at the origin is obtained by 
equating to zero the terms of the lowest degree in the 
equation to the conic. 

3<73 * The equation of the previous article may also be obtained 
as follows ; If (.r', y') and (x", y") be two points on the conic section, 
the equation to the line joining them is 

a (x - x’) (x - x-) + I, [(x - x') (y - y") + (x - x") (y - t/')D + b(y- y') {y - y") 

= ax' 2 + 2/ix// -f by --f 2 yx + 2fy + c .(1). 

For the terms of the second degree on the two sides of (1) cancel, 
and the equation reduces to one of the first degree, thus representing 
a straight line. 

Also, since (x\ y’) lies on the curve, the equation is satisfied by 
putting x — x' and y—y'. 

Hence (x', if) is a point lying on (1). 

So (x", y") lies on (1). 

It therefore is the straight line joining them. 

Putting x" = x' and y" = y' we have, as the equation to the tangent 
at (x', ?f), 

a (x- x') 2 + 2 h (x - x') (y -y')+b (y - y')- 

= ax‘ 2 ■+■ 2Jixy + by" 2 + 2 yx + 2 fy + c, 
i.e. 2axx' + 2 h ( x'y + xy') + 2 byy' -f 2 yx + 2 fy + c 

= ax r2 + 2hx'y' + by' 2 

= — 2gxf — 2fy' — c, since (x\ y') lies on the conic. 

Hence the equation (7) of the last article. 


374. To find, the condition that any straight line 

lx + my+n = 0 . (1), 

may touch the conic 

ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 . (2). 

Substituting for y in (2) from (1), we have for the equation giving 
the abscissfB of the points of intersection of (1) and (2), 

x 2 ( am 2 — 2 him + bP) - 2x ( hmn — bln — gm 2 +flm) 

+ bn 2 — 2 fmn + cm*= 0.(3). 


If (1) be a tangent, the values of x given by (3) must be equal. 
The condition for this is, (Art. 1,) 

(hmn — bln — gm- + Jim) 2 — (am- — 2 him -f bl 2 ) (bn- — 2 Jmn + cm 2 ). 
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On simplifying, we have, after division by m 2 , 

P (be —f 2 ) 4- m 2 (ca — g 2 ) 4 - n* (ab — h" 2 ) +- 2 mn (gh — af) 4 - 2nl (hf — bg) 

4- 2 Im (Jg — ch) = 0. 

Ex. Find the equations to the tangents to the conic 


x 2 4- 4xy 4- 3y- — 5x — Gy + 3 = 0 . (1), 

which tire parallel to the straight line x + Ay = 0. 

The equation to any such tangent is 

x + Ay 4-c = 0.(2), 

where c is to be determined. 


This straight line meets (I) in points given by 

3x 2 - 2x (5c 4- 28) 4- 3c 2 + 24c + 18 = 0. 

The roots of this equation are equal, i.e. the lino (2) is a tangent, 
if {2 (5c 4- 28) } 2 = 4 . 3 . (3c 2 + 24c + 48), i.e. if c = -5 or -8. 

The required tangents are therefore 

x-\-Ay — 5=0, and x + Ay — 8 = 0. 

375. As in Arts. 214 and 274 it may be proved that 
the polar of y) with respect to <f> (x, y) = 0 is 

(a~c + hy' + y) x 4- (fix' 4- by' +J')y-r gx' + fy + c = 0. 

The form of the equation to a polar is therefore the 
same as that of a tangent. 

Just as in Art. 217 it may now be shewn that, if the 
polar of T passes through T y the polar of 'T passes through 

r. 

The chord of the conic which is bisected at (x\ y'), 
being parallel to the polar of (x' f y) [Arts. 221 and 280], 
has as equation 

(fix' hy 4- y) (x — x) 4- (hx 4- by' + f) (y — y) = 0. 

376. To Jin(l the equation to the diameter bisecting all 
chords parallel to the straight line y = mx. (See fig. Art. 279.) 

Any such chord is y = rnx 4- K . (1). 

This meets the conic section 

ax 3 4- 2 hxy 4- by 1 4- 2 gx 4- 2 fy 4- c = 0 
in points vdioso abscisste are given by 

+ 2hx (nix 4 - K) 4- b (mx 4- K ) 2 4- 2 gx 4- 2 /‘(rnx 4- K) 4- c = 0, 
i.e. by x 2 (a + 2 hm 4- bm 2 ) 4- 2x (hK 4- brnIC 4- g 4- fm) 

4- bK* + 2 fK 4- c = 0. 
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If x x and ax, be the roots of this equation, we therefore 
nave 

*, + *, = - 3 (k + hm) K -' J + /" 1 . 

a + 2 Jim -+- bmr 

Let ( X , Y) be the middle point of the required chord 
so that 9 

jY *^*2 _ + &//*) A + r/ + Jni 

2 ~ ~~cT+2A//i +5//i a . 

Also, since (-V, Y) lies on (1) we have 

Y- mX + K .(3;. 

If between (2) and (3) we eliminate K we have a 
relation between X and Y. 

This relation is 

— (a -t- 2 Jim + 6m 2 ) X = (Jt + btn) ( Y — ?nX) + <j + jm y 
e ' X (a + Jim) + Y (h + bm) + <j + J'm — 0. 

The locus of the required middle point is therefore the 
straight line whose equation is 

x{ci + hm) + y (Jl + btn) + y + J’m = 0. 

If this be parallel to the straight line y — ni x y we 
have 

, a + Inn 

m =-im ™.(«)> 

i.e. a + hi (m + m') + bmm' = O . (5). 

This is therefore the condition that the two straight 
lines y = mx and y = m’x may be parallel to conjugate 
diameters of the conic given by the general equation. 

377. To find the condition that the pair of straight lines, whose 
equation is 

Ax? + 2Hxy + By* = 0 . ( 1 ), 

may be parallel to conjugate diameters of the general conic 

ax ' 2 + 2hxy + by 2 2gx + 2 fy + c= 0 . (2). 

Let the equations of the straight lines represented by (1) be y — mx 
and y = m'x, so that (1) is equivalent to 

B (y - mx) (y - m'x) = 0, 

2 J£ 

and hence m + m' =—— > an d vtm'=— . 

L. 12 
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By the condition of the last article it therefore follows that the 
lines (1) are parallel to conjugate diameters if 

i.e. i( Ab- 211h + Ba = 0. 

378. To prove that tiro concentric conic sections aheays have a 
pair, an7l only one pair, of common conjnyate diameters ami to find 
their equation. 


Let the two concentric conic sections be 

ax- + 2fixy by" 2 = 1 . (1), 

and nr + 2h'xy + b'y- =1. (2). 

The straight lines 

Ax-+2IIxy + Iiy- = Q .(3), 


are conjugate diameters of both (1) and (2) if 

Ab-2IIh + Da = 0, 

and A b' - 211 h' + Ba ' = 0. 

Solving these two equations we have 

A _ -211 _ 11 

ha' - ha ~ a O' -o'b ~ bh' -bh * 

Substituting these values in (3), we see that the straight lines 

x- (ha' - h'a) - xy (ab' - a'b) + y- (bh' - b'h) = 0 . (4) 

are always conjugate diameters of both (1) and (2). 

Hence there is always a pair of conjugate diameters, real, coinci¬ 
dent, or imaginary, which are common to any two concentric conic 
sections. 


EXAMPLES. XL II. 

1. llow many other conditions can a conic section satisfy when 
we are given (I) its centre, (2) its focus, (.'») its eccentricity, (4) the 
positions of its axes, (5) a tangent, (0) a tangent and its point of 
contact, (1) the position of one of its asymptotes? 

2. Find the condition that the straight line lx + my = 1 nia.v 
touch the parabola (ox - by ) J - 2 (a- + b ) (ax + by) + (a J -r b-{ z = 0 t and 
shew that if this straight line meet the axes in P and Q, then IQ 
will, when it is a tangent, subtend a right angle at the point ( a , 6). 

3. Two parabolas have a common focus ; prove that the perpen¬ 
dicular from it upon the common tangent passes through the 
intersection of the directrices. 







[EXS. XLII.] INTERSECTIONS OF TWO CONICS. 
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4. Shew that the conic X ~ 4- ^ cos a + |T = sin 2 a is inscribed in 

the rectangle, the equations to whose sides are .t 2 = u 2 an<L?/ 2 = 6 2 and 
that the quadrilateral formed by joining the points of contact is of 
constant perimeter 4 fa-+b 2 , whatever be the value of a. 


5. A variable tangent to a conic meets two fixed tangents in two 
pon.ts, I and Q ; prove that the locus of the middle point of PQ is a 
conic which becomes a straight line when the given conic is a parabola. 

6. Prove that the chord of contact of tangents, drawn from an 
external point to the conic a^P+ 2Jixy + by 2 =l t su h ten ds a right angle 
at the centre if the point lie on the conic 

*2 ( a 2 + ] t 2j + O h ( rt + l) X ,J + tJ 2 ( 7< 2 + h 2) = a + h 

7. Given the focus and directrix of a conic, prove that the polar 
of a given point with respect to it passes through another fixed point. 

8. Prove that the locus of the centres of conics which touch the 
axes at distances a and b from the origin is the straight line ay=zbx. 

9. Prove that the locus of the poles of tangents to the conic 
ax 2 + 2hxy + by'- — 1 with respect to the conic a'x- + 2h'xy + b'y 2 = 1 is 
the conic 

a (> l 'x + ~ 2/i (a'x + h'y) ( h'x + 1/,,) + b (a'x + h'y) 2 = ab - IP. 

10. Find the equations to the straight lines which are conjugate 
to the coordinate axes with respect to the conic Ax- + 2IIxy + Ji,j-=l. 

Find the condition that they may coincide, and interpret tho 
result. 


11 . Find the equation to the common conjugate diameters of the 
conics (1) x 2 + Axy + Sy 2 =l and 2x 2 4- Gxy + by- = I, 

and (2) 2x- - 5xy + 3y 2 = 1 and 2x 2 4- 3xy - 0y 2 = 1. 

12. Prove that the points of intersection of the conics 

ax- 4- 2hxy 4- by- — 1 and a'x 2 + 2 li'xy + b'y 2 = 1 
are at the ends of conjugate diameters of the first conic, if 

ab' 4- a'b - 2hh' = 2 (ab - IP). 


13. Prove that the equation to the equi-conjugate diameters of 

. v ^ _ . - , m . , /> , - ax 2 + 2 /ixi/ + bip 2 (x- 4- w *) 

the conic ax- 4- 2 lixy 4- by-= 1 is .--- -j— -— = —1—_4_' . 


ab - IP 


a 4- b 


Two conics , in general, intersect in four points , 
real or imaginary. 

For the general equation to two conics can be written 
in the form 

aa? 4- 2a; (hy + <j) + by 2 4- 2 \fy 4- c = 0, 
and a or + 2 x ( h'y 4- g') 4- b'y 2 4- 2 f'y + c — 0. 
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Eliminating x from these equations, we find that the 
result is an equation of the fourth degree in y, giving 
therefore four values, real or imaginary, for y. Also, by 
eliminating or from these two equations, we see that there 
is only one value of x for each value of y. There are there¬ 
fore only four points of intersection. 

380. Equation to any conic passing tfirouyh the inter¬ 
section of two given conics. 

Let S =. cur 4- 2 hxy + by 5 4- 2 gx 4- 2 fy c = 0.(1), 

and S' = ci'x* 4 - 2 h'xy 4- b'y 2 4- 2 g'.v 4- 2 f'y 4- c = 0...(2) 

be the equations to the two given conics. 

Then S - A S' = 0.(3) 

is the equation to any conic passing through the inter¬ 
sections of (1) .and (2). 

For, since & and S’ are both of the second degree in x 
and y, the equation (3) is of the second degree, and hence 
represents a conic section. 

Also, since (3) is satisfied when both S and S' arc zero, 
it is satisfied by the points (real or imaginary) which are 
common to (1) and (2). 

Hence (3) is a conic which passes through the intersec¬ 
tions of (1) and (2). 

38X. To find the equations to the straight lines passing 
through the intersections of two conics given by the general 
equal ions. 

As in the last article, the equation 

{a — A a’) x? 4 - 2 (A — AA') xy 4- (A — A A') y- 4- 2 (g — Ay') x 

+ 2 (/- A/') y + (c - Ac') - 0.(1), 

represents some conic through the intersections of the given 
conics. 

Now, by Art. 116, (1) represents straight lines if 
(« ~ Aa') (b - AA') (c - Ac') 4- 2 (f - A/') (g - A g) (A - AA') 

- (a - Act') (f - A/') 2 - (6 - AA') (g - A g’f - (c - Ac') (A - AA')* 

= 0 .( 2 ). 
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Now (2) is a cubic equation. The three values of A 

round from it will, when substituted successively in (l) 

give the three pairs of straight lines which can be drawn 

through the (real or imaginary) intersections of the two 
conics. 


Also, since a cubic equation always has at least one real 

root, one value of A is always real, and it will be shown that 

there can always be drawn at least one pair of real straight 

lines through the intersections of two conics. [See Part II, 
Art 90.] 


382. All conics which pass through the intersections of two 
rectangular hyperbolas are themselves rectangular hyperbolas. 

In this case, if *S = 0 and S' = 0 be the two rectangular 
hyperbolas, we have 

a + b = 0, and a + b' = 0. (Art. 358.) 

Hence, in the conic ,S r - A5" = 0, the sum of the co¬ 
efficients of err and y 2 

= (a- \a') + (b - A lj) = (a + b)- A (a' + b') = 0. 

Hence, the conic S — A5" — 0, i.e. any conic through the 
intersections of the two rectangular hyperbolas, is itself a 
rectangular hyperbola. 

. two , rectan 2 u lar hyperbolas intersect in four points 

A B, C and D, the two straight lines AD and DC, which are a conic 
through the intersection of the two hyperbolas, must be a rectangular 
hyperbola. Hence AD and /1C must be at right angles. Similarly 
BD and GA , and CD and A Li, must be at right angles. Hence D is 
the orthocentre of the triangle ADC. 

Therefore, if two rectangular hyperbolas intersect in four points, 
■each point is the orthocentre of the triangle formed by the other 
three. 


If I — 0, Jlf — 0, N — 0, and 11 — 0 be the equations 
to the four sides of a quadrilateral taken in order , the 
equation to any conic passing through its angular points is 

IN — A . MR . (1). 

For L = 0 passes through one pair of its angular points 
and N — 0 passes through the other pair. Hence IN = 0 is 
the equation to a conic (viz. a pair of straight lines) passing 
through the four angular points. 
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Similarly J/Vt—0 is the equation to another conic 
passing through the four points. 

I fence LX = X . MU is the equation to any conic through 
the four points. 

Geometrical meaning. Since L is proportional to the perpen¬ 
dicular from any point ( x , y) upon the straight line J, = 0, the 
relation (1) states that the product of the perpendiculars from any 
point of the curve upon the straight lines L = 0 and N = 0 is propor¬ 
tional to the product of the perpendiculars from the same point upon 
J/ = 0 and R = 0. 

Hence If a conic circumscribe a quadrilateral , the ratio of the 
product of the jierpcndiculars from any point 1* of the conic upon tico 
opposite sides of the quadrilateral to the product of the perpendiculars 
from P upon the other tiro sides is the same for all positions of P. 


Equations to tlie conic sections ] his sing through 
the intersections of a conic and two 
g i vc n stra igh t lines. 

Let S = 0 be the equation to the 


given conic. 


Let u = 0 and v = 0 he the equa¬ 
tions to the two given straight lines 


where 


and 


it = cue 4- by + Cy 
v = ax 4- by 4- c. 



Let the straight line it = 0 meet the conic S = 0 in the 
points P and Ry and let v = 0 meet it in the points Q and T. 

The equation to any conic which passes through the 
points Py Qy R, and T will be of the form 


aS '= X . it. v . ( 1 )• 

For (1) is satisfied by the coordinates of any point 
which lies both on S = 0 and on it = 0 ; for its coordinates 
on being substituted in (1) make both its members zero. 

Cut the points P and R are the only points which lie 
both on S = 0 and on it = 0. 


The equation (1) therefore denotes a conic passing 
through P and R. 

Similarly it goes through the intersections of S = 0 and 
v = 0, i.e . through the points Q and T. 
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THE EQUATION S = Xuv. 

points /Vi! y' 1 "™ 8 S ° me C ° niC g ‘‘ inS tI,,OU S h the four 
Also (1) represents any conic going through these four 

eo't n, l° r the AT ,t, ’ t - y A ,nay l>e S ° ChuSe " that il 

go th.ough any hfth point, or to make it satisfy any fifth 
condition; also five conditions completely determine a conic 

•SCCll Oil* 


a i ) X , e, i": ,, :r to the rnn,r whi,k /™->« throat t/ , e po!nt 

(1, l) and also through the inter ections of the conic 

x- + 2xg + oy- - 7x - 8y + G = 0 

ti lth the straight lines 2x - y - 3 = 0 and 3x + y -11=0. Find aha 
the parabolas passing through the same points. 

the form eqUati0n t0 the re<luireii conic must the last article be of 

a? + 2xg + 5y- — 7.r — 8// + G = X (2x — g — i>) (3x + // — 11)... ( 1). 
-Uns passes through the point (1, 1) if 

1 + 2 + 5-7 —.S + C = \(2-l —5)(3 + l —ll), /.*. 

The required equation then becomes 

28 (x~ + 2 xg -t- by' 2 - 7x - 8y + G) + (2x - y - 5) (3x + y - 11) = 0, 

l - e * kx 2 + bbxg + 133 y 2 - 233x -218 y + 223 = 0. 

The equation to the required parabola will also be of the form (1) 

i.e. ' ,y 


x 2 (l - GX) -f -xg (2 + X) + y~(b + X) -x{7 - 37X) ~g( 8-f-GX) + G - 55X = 0. 

This is a parabola (Art. 357) if (2 + X) 2 = 4 (1 - GX) (5 + X), 
e - i{ X = i [ — 12 =t 4 n /10]. 

Substituting these values in (1), we have the required equations. 


385. Particular cases of the equation 

S = Xuv. 

I. Let u = 0 and v — 0 intersect on the curve, i.e. in 
the figure of Art. 384 let the 

points P and Q coincide. 

The conic S = Xuv then goes S = 0 

through two coincident points 
at P and therefore touches the 
original conic at P as in the 
figure. 

II. Let it — 0 and v = 0 
coincide, so that v = u. 
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In this case the point T also moves up to coincidence 
with R and the second conic 
touches the original conic at both 
the points P and R. 

The equation to the second 
conic now becomes R=Xu 2 . 

"When a conic touches a second 
conic at each of two points, the 
two conics are said to have double 
contact with one another. 

The two conics S = Xu 1 and S = 0 therefore have double 
contact with one another, the straight line u = 0 passing 
through the two points of contact. 

As a particular case we see that if u — 0, v — 0, and 

iv — 0 be the equations to three straight lines then the 
equation vw = Am 2 represents a conic touching the conic 
vw = 0 where u = 0 meets it, i.e. it is a conic to which 

v = 0 and iv — 0 are tangents and u = 0 is the chord of 
contact. 

III. Let u = 0 be a tangent to the original conic. 

In this case the two points P 
and R coincide, and the conic 
S — A uv touches S = 0 where it =0 
touches it, and v = 0 is the equa¬ 
tion to the straight line joining 
the other points of intersection of 
the two conics. 

If, in addition, v = 0 goes 

through the point of contact of u = 0, we have the equation 
to conic which goes through three coincident points at P, 
the point of contact of u = 0; also the straight line 
joining P to the other point of intersection of the two 
conics is v = 0. 

IV. Finally, let v = 0 and u = 0 coincide and be 
tangents at P. The equation S — now represents a 
conic section passing through four coincident points at the 
point where u = 0 touches S= 0. 
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GO tw +1 Ijl f ne . infinity. We have shewn, in Art. 
oU, that the straight line, whose equation is 

0.a*-t-0.y + C = 0, 

iS if^ru the T rat an infinite distance. This straight line is 
called The Line at Infinity. Its equation may for brevity 
be written in the form C ■= 0. ^ 


We can shew that parallel lines meet on the line at 
infinity. 

For the equations to any two parallel straight lines 
are ° 


Ax By + C = 0 .. 

and Ax + By + C' = 0 .. 

How (2) may be written in the form 


( 1 ), 

( 2 ). 


O' — C 

Ax 4 - By + C + - jj- - (0 . a; 4- 0 . y + C) = 0, 

and hence, by Art. 97, we see that it passes through the 
intersection of (1) and the straight line ° 

0 . x + 0 . y 4- C = 0. 

Hence (1), (2), and the line at infinity meet in a point. 


387- Geometrical meaniny of the equation 

S=Xu . (1), 

where X is a constant , and u = 0 is the equation of a straight 
line. 

The equation (1) can be written in the form 

S = Xu x (0 . x + 0 . y + 1 ), 

and hence, by Art. 384, represents a conic passing through 
the intersection of the conic aS'= 0 with the straight lines 

u = 0 and O.x + O.y + 1 =0. 

Hence (1) passes through the intersection of ,S'=0 with 
the line at infinity. 

Since S = 0 and S — Xu have the same intersections with 
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the line at infinity, it follows that these two conics have 
their a^niptotes in the same direction. 

Particular Case. Let 

C* _ o o ) 

o = xr + y- — a, 

so that .S’ = 0 represents a circle. 

Any other circle is 

x* 2 4 -y- - 2gx — 2fg + c = 0, 
e - ar 4- y 2 — « 2 = 2 fjx + 2 Jif — a- — c, 

so that its equation is of the form S = \u. 

It therefore follows that any two circles must be looked 
upon as intersecting the line at infinity in the same two 
(imaginary) points. These imaginary points are called the 
Circular Points at Infinity. 

388. Geometrical meaning of the equation S = A, where 
A is a constant. 

This equation can be written in the form 

•S' = A (0 . x 4- 0 . y + 1 ) 2 , 

and therefore, by Art. 385, has double contact with S=0 
where the straight line 0 . x 4- 0 . y + 1 =0 meets it, i.e. the 
tangents to the two conics at the points where they meet 
the line at infinity are the same. 

The conics *9=0 and S = A therefore have the same 
(real or imaginary) asymptotes. 

Particular Case. Let S—0 denote a circle. Then 
= A (being an equation which differs from S = 0 only in 
its constant term) represents a concentric circle. 

Two concentric circles must therefore be looked upon sts 
touching one another at the imaginary points where they 
meet the Line at Infinity. 

Two concentric circles thus have double contact at the 
Circular Points at Infinity. 



examples. 
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EXAMPLES. XLIII. 


1. AVhat is 
and S = u- + ku, 
equation of a t 
line ? 


the geometrical meaning of the equations S=\. T, 
where .S' = () is the equation of a conic, T=0 is the 
angent to it, and u=Q is the equation of any straight 


2. If the major axes of two conics be parallel, prove that the 
ioui points in wlncli they meet are concyclic. 


3. Prove that in general two parabolas can 
through the intersections of the conics 


be drawn t<> pass 


ax- + 2/<.r y + by 2 + 2 <jx + 2fy +c = 0 
and + 2h'xy + b',f- + 2 y'x + 2 \fij + C ' = 0, 

and that their axes are at right angles if h (a' - b') = h'(a - b). 

• ? h ^ OURh a foc V 3 of an elli Pse two chords are drawn and a conic 

is described to pass through their extremities, an 1 also through the 

centre of the ellipse; prove that it cuts the major axis in another fixed 
point. 


5. Through the extremities of a normal chord of an ellipse a 
circle is drawn such that its other common chord passes through the 
centre of the ellipse. Prove that the locus of the intersectTon of 
these common chords is an ellipse similar to the given ellipse. If the 

eccentricity of the given ellipse be J2 ( v /2^1), prove that the two 
ellipses are equal. 


6. If two rectangular hyperbolas intersect in four points A, Ji, C, 
and D, prove that the circles described on All and CD as diameters 
cut one another orthogonally. 

7. A circle is drawn through the centre of the rectangular 
hyperbola xy = c 2 to touch the curve and meet it again in two points* 
prove that the locus of the feet of the perpendicular let fall from the 
centre upon the common chord is the hyperbola 4 xy=.c-. 

8. If a circle touch an ellipse and pass through its centre, prove 
that the rectangle contained by the perpendiculars from the centre of 
the ellipse upon the common tangent and the common chord is 
constant for all points of contact. 


9. Prom a point T wlio.se coordinates are (x\ y') a pair of 
tangents TP and TQ are drawn to the parabola y 2 = 4.ax ; prove that 
the line joining the other pair of points in which the circumcircle of 
the triangle TPQ meets the parabola is the polar of the point 

(2a - x\ — y'), and lienee that, if the circle touch the parabola, the line 
PQ touches an equal parabola. 


10. Prove that the equation to the circle, having double contact 

x 2 If 2 

with the ellipse — a + ^ = 1 at the ends of a latus rectum, is 

x 1 + y 2 - 2 ae* x = a 2 (1 — e 2 — e 4 ). 
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[Exs. XLIII.l 


11. Two circles have double contact with a conic, their chords of 
contact being parallel. Prove that the radical axis of the two circles 
is midway between the two chords of contact. 

12. If a circle and an ellipse have double contact with one another, 
prove that the length of the tangent drawn from any point of the 
ellipse to the circle varies as the distance of that point from the 
chord of contact. 

13. Two conics, A and Ii, have double contact with a third conic 
C. Prove that two of the common chords of A and H, and their 
chords of contact with C, meet in a point. 

14. Prove that the general equation to the ellipse, having double 

contact with the circle x- 4-»/ '- = «- and touching the axis of x at the 
origin, is c-x- + («-’ + c 2 ) if - 2<Tcij = 0. 

15. A rectangular hyperbola has double contact with a fixed 
central conic. If the chord of contact always passes through a fixel 
point, prove that the locus of the centre of the hyperbola is a circle 
passing through the centre of the fixed conic. 

1G. A rectangular hyperbola has double contact with a parabola; 
prove that the centre of the hyperbola and the pole of the chord of 
contact are equidistant from the directrix of the parabola. 

389. To JInti the equation of the pair of tangents that 
can be drawn from any point (x\ y) to the general conic 

4> (•'*> y) = ax* + 2/ixy + by- + 2gx + 2 fy + c = 0. 

Let T be the given point (x y y') y and let P and It bo tho 
points where the tangents from 
T touch the conic. 

The equation to Pit is there¬ 
fore u = 0, 

where u = (ax' + hy + g) x 

4- (fix' 4- by’ 4 -f) y 4- gx +fy' 4 - c. 

The equation to any conic 
which touches = 0 at both of 
the points P and It is • 

S=\u\ (Art. 385), 
axr 4 - 2/txy 4 - by 3 4 - 2 gx 4 - 2fy 4 - c 
= A [(fix' 4- hy 4- g) x 4 - (fix' 4 - by' 4 - f) y 4 - gx 4 - fy 4- cl 2 

.(I)- 

Now the pair of straight lines TP and TR is a conic 



x. e. 
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•section which touches the given conic at P and P and 
winch also goes through the point T. 

Also we can only draw one conic to go through five 
points, viz. 7, two points at P, and two points at P° 

If tlien we find A so that (1) goes through the point T 
it must represent tlie two tangents TP and TP. ’ 

The equation (1) is satisfied by a:' and y' if 

cuP + 2 ho: f + by 2 + 2yo: + 2 fy+c 

= A [ax 2 + 2 lixy 4- by' 2 + 2 yo: + 2 J'y + c*] 2 , 

i. e. if A —--- 

</> ( x \ y')' 

The required equation (1) then becomes 
<f> ( x > y) [«# 2 + m 2/txy 4- by 2 + 2 yx + 2fy + c] 

= K ax ' + h, J + y) » + (&«' + by' + f)y + ya:' +fy’ + c ] 2 , 

9* ( x , y) * ^ (»'• y) = u2, 

where u = 0 is the equation to tlie chord of contact. 

390. Director circle of cl conic yiven by the ycneral 
equation of the second deyree. 

The equation to the two tangents from (x\ y') to tlie 
conic are, by tlie last article, 

ar [a<f> (x\ y) - (ax' + hy' + y) 2 ] 

+ - X V [h<f> (x'j y) - (ux + hy + y) (hx + by’ + f)] 

+ 'if [b<t> (oc\ y) - (hx -f by +f)*] + other terms - 0...(1). 

If ( x , y) be a point on the director circle of the conic, 
the two tangents from it to the conic are at right angles. 

Now (1) represents two straight lines at right angles if 
the sum of the coefficients of a; 2 and y 2 in it be zero, 

i.e. if (a + b) cf> (x ', y) - (ax 4- hy + y) 2 — (hx + by + fy = 0. 

TIence the locus of the point (x\ y') is 

(a + b) (ax 2 4- 2 hxy 4- by 2 4- 2yx 4- 2 fy 4- c) 

— (ax + hy 4 - y) 2 - (hx 4- by 4 - ff = 0, 
i.e. the circle whose equation is 

(X s 4 - y 2 ) (ab — A 2 ) 4- 2x (by - fh) 4- 2 y (of— yh) 

+ c (a + b) - f -f* = 0. 
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Cor. If the given conic be a parabola, then ab = h- y 
and the locus becomes a straight line, viz. the directrix of 
the parabola. (Art. 211.) 


391. The equation to the director circle may also be obtained in 
another manner. For it is a circle, whose centre is at the centre of 
the conic, and the square of whose radius is equal to the sum of the 
squares of the semi-axes of the conic. 


The centre is. Art. 3.12, the point ^. 

\ab — ab — h* / 

Also, if the equation to the conic be reduced to the form 

ax* -f- 2 Jury + by 3 4- c' — 0, 

and if « and he its semi-axes, we have, (Art. 36-1.) 


•j 


1 a + b .1 ab - h* 


t * 2 


so that, by division, a*+& 2 =—. 

ab — h- 


I'lie equation to the required circle is therefore 

/ _ hf- by \ 2 / yh - gf y __ (a 4 - b) c’ 

\ <*b - li 1 ) ab - li 1 ) ab — h 2 

{a + b) (abc + 2/ffh - a/ 2 - hg* - ch 2 ) 

=- (ab-lw - (Art - 3o2) - 


392. The equation to the ( imaginary ) tangents drawn 
from the focus of a conic to touch the conic satisfies the 
analytical condition for being a circle. 

Take the focus of the conic as origin, and let the axis of 
x be perpendicular to its directrix, so that the equation to 
the latter may be written in the form x 4- k = 0. 

The equation to the conic, e being its eccentricity, is 
therefore or + y- = e- (x 4- A) 3 , 

i. ar ( 1 — ?') 4- y- — 2e*fcx — e~hr — 0. 

The equation to the pair of tangents drawn from the 
origin is therefore, by Art. 389, 

[ar ( 1 — c 2 ) 4 - if — 2 e-k.c - eVc 2 ] [- <rA*] = [- e-lex - e 3 fr)\ 
i- ar (1 — c 3 ) 4 - y~ — 2 erfex — eVc 2 = — e 3 [x 4- A] 2 , 

ar 4 - y~ = 0.(1). 

Here the coefficients of ar* and y 3 are equal and the 
coefficient of xy is zero. 
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• * Iowever tl,e axes and origin of coordinates bechanced, 
it follows, on making the substitutions of Art. 129 that in 

(1) tlie coefficients of a.- and y- will still be equal’and the 
coefficient of xy zero. 

Hence, whatever be the conic and however its equation 
may be written, the equation to the tangents from the focus 
always satisfies the analytical conditions for being a circle. 


To find the fuel of the conic given by the general 
equation of the second degree 

ax 2 + 2hxy + by 2 + 2 gx + 2fy + c =z 0. 

Let (x\ y ) be a focus. By the last article the equation 
to the pair of tangents drawn from it satisfies the conditions 
for being a circle. 

The equation to the pair of tangents is 
( x '> V ) [ a 3 ~ + 2 hxy + by 2 -4- 2 gx + 2 fy + c*] 

= [x (ax + hy 4- g) + y (hx + by' + f) + (gx' +ff + c)]~. 

In this equation the coefficients of or and y 2 must be 
equal and the coefficient of xy must be zero. 

We therefore have 

a<f> (x', y) - (ax + hy' + g) 2 = bcf> (x, y) - (hx + by' + f )\ 
and h<f> (x, y) = (ax' + hy' g) (hx + by + f), 

i.e. 

(ax' + hy' + g ) 2 — ( hx' + b f +ff (ax' + Inf + g) (hx + by' +f) 

a — b “ h 

= <f> (**'» y) .(•*). 

These equations, on being solved, give the foci. 

Cor. Since the directrices are the polars of the foci, 
we easily obtain their equations. 


- The equations (4) of the previous article give, in general, 

four values for x' and four corresponding values lor y'. Two of these 
would be found to be real and two imaginary. 

In the case of the ellipse the two imaginary foci lie on the minor 
axis. That these imaginary foci ex : st follows from Art. 247, by 
writing the standard equation in the form 

,_ 1/2 _ i L 2 \ 2 

**+{»- \y-y^A ■ 
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This shews that the imaginary point {0, *Jh* — a*\ is a focus, the 

imaginary line y - — - o — 0 is a directrix, and that the correspond- 

b- — a~ 

/» o 2 

ing eccentricity is the imaginary quantity ,k/ ~~ 


6 2 


Similarly for the hyperbola, except that, in this case, the eccen¬ 
tricity is real. 

In the case of the parabola, two of the foci are at infinity and are 
imaginary, whilst a third is at infinity and is real. 


395. Ex. 1. Find (he focus of the parabola 

lGx-- 21x// + 9//--80x - 140//+ 100=0. 

The focus is given by the equations 

(lGx'- 12//'-40)--( - 12x' + 9//'-70) 2 

7 

_ (lGx'- 12//' - 10) ( - 12x' + 9 if - 70) 
— - 12 


= lGx' 2 -24x'y'+9//' 2 -80x' - 140//'+ 100.fi). 

The first pair of equation (1) give 
12 (1Gx' - 12//' - 40) - + 7 (lGx' - 12//' - 40) ( - 12x' + 9//' - 70) 

- 12 (- 12x' + 9//'-70) 2 =0, 
i.c. {4 (lOx 7 — 12//' — 40) - 3 ( - 12x'+ 9//' - 70)} 

x {3 (lGx' — 12//' — 40) + 4 ( — 12x' + 9//' — 70)} =0, 
i.e. (100x' - 7 by' + 50) x ( - 400) = 0, 

. 4.r / + 2 


so that 

Wo then have 


V = 


3 


lGx' - 12//'-40= -48, 
and - 12x' + 9//'-70= -G4. 

The second pair of equation (1) then gives 

- = x' (lGx' - 12//' - 40) + if ( - 12x' + 0y' - 70) - 40x / - 70/ +100 

= - 4Sx' - 04y' - 4Ox' - 70//' + 100 
= — 8Sx' — 134//' + 100, 

i.e. -256= - Sax' - ?3 Gx' + 2 ^ 8 + 100 , 

if 

so that x'=l, and then y' = 2. 

Tlie focus is therefore the point (1, 2). 
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In the case of a parabola, we may also find the eauation tr, 

& *& Tusiszi* ,h * ——••fw ^ 

Ex. 2. Find the foci of the conic 

55x- - 30 xij + 39i/ 2 — 40x - 24 y - 464 = 0. 

The foci are given by the equation 
( j>5 x' - 15//' - 20) 2 - ( - lSx 7 + 39 y' - 12)2 

16 

_ (55x r - 15, j ' -20H - 15a:'+ 39//'- 12) 

— 15 

= 55x'2- 30xy + 39//' 2 -40x'-24//'- 464 .(I). 

The first pair of equations (1) gives 

15 (55x' - 15 y' - 20) 2 + 16 (Sox' - 1 by' - 20) ( - loo:' + 39//' - 12) 

- 15 (-15x' +39//'- 12)2 = 0 , 

t ‘ e - {5 (55x' - 15r/' - 20) - 3 ( - 15x' + 39//'- 12)} 

{3 (55a;' - 15//' - 20) + 5 ( - 15x' + 39//' - 12)} = 0, 
i e * (3x' - 32/' - 1) (3a:' + 5//' - 4) = 0. 

, 5a;' - 1 

y = -3 - . ( 2 ;. 

or / 3.T 7 - 4 

^ = " —5" .(*)• 

Substituting this first value of y'in the second pair of equation (1) 
we obtain v '* 

- 25 (2x' - i)‘-_340x' 2 — 34 0x' — 1355 

giving x / = 2or -1. Hence from (2) t/' = 3 or - 2. 

On substituting the second value of ?/' in the same pair of equation 
(1), we finally have 

2o^2_2x'+13 = 0, 

the roots of which are imaginary. 

We should thus obtain two imaginary foci which would be found 
to lie on the minor axis of the conic section. The real foci are 
therefore the points (2, 3) and (- 1, -2). 

396. Equation to the axes of the general 
conic. 

By Art. 393, the equation 

(ax + hy + g) 2 — ( hx + b y +f) 2 _ (ax + hy + y) (hx 4 - by +f) 

a — b ~ ft 

.(i) 

represents some conic passing through the foci. 
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Bub, since it could be solved as a quadratic equation to 
cue + /*'/ + </. 

o lve 7——7 -it represents two straight lines. 

/tx 4 - by + J 1 3 

The equation (1) therefore represents tlie axes of the 
general conic. 

397- To find the length oj the straight lines drawn 
th rough a given point in a given direction to meet a given 
conic. 

Let tli e equation to the conic be 

</> (•<*> y) = + 2hxg 4- hfi 4 - 2 g.c 4 - 2 fg 4- c = 0 ...(1). 

Let 1* be any point (x, g), and through it let there be 
drawn a straight line at an angle 0 
with the axis of jc to meet the 
curve in Q and (/. 

The coordinates of any point 
on this line distant r from P 
are 

.k 4 - r cos 0 and g 4 - r sin 0. 

(Art. SO.) 

Jf this point be on (1), we 
have 

a 4 r cos O)' 2 4 - 2 h (x 4 - r cos 0) (y' 4 - r sin 0) 4- b (//' 4- r sin 0)' 

4 - 2y (a*' 4 - v cos 6) 4 - 2 f (g 4 - r sin 0) 4- c = 0, 

i. e. 

r 2 [a cos" 0 4 - 24 cos 0 sin 0 + b sin 2 0 ] 

4 - 2/* [{ax 4 - hg 4 - g) cos 0 4 - (Juv +bg‘ 4 - fi) si 11 0] + <f> (x', y) = 0 

.( 2 ). 

For any given value of 0 this is a quadratic equation in 
/*, and therefore for any straight line drawn at an inclina¬ 
tion 0 it gives the values of PQ and PQ\ 

If the two values of r given by equation (2) be of 
opposite sign, the points Q and Q' lie on opposite sides 
of P. 

If P bo on the curve, then <f> (. 1 /, g) is zero and one value 
of r obtained from (2) is zero. 
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■ If two chords PQQ’ and PRR be dra wn in given 
duectzons through any point P to meet the curve in Q , Q' and 
K ' K respectively , the ratio of the rectum,Ic PQ. PO' to the 
rectangle PR. PR ' i s the same for all points, and is therefore 
equal to the ratio of the squares of the diameters of the conic 
tc/iich are drawn in the given directions. 

The values of PQ and PQ ' are given by the equation of 
the last article, and therefore 

PQ . PQ’ = product of the roots 

__ <f> y) 

a cos- 0 -r 24 cos 6 sin 0 + b sin- 0 ’'' ' 1 
So, if I lx It he drawn at an angle 0' to the axis, we have 


PR . PR' = - 


o 

<4 (-'A ?/) 


a cos - O' + 24 cos O' sin O' + b sin- O ''' 

On dividing (1) by (2), we have 

PQ . PQ' _ a cos 2 0' 4- 24 cos O' sin 0' + b sin 2 O' 

PR . PR’ a cos 2 0 + 24 cos 0 sin 0 + b sin 2 0 

The right-hand member of this equation does not contain 
:c or y\ i.e. it does not depend on the position of P but onlv 
on the directions 0 and O'. 

PQ PO’ 

The quantity -jTj,—~pjp therefore the same for all 

positions of P. 

In the particular case when P is at the centre of the 

CQ" 2 

conic this ratio becomes where C is the centre and CQ' 

and CR" are parallel to the two given directions. 

Cor. If Q and Q' coincide, and also R and R', the two 
lines PQQ’ and PRR become the tangents from P , and the 
above relation then gives 

PQ 3 CQ'- . PQ CQ 


PR 2 


CQ"- . PQ 
CR' 77 -’ Z ' e ' PR 


CR '* 


Hence, If two tangents be drawn from a jyoint to a conic , 
thexr lengths are to one another in the ratio of the parallel 
semi-diameter a of the conic. 
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399. // PQQ and P X Q X Q X be two chords drawn in 

parallel directions from tivo points 1* and. P x to meet a conic 
in Q and Q , and Q x and Q x \ respectively , then the ratio of 
the rectanyles PQ . PQ’ and P X Q X • P\Q\ w t independent of the 
direction of the chords. 

For, if P and P x be respectively the points (x\ if) and 
( x > y )> and 0 be the angle that each chord makes with 
the axis, we have, as in the bust article, 


PQ . PQ’ = 


4> (*', y) _ 

a cos 2 0 + 2 h cos 6 sin 9 + b sin 2 6 1 


and Pff . I\Q' = 


<t> ( x "> ?/") 


so that 


a cos 2 0 + 2 h cos 6 sin 6 + b sin 2 0 9 

pq.pq ^ (x\ ,/) 

A<?. •<M*", y-y 


400. Ij a circle and a conic section cut one another in four points , 
the straight line joining one pair of points of intersection and the 
straight line joining the other pair are equally inclined to the axis of 

the conic. 


For (Fij*. Art. 397) let the circle and conic intersect in the four 
points Q, Q' and R, It' and let QQ' and lilt' meet in P. 


Then 


PQ. PQ ' 
pit. pip 


cq" 3 

CJt" J 


(Art. 398). 


But, since Q y Q", II, and It' are four points on a circle, we have 

PQ .PQ' = PR. PR\ 


CQ" — CIl". 

Also in any conic equal radii from the centre are equally inclined 
to the axis of the conic. 

Hence CQ" and CR", and therefore PQQ' and PRR\ are equally 
inclined to the axis of the conic. 


401. To shew that any chord of a conic is cut har¬ 
monically by the curve , any point on 
the chord , and the polar of this pwint 
with respyect to the conic. 

Take the point as origin, and let 
the equation to the conic be 

«ar* -f- 2 hxy + by 2 + 2 g.c + 2fy -h c — 0 

.OX 
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or, in polar coordinates, 

r=(« cos=0 + 2 h cos0 sin 0 4- b sin= 6) + 2r (ycos + fsinO) + c-- 


^0 


z. e. 


C * ^ + 2 • 7 - ' C ° S 0 +/ Sil1 #) 


+ a cos 2 0 + 24 cos 0 sin 6 + 6 sin 2 <9 = 0. 

Hence, if the chord OPP' be drawn at an arvde 0 to OX 
we have ° ’ 

1 1 } 

(jp ftp’ ~ su,n the roots of this equation in — 

T 

_ 0 <J COS 0 + f sin 0 

* • 
c 

Let R be a point on this chord such that 


Then, if OR = p, 

2 

P 


OR OP OP '' 
we have 

_ 9 <j cos 0 + f sin 6 

c 




so that the locus of R is 


< 7 . p cos 0 -f- f. p sin 6 + c ■=■ 0, 
or, in Cartesian coordinates, 

9 X +fu + c = 0 .(2). 

Hut (2) is the polar of the origin with respect to the 
conic (1), so that the locus of R is the polar of O. 

The straight line PR is therefore cut harmonically by O 
and the point in which it cuts the polar of (). 


Through any point O is drawn a straight line to cut a conic 
in P and P' and on it is taken a point It such that OR is (1) the 
arithmetic mean, and (2) the geometric mean, between OP and OP'. 
Find in each case the locus of 11. 

Using the same notation as in the last article, wo have 


OP + OP' = 


g cos 0 -\-f sin 0 

a cos 2 0 2 h cos 0 sin 0 + b sin 2 0 ’ 


OP. OP' = 


_ c 

a cos 2 0 + 2 h cos 0 sin 0 -f b si n-0 * 


and 
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(1) If Ji he the point ( p , 0) we have 

p = A (OP + oi*) = - ■ <7COS *_t / sin *_ 

a cos- d + 2 h cos 0 sin 6 + b sin - 6 ’ 
i.e. op cos- 0 -f - ftp cos 0 sin 0 + bp sin* 0 + y cos 0 + /"sin 0 = 0, 
i.e., in Cartesian coordinates, 

ax- + 2 Jury + by- -f yx + fy = 0. 

The locus is therefore a conic passing through O and tlie inter¬ 
section of the conic and the polar of O, i.e. through the points T 

and '1 , and having its asymptotes parallel to those of the given 
conic. 

(2; If 11 he the point ( p , 0), we have in this case 

fr=01> .OV’ = - 0 _-_ 

a cos- 0 + 2 li cos 0 sin 0 + b sin 7 0 ’ 

ap 2 cos'- 0 -f 2 bp- cos 0 sin 0 + bp- sin 2 0 = r, 

ax' 3 + 2hxy -f by- = c. 

1 he locus is therefore a conic, having its centre at 0 and passing 
through T and T\ and having its asymptotes parallel to those of the 
given conic. 


402. To find the locus of the middle points of parallel chords of a 
conic. [Cf. Art. 370.] 

I he lengths of the segments of the chord drawn through the point 
f r Z at un au ©l e 0 to the axis of x is given by equation (2) of Art. 

<U) 4 • 


If (* r, » y') he the middle point of the chord the roots of this 
equation are equal in magnitude but opposite in sign, so that their 
algebraic sum is zero. 

I he coeflicient of r in this equation is therefore zero, so that 

(ax' -f hy' + y) cos 0 + ( fix' -f- by' + f) sin 0 = 0. 

The locus of the middle point of chords inclined at an angle 0 to 
the axis of x is therefore the straight line 

(ax + hy + y) + (hx + by +/) tan 0 = 0. 

Hence the locus of the middle points of chords parallel to the line 
y = nix is 

(ax + hy +y) + (hx + by +f) m = 0, 
xr (a + hm) (h bm) y -h y -f fnx = 0. 

This is parallel to the line y=m'x if 


, a -f- hm 
m = - 


h + bm ’ 
a + h (m + m / ) + bmrn' = 0. 

This is therefore the condition that y = inx and y — m’x should be 
parallel to conjugate diameters. 
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*?®* Equation to the pair of tan pent s drawn from a given point 
K x y y ) to a given conic. [Cl. Art. 3811.J 

If a straight line he drawn through (.c\ the r>oint P tr* 

l^auon 0 in Q a,U the lKn ° thS ° f ^ ?ro n 8:4bytUe 

r 2 (« cos 2 0 + 2 h cos Q sin 0 + h sin 2 0) 

+ 2 r[{ax' + hy' + g) cos 0 + (fix' + by' + /) sin 0] + <p (x\ y')=0. 

r0 ° tS0f this ei l uation are e<iual, i.e. the corresponding lines 
touch the conic, it ® 

(a cos 2 0 4 - 2h cos Q sin 0 4- b sin 2 0) x <p {x' f y') 

= [K + h, j’ + g) cos 0 + (hx'+by'+f) sin 0)- t 

i.e. if (a 4- 2 it tan 0 + b tau 2 0) x <p {x\ y') 

= [{ax' + luf +g) + {hx' 4- by' 4 -f) tan 0] 2 .. .(1)- 

The roots of this equation give the corresponding directions of the 
tangents through P. 

Also the equation to the line through P inclined at an angle 0 to 
the axis of a: is 


— tan 0 


X - X 


( 2 ). 


If wo substitute for tan 0 in (1) from (2) we shall get the equation 
to the pair of tangents from P. 

On substitution we have 

{a(x- x') 2 + 2/i (x-x'){y-y') + b(y- y') 2 ) (x' t y') 

= [(ax' 4- hy' + g){x- x') + {hx' + by' 4 -f) (y - y')] 2 . 

This equation reduces to the form of Art. 380. 


. 1. Two tangents are drawn to an ellipse from a point P; if the 
points in which these tangents meet the axes of the ellipse be 
concyclic, prove that the locus of I 5 is a rectangular hyperbola. 

2 . A pair of tangents to the conic Ax 2 + By 2 = 1 intercept a 
constant distance 2 k on the axis of x ; prove that the locus of their 
jjoint of intersection is the curve 

By 2 (Ax 2 + By 2 — l) = Ak 2 (By 2 — l) 2 . 

3. Pairs of tangents are drawn to the conic ax 2 +fiy 2 =z 1 so as to 
be always parallel to conjugate diameters of the conic 

ax 2 4- 2hxy 4- by 2 = 1 ; 

shew that the locus of their point of intersection is the conic 

ax 2 4- 2 hxy 4- by 2 =- 4- ^ . 

a 
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. 4. Provo that the director circles of all conics which touch two 
gi\en straight lines at given points have a common radical axis. 

5. A parabola circumscribes a right-angled triangle. Taking its 

sules as the axes of coordinates, prove that the locus of the foot of the 

perpendicular from the right angle upon the directrix is the curve 
whose equation is 


2x,j (x- + y-)(hy + kx) + 7,V + &x* = 0, 
and that the axis is one of the family of straight lines 


y = mx - 


in 3 h - 7. 


1 4- m 2 ’ 

where m is an arbitrary parameter and 2 h and 2k are the sides of the 
triangle. 

Find the foci of the curves 

C. 300.r- 4 - 320 xy -f- 144 y* - 1220x - 7G8y + 190 = 0. 
l(\x- - 24xy + 9y 2 4- 28x4- 14y 4- 21 =0. 

14 lx 2 - 120xy 4- 2 5y* 4- G7x - 42 y 4-13 = 0. 

- r ‘ ~ Gxy 4- y- — lOx — 1 0/j — 10 = 0 and also its directrices. 

Prove that the foci of the conic 


7. 

8 . 
9 . 

10 . 


ax- 4 - 2 hxy 4 - by- — 1 
are given by the equations 

x ~ ~ V’ _ ry 1 
a — b h h 2 - ab" 


11 . l’rovo that the locus of the foci of all conics which touch the 
four lines x= ±a and y= ±b is the hyperbola x 3 - t/- = a 2 - b 3 . 

12. Given the centre of a conic and two tangents; prove that the 
locus of the foci is a hyperbola. 

[Tako the two tangents as axes, their inclination being a>; let 
(• r i» Vi) and (x. Jt yj) be the foci, and (/», k) the given centre. Then 
x 1 4-x 3 = 27i and y l + y. J = 2k; also, by Art. 270 (fi), wo have 

2 /i!/aSin 3 u; = x,x a sin 2 w= (semi-minor axis) 2 . 

From these equations, eliminating x a and y. Jt we have 

x i 2 ~ 2 /i a = 2/ix, — 2ky l .'\ 

13 . A given ellipse, of semi-axes a and b, slides between two 
perpendicular lines; prove that the locus of its focus is the curve 

(x 2 + y-) (XV + f'*) = 4a 2 x 2 // 2 . 

14 . Conics are drawn touching both the axes, supposed oblique, at 
tho same given distance a from the origin. Prove that the foci lie 
either on the straight lino x = y t or on the circle 

x 2 4- t/ 3 4- 2xy cos u> = a(x + y). 

15 . Find the locus of tho foci of conics which have a common point 
aud a common director circle. 
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f 1 - 6 ! 1 ? CUS of . the f °cus of a rectangular hyperbola a 
diameter of which id given in magnitude and position. 

17- Through a fixed point O chords POP' and QOQ’ are dra™ at 
rigiit angles to one another to meet a given conic in P, P', Q t and Q'. 

Provo that j— + QoToQ' is constant - 

18. A point is taken on the major axis of an ellipse whose abscissa 

1S ."f^v 2 ~ e ~; prove that the sum of the squares of the reciprocals 
ot the segments of any chord through it is constant. 

• through a fixed point O is drawn a line OFF' to meet a conic 

in^ and F'; prove that the locus of a point Q on OFF', such that 

OQ^ == OF 2 + OP' 42 * S anot ^ er coulc whose centre is O. 


20. Prove Carnot’s theorem, viz. : If a conic section cut the side 
BC of a triangle ABC in the points A' and A", and, similarly, the 
side CA in B' and B", and AB in O' and C" , then 

BA' .BA". CB' . CB" .AC'. AC"=CA' . CA" .AB' . AB" . BC'. BC". 
[Use Art. 308.] 

21. Obtain the equations giving the foci of the general conic by 
making use of the fact that, if S be a focus and PSP' any chord of 

the conic passing through it, then -i- + 1 is the same for all direc- 

*j i o lr 

tions of the chord. 


22. Obtain the equations for the foci also from the fact that the 
product of the perpendiculars drawn from them ujion any tangent is 
the same for all tangents. 


4:04. To find the equation to a conic , the aj^is ofi co¬ 
ordinates beinq a tangent and nornud to the conic. 

Since the origin is on the curve, the equation to the 
curve must be satisfied by the coordinates (0, 0) so that the 
equation has no constant term and therefore is of the form 

ax- + 2 hxy + by 1 + 2yx + 2 fy = 0. 

If this curve touch the axis of x at the origin, then, 
when y — 0, we must have a perfect square and therefore 
9 = 0. 

The required equation is therefore 

ax 3 + 2hxy 4- by 2 + 2 fy — 0.(1 ). 

Ex. O is any point on a conic and PQ a chord ; prove that 

(1) if PQ subtend a right angle at O, it passes through a fixed 
point on the normal at O, and 
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(2) if OP and OQ be equally inclined to the normal at O, then 
PQ passes throuyh a jixetl point on the tanyent at O. 

Take the tangent and normal at O a 3 axes, so that the equation to 


the conic is (l). 

Let the equation to PQ be y = mx 4- c .(2). 

Then, by Art. 122, the equation to the lines OP and OQ is 

c (ax- + 2hxy +by 1t ) +2fy (y - mx) = 0.(3). 


(1) If the lines OP and OQ be at right angles then (Art. GC), we 
have ac -f bc + 2 /= 0 , 


= a constant for all positions of PQ. 

But c is the intercept of PQ on the axis of y, i.e. on the normal 
at O. 

The straight line PQ therefore passes through a fixed point on the 

- 2 f 

normal at O which is distant — from O. 

a + b 

This point is often called the Fregicr Point. 

(2) If again OP and OQ be equally iuclined to the axis of y then, 
in equation (3), the coefficient of xy must be zero, and hence 


i.e. 


2 he — 2 /m = 0 , 
c f 

— = 7 - = constant. 
m h 


But — is the intercept on the axis of x of the lino PQ. 
m 

Hence, in this case, PQ passes through a fixed point on the tangent 
at O. 


405. General equation to conics passing through four 
given points. 

Let A, By C\ and D be the four points, and let BA and 


CD meet in O. Take OA 11 
and ODC as the axes, and 
let OA = A, OJ1 = \\ OD = /x, 
and OC — p. 

Let any conic passing 
through the four points be 

aaf 2 h'.rg -f- htf 

4- 2yx+ 2fy+ c — 0 ...( 1). 

If we put y=0 in this 
equation the roots of the 
resulting equation must be 


■v 

x 
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Hence 

3^7 — — a (A 4- A') and 

i.e. 

«- AV , and 2y = - 

Similarly 

b= , and 2f — - 

/x/x 

On substituting in (1) we have 

yfA a? 4 - 2 hxy 4 - 

AA y- — /x/x' (A 4- A') a* 


A + A' 
c AA' * 


/x/x 


- AA' (/x + fx') y + AA '/x/x' 0 .(1), 

where A = U — **** . 

c 

This is the required equation, h being a constant as yet 
undetermined and depending on which of the conics through 
A, 7/, C\ and D we are considering. 


406. Aliter. We have proved in Art. 3S3 that the 
equation JcLA r = MR, k being any constant, represents anv 
conic circumscribing the quadrilateral formed by the four 
straight lines B = 0, M — 0, A = 0, and 7? = 0 taken in this 
order. 

With the notation of the previous article the equations 
to the four lines A 77, 7 iC, CD, and DA are 


y = 0, — 1 = 0, x = 0, 

A /x 

and 5 + £ - 1 - 0. 

A /x 

The equation to any conic circumscribing the quadri¬ 
lateral A BCD is therefore 



jx/x'af 2 + scy (A/x' 4 - A'/x - ZrAA'/x/x') + AA'?/ 2 


— /x/x 7 (A 4- A') a* — AA' (/x + /x') y + AA'/x/x' = 0. 

On putting A/x' 4- A'/x — ZrAA'/x/x' equal to another constant 
24 we have the equation (1) of the previous article. 
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i07. Only one conic can be drawn through any Jive 
points. 

For the general equation to a conic through four points 
is (1) of Art. 405. 

If we wish it to pass through a fifth point, we substitute 
the coordinates of this fifth point in this equation, and thus 
obtain the corresponding value of h. Except when three of 
the five points lie on a straight line a value of h will always 
be found, and only one. 

Ex. l'ind tlic equation to the conic section which passes through 
the fire points A, It , C, 1), and E, whose coordinates are (1, 2), (3, —4), 
( “ 3 ). ( - 2, - 3), and (5, 0). 

The equations to AD, DC, CD, and DA are easily found to be 
y + 3x—5 = 0, 4 j/4 -7 x—5 = 0, 6 x —y + 9 = 0, and 5x — 3y+l=0. 

The equation to any conic through the four points A, D, C , and D 
is therefore 

(y + 3x — 5) (Ox - y +0) = \ (4 y + 7x — 5) (ox — 3y + 1).(1). 

If tins conic pass through the point E, the equation (1) must be 
satisfied by the values x = 5 aud y = G. 

We thus have X = V“ and, on substitution in (1), the required 
equation is 

223X 2 - 38 xy - 123y 2 - 171x + 83y + 350 = 0, 
which represents a hyperbola. 

4:03. To Jind the general equation to a conic section 
zvhieh touches Jour given straight lines , i.e. which xs inscribed 
in a given quadrilateral. 


C 
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Let ^ he f °ur straight lines form the sides of the quadri- 

' T^^ CD ' Let JiA and CD meet hl O t and take OAD 
and VBC as the axes of x and y , and let the equations to 
the other two sides DC and DA be 

l x x + m,y —1—0, and l.pz + „ L yj - 1 = 0 . 

Let the equation to the straight line joining the points 
of contact of any conic touching the axes at D and Q be 

ax + by — 1=0. 

By Art. 385, IT, the equation to the conic is then 


2\xy = (ax + by - 1 ) 2 .( 1 ). 

The condition that the straight line DC should tou 
this conic is, as in Art. 374, found to be 

A. = 2 (a — /,) (b — in,) .(2). 

Similarly, it will be touched by AD if 

A = 2 (a — L) (b — ml) .(3). 


The required conic has therefore (1) as its equation, the 
values of a and b being given in terms of the quantity A by 
means of (2) and (3). 

Also A is any quantity we may choose. Hence we have 
the system of conics touching the four given lines. 

If we solve (2) and (3), we obtain 

2bj- (m 1 + m?) _ __ 2 a-(l 1 +1 2 ) _ ; / _ _ 2\ 

m l — ni 2 h — L, ~ v (h- ( m i ~ * 


409. The conic LM — Hr, where L — 0, M — 0, and 
7t = 0 are the equations of straight lines. 

The equation LM = 0 represents a conic, viz. two straight 
lines. 

Hence, by Art. 385, II, the equation 

LM= It* .(1), 

represents a conic touching the straight lines L — 0, and 
M = 0, where It — 0 meets them. 
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Thus L — 0 and Jf — 0 are a pair of tangents and Ji — 0 
the corresponding chord of contact. 

Every point which satisfies the equations Jf= p‘L and 
7t — ftL clearly lies on (1). 

Hence the point of intersection of the straight lines 
anc ^ H = pf lies on the conic (1) for all values of 
/t. I his point may be called the point “/a.” 


410. 

tiro points 
the jioint “ 


To find the equation to the straight line joining 
“/a and “/a' ” and the cguation to the tangent at 

>f 

/'• 


Consider the equation 


adv -4- bJf 4 It — O.(1). 

Since it is of the first degree and contains two constants 
a and at our disposal, it can be made to represent any 
straight line. 

If it pass through the point “ /a ” it must be satisfied by 
the substitutions Jf = piL and It = pL. 

Hence a + bp 3 + p = 0.(2). 

Similarly, if it pass through the point ‘‘/a'” we have 

a -f- bp* + /*' = 0.(3). 

Solving (2) and (3), we have 


/A/A p 4- /A 

On substitution in (1), the equation to the joining line is 

Z/a/a' + Jf — (p + p) It = 0. 

By putting p—p we have, ns the equation to the 
tangent at the point “/a,” 

Lp* + Jf - 2pit = 0. 
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1. Prove that the locus of the foot of the perpendicular let fall 

from the origin upon tangents to the conic ax s + 2hxx f + bu- = 2x is the 
curve (h* - ab) (.c 2 + y-f + 2 (.c 2 + y'-) (bx -hy)+y * = 0. 

2. In the conic a.r 2 + 21ixy + by^ = 2y, prove that the rectangle 

contained by the focal distances of the origin is_— 

ub — h-‘ 

3. Tangents are drawn to the conic ax 2 + 2hxi/ + by-= 2x from 
two points on the axis of x equidistant from the origin; prove that 
their four points of intersection lie on the conic by-+ hxy = x. 

If the tangents be drawn from two points on the axis of y equi¬ 
distant from the origin, prove that the points of intersection are on a 
straight line. 

4. A system of conics is drawn to pass through four fixed points- 
prove that 

(1) the polars of a given point all pass through a fixed point, 
and (2) the locus of the pole of a given line is a conic section. 

5. Find the equation to the conic passing through the origin and 
the points (1, 1), ( - 1, 1), (2, 0), and (3, - 2). Determine its species. 

6. Prove that the locus of the centre of all conics circumscribing 
the quadrilateral formed by the straight lines y = 0, x = 0, x + y = f, 
and y - x = 2 is the conic 2x 2 - 2y- + -ixy + by - 2 = 0. 

7. Prove that the locus of the centres of all conics, which pass 
through the centres of the inscribed and escribed circles of a triangle, 
is the circumscribing circle of the triangle. 

8. Prove that the locus of the extremities of the principal axes of 

all conics, which can be described through the four points ( 0) and 

(0, =fc b) y is the curve 

9. B, Cy and D are four fixed points and AD and CD meet in 
O; any straight line passing through O meets AD and DC in R and 
IV respectively, and any conic passing through the four given points 
iu S and S'; prove that 

1 1 _ 1 1 

OR + OR' ~ OS + OS' * 

10 . Prove that, in general, two parabolas can be drawn through 
four points, and that either two, or none, can bo drawn. 

[For a parabola we have h= =t AX'/z/x'.J 
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i»8 a qundri'«Verl| tl ^ e iJc-fi ,S (Fi„ th Art e 4 « I ?f-° f th ° conics '-'icumscrib- 
tiio vertices O 1 . m. I 1 / ,,f ,i,r„ A i *, U °J ls , a c ° mc P assln g through 

points of AB. AC, AD, liC, IlD,\nd r CD 1 “ Ud throu °' h Ule IIliJdle 

fuur";i^ are paraUei the “« 0^ 

12. By taking tlie case wli#»n \\ # _ ' i ^ , 

are perpendicular (in which case A11C ;«/*£* 7 l ? D ? U<1 CD 

orthocentre and A L B M n n ,i rn * tnaD ” e *J avil, 8 D as its 

poinVcirclfof iheffigte” ° f Us Centre is the ' line 

a 1 .«uh l r I pomt t 's lt tho 0 oot an f°,, 0 - 1/Z - (l ' l ~- Art - 405 ) is ««=»> that each 
?on.c nassi thrn l . T ° f the , °PP^ite side with respect to any 

q uudrilateral!* th the an » u, “ r l> oi " ts ^ *. <?. and D of the 

[Such a triangle is called a Self Conjugate Triangle.] 

11 1 rouglm'r°gRen TKhnts° n byperbo,a can be drawn 

the four trianrrio^ tiL # 1 * r,nc a * so that the nine point circles of 

Z in ,, bo form " d four given points moot in a 

the four points. *° recla,, 8 ular hyperbola passiug through 

conics can he*drawn m S uU ?' ArL 374 ’ P™ve that in general, two 
comes can he drawn through four points to touch a given straight 

that *' ttIU cou * cs * s inscribed in the same quadrilateral ; prove 

th.l 6 systenii^s * 0 *s t raig h t hue. ° f “ ffiV ° n strtti « bt lino with respect to 

inAdlcV>o Cent . res j s n straight line passiug through the 

iiujuic po.nts of tlie d.agonals of the quadrilateral. 

AC 8 kndBD G iFii t \r? inT- gle to . Tm ? d by the three diagonals OL, 
the pole of the nni»o R is such that each of its angular points is 
quadrilateral. * * e sic e with respect to any conic inscribed in the 

ghren* lines!* ° ^ ^ ° nl * V one P arft bola can bo drawn to touch any four 

lin”° b°o° drawn th M t> * f f ° Ur trian 8 Iea that can bo made by four 

straight lino nr. 1 ,'° • ° rthoccntr ^ of these four triangles lie on a 
straight line, and their circumcirclos meet in a point. 


CHAPTER XVII. 


MISCELLANEOUS PROPOSITIONS. 


On the four normals that can be drawn from any point in 

the plane of a central conic to the conic. 


411. Let the equation to the conic be 

Ax 2 -+- By 2 — 1. (1). 

[If A and B be both positive, it is an ellipse ; if one be 
positive and the other negative, it is a hyperbola. 

The equation to the normal at any point (x', y ) of the 
curve is 

X — X 'll — ?/ 

~Ax = ~By' * 

If this normal pass through the given point (Zt, k ), we 
have 


h — x 
Ax' 



y 


■£. c. (A — B) xy' + Bhy' — Alex' = 0 . .. (2). 

This is an equation to determine the point (x\ y’) such 
that the normal at it goes through the point (//, k). It 
shews that the point (pc' , y ') lies on the rectangular hyper¬ 
bola 

(A — B) xy + Bhy — Akx = 0 .(3). 


The point (x', y') is therefore both on tlie curve (3) and 
on the curve (1). Also these two conics intersect in four 
points, real or imaginary. There are therefore four points, 

L. 13 
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in general, lying on (1), such that the normals at them pass 
tlirough the given point (4, k). 

Also the hyperbola (3) passes through the origin and 
the point (4, k) and its asymptotes are parallel to the axes. 

Hence front a given point four normals can in general 
be drawn to a given central conic , and their feet all lie on a 
certain rectangular hyperbola, which passes through the 
given point and the centre of the conic , and has its asymptotes 
parallel to the axes of the given conic. 

' lo find the conditions that the 'normals at the 

points where two given straight lines meet a central conic 
may meet in a point. 

Let the conic be 

Aur + JJy 1 . (1), 

and let the normals to it at the points where it is met by 
the straight lines 

l v v + m x y =1 .(2), 

and l r v + m^y = 1 . (3) 

meet in the point (4, k). 

I5y Art. 384, the equation to any conic passing through 
the intersection of (1) with (2) and (3) is 

A j? 4- Jhf — 1 4- A (l x x 4- m x y - 1) (Ac + mej - 1) = 0...(4). 

Since these intersections are the feet of the four 
normals drawn from (4, 4), then, by the last article, the 
conic 

(A — Jl) xy 4- Jihy — A Aw — 0 . (5) 

passes through the same four points. 

Lor some value of A it therefore follows that (4) and (5) 
are the same. 

Comparing these equations, we have, since the co¬ 
efficients of a- 2 and if and the constant term in (5) are all 
zero, 

A 4- A If — 0, J> + Xm x m. x — 0, and — 1 + \ = 0. 

Therefore A — 1 , .and hence 

If = - A, and — — Jl 


( 6 ). 
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The relations (6) are the required conditions, 
we lfave C ° mparin S the remaining coefficients in (4) ami (5), 

A + 4»»,) — X. (I, + 4) _ — A. (m, + 

A ~ JS ~ Ak J}h ' ’ 

so that h = — — ^ ')n 1 + rn. 2 

B t l? n 2 + Lm l . ('/> 

and £ - ~~ . ll + l * /u , 

A l x m 2 4- /jj/ztj. 

Cor. 1. If the given conic be an ellipse, we have 

A “ i and Ji = & ■ 

J-relations (bj tlien give 

°?l 1 4 = ^ 2 rn k rn 2 — — 1 .( 9 ^ 

and the coordinates of the point o-f concurrence are 

A = H*? m i + ”*3 __ / / o 7 ,v 1 - &*!»,* 

a- / jWa 4- 4 hi, 1 ^ ^ * «%*’+ b’mf 5 

and k = — — 2 - ~ l - + ^ («*■» - £-) . 1 

6 ^*2 + 4™i V ' «%- 4 - A 2 ™, 3 * 

Cor - 2 - the equations to the straight lines be <dven 

in the form y = 7noc 4- c and ?/ = tti oc 4 - c\ we have 

m = “ T~ > c — — , f)L = -, and c' — — . 

m i 7/i i 7 fin 7n. z 

The relations (9) then give 

»«/*' = — and cc = — 6 2 . 

a. 


413 . If the nor nulls at four points P, Q, R, and S of an ellipse 
meet tn a point, the sum of their eccentric angles is equal to an odd 
multiple of two right angles. [Cf. Art. 293.] 
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If a, ft , 7 , and 5 be tlie eccentric angles of the four points, the 
equations to PQ and PS are 

. a - ft 

b a+ft 2 


and 


a 

2 

. a + (3 
sin 

. - cot 

7 + 5 

i 7-0 

b cos 

o 

a 

2 

7 + 6 

Sill -- 


[Art. 25U.] 


Since the normals at these points meet in a point, we have, by 
Art. 412, Cor. 2, 

b~ , b- a + ft y + 5 

P = mm = - cot — H cot . 

. i a -f- 7 + 6 / 7r 7 + o \ 

• • t^n -jj- = cot -- = tan j . 

n+j 9 7 T 7 + 5 

-2 = + 2 - V • 


t.<r. 


a+ft + y + 6= (2n + 1 ) it. 


Ex. 1 . // the normals at the points A, 11 , 6 ’, mid D of' an 

ellipse meet in a point O, prove that SA . SB . SC. SD = X 3 . SO~ t where 
S is one of the foci and \ is a constant. 

Let the equation to the ellipso be 




and let () bo the point (A, k ). 

As in Art. 411, the feet of tho normals drawn from O lio on the 
hyperbola 




hy 

x 'J + i> 




a-e-xy = a?hy — b^kx . ( 2 ). 

The coordinates of tho points A, B, C t and D are therefore found 
by solving ( 1 ) and ( 2 ). 

From ( 2 ) we have t/=- - - . 

J a a (A - 

Substituting in ( 1 ) and simplifying, we obtain 

“ 2/ta*e*x3 + x 3 (a 2 A 3 + ^A 2 - a*e*) + 2hc*a*x - a*h-=0. .. (3). 
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If x l9 x 3 , x 3 , and x 4 be the roots of this equation, we have (Art. 2), 

Sr-?* ^ aVi 2 + b 2 k 2 - a 4 e* 

v /f 2/.2 

^-XjXoXg— — t and XjXoX^. --. 

e e 4 

If N be the point ( — ae, 0) we have, by Art. 251, 

SA =a + cx x . 

. SB . SC . SL> = (a + ex x ) (a + ex.,) (a + ex 3 ) (a + ex 4 ) 

= a 4 + a 3 e2xj + a^ZxjX, + ae*Zx + e'x^x&.x. 

b~ 

~ ^2 i(h + ac) 2 + A* 2 }, on substitution and simplification, 
b 2 

= — . NO 2 . 

e- 

we If P Stand f ° r ° ne ° f the 1 uantit >'es SA, SB, SC, or ,SX> 

wo nave p=za-\-ex, 

*•*' * = i(/.-a). 

degfetand easily have 1 " 0 *" <3> "" “ eqUatio11 ™ «>° fourth 

b 2 

P\P-iPsP± — [(''« ae )~ + A: 2 ], as before. 

2 - the normals at four points P, Q, R t and S of a central 

locus 7tL Zialu point 'of %i Q VaSS thTOUOh “ flXed PO " U ’ *"* the 
Let the equation to PQ be 

y = jn 1 x + c 1 ... .(i) 

and that to IIS y = m^c + c 2 .(2). 

(by I Art h 4i e 2 qU Cor 0 2) t0 ° 0ni ° b<? Ax ’‘ + Ii y'‘= 1. we’then have 

m > m ==5 .( 3 ), 

and r r _ * ... 

1 *“ 77 .( 4 >- 

If (/, //) be the fixed point through which PQ passes, we have 

ff = m l f+c l .( 5 ). 

i.e. by Art^f on tM.°'?& U “ °“ th " dia ' aeter «“*«**• «• 

V= ~ JJnTz** 

i.e. 9 by (3), y — _ rn^x . 
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Now, from (4) and (5), 

1 

Ji (g -//«,) ’ 

so that, by (3), the equation to US is 

y = JT^ l X ~ ji (g-f,n x ) .< 7) * 

Eliminating wi, between (0) and (7), we easily have, as the equation 
to the required locus, 

( Ax- + 7b/ 2 ) (gx +Jg)+xg = 0. 

9 or ‘ Eroni equation (0) it follows that the diameter conjugate to 
f!S is equally inclined with 1*Q to the axis, ami hence that the points 
1* and Q ami the ends of the diameter conjugate to /{.S' are concyclic 
(Art. 400). J 


1. If the sum of the squares of the four normals drawn from a 
point O to an ellipse be constant, prove that the locus of O is a conic. 

2. If the sum of the reciprocals of the distances from a focus of 
the feet of the four normals drawn from a point O to an ellipse be 

4 

latTrect ’ l ,rove ^ ,e focus of O is a parabola passing through that 
focus. 

3. If four normals be drawn from a point O to an ellipse and if 
the sum of the squares of the reciprocals of perpendiculars from the 
centre upon the tangents drawn at their feet bo constant, provo that 
the locus of O is a hyperbola. 

4. The normals at four points of an ellipse are concurrent and 
they meet the major axis in G x , G. 2 , G Jt and G 4 ; provo that 

1 _L 1 _ 4 

CG X + C'6' 2 + CG\ f CG 4 ~ CG X + CG % + CG 3 + CG 4 * 

5. If the normals to a central conic at four points />, M, X, and 
P be concurrent, and if the circle through I,, M> and N meet the curvo 
again in P\ prove that Pl y is a diameter. 

.6. Shew that the locus of the foci of the rectangular hyperbolas 
which pass through the four points in which the normals drawn from 
any point on a given straight line meet an ellipse is a pair of conics. 

7. If the normals at points of an ellipse, whose eccentric angles 
are a, p y ahd y , meet in a point, provo that 

sin (p + y) + sin (y + a) + sin (a + p) = 0. 

Hence, by page 235, Ex. 15, shew that if PQR bo a maximum 
triangle inscribed in an ellipse, the normals at P, Q, and Ji are 
concurrent. 
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8. Prove that the normals at the^points where the straight line 


a cos a + it sin a ^ meets the elIi P se + ? f,=l meet at the point 

( o o » 

-^ 2 cos 3 a, ~I S in 3 aj. 

the ends of focal cliords°of an ^UipsVTre n ° rmaIs afc 

a ~y 2 ( 1 + e2 ) 2 + b 2 (x ± ae) (x rp ae 3 ) = 0. 

10. Tangents to the ellipse ~ + ^ = 1 are drawn from any point 

on the ellipse *.> + ^ = 4; prove that the normals at the points of 
contact meet on the ellipse a-x 3 b 2 y 2 = £ ( a 2 — b 3 ) 2 

11- ^ ay yt “gem to the rectangular hyperbola 4 xy = ab meets the 
ellipse - a + p = lin the points P and Q ; prove that the normals at P 
and Q meet on a fixed diameter. 

12. Chords of an ellipse meet the major axis in the point whose 
distance from the centre is a k/ 
ends meet on a circle. 

13. From any point on the normal to the ellipse at the point 
iW fh CC ? ntnC a ? g ?. 18 a . two ot,ier normals are drawn to it; prove 

Janies ii°t C h U e S c°u f rv‘ he PO ‘ nt ° f -rrespon^mg 

X1J + bxsin ct + ay cosa = 0. 

14. Shew that the locus of the intersection of two perpendicular 
normals to an ellipse is the curve perpendicular 

(a 2 + b 2 ) (x 2 + y 2 ) (a 2 // 2 + b 2 x 2 ) 2 = (a 2 - b 2 ) 2 ( a 2 y 2 - b 2 x 2 ) 2 . 

15. ABC is a triangle inscribed in the ellipse ~ — i having 

f 8idG parall , el * he Jangent at the opposite angular point; prove 
that the normals at A, B, and C meet at a point which lies on the 

ellipse ci 2 x 2 p b 2 y* = £ (a 2 - b 2 ) 2 . 

10. The normals at four points of an ellipse meet in a point (h k) 
i ln “ tbe equations of the axes of the two parabolas which pass 
through the four points. Prove that the angle between them is 

2 tan-* - and that they are parallel to one or other of the equi-con- 
jugates of the ellipse. 


+ 
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17. Provo that the centre of mean position of the four points on 

the ellipse + = 1, the normals at which pass through the point 

(ct, fi), is the point 



18. Prove that the product of the three normals drawn from any 
point to a parabola, divided by the product of the two tangents from 
the same point, is equal to one quarter of the latus rectum. 


19. Prove that the conic 2aky = (2a — h) y 2 -r 4n.r 9 intersects the 
parabola y-=-\ax at the feet of the normals drawn to it from the point 
(ti , /*)■ 

20. 1' rom a point (A, k) four normals are drawn to the rectangular 
hyperbola .ry = prove that the centre of mean position of their feet 

4 ’ 4 ) ’ an< * ^ lat die f° l »r feet are such that each is the 
the triangle formed by the other three. 


is the point ^ 
orthocentre o 


Confocal Conics. 


'. Two conics are said to be confocal when 
they have both foci common. 

To Jit id the equation to conics which are confocal with 
the ellipse 


—r, + . j — 1 
a- 0 




All conics having the same foci have the same centre 
and axes. 

The equation to any conic having the sumo centre and 
axes as the given conic is 


*\C=i 


A B 

The foci of (1) are at the points (=*= fa 2 — b' J t 0). 
The foci of (2) are at the points +JA — 77, 0). 
These foci are the same if 

A — B = a 2 — b\ 

e • A - a* = B - b- = X (six y). 

.*. A — a 2 + A, and B = b~ + X. 


( 2 ). 
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The equation (2) then becomes 

v 2 


a - 2 


<L + A. b~ + \ 


h 


Jliich is therefore the required equation, 
determining the particular confocal. 


tl 


ie quantity A. 


ly the tqu J”n ''^ rent V,llUeS ° f A ^ 


.2 


a 


otr y 

- + — —-— 1 

A &-’ + A 


( 1 ). 


lir-st, let A he very great; then a- + A and lr + A are 
both very great and, the greater that A is, the more nearly 
do these quantities approach to equality. A circle of 

system ^ °‘ eat lildlus Is therefore a confocal of the 

T.et A graduall y dec rease from infinity to zero- the 

semi-major axis Ja- + A gradually decreases from infinity 

to a, and the semi-minor axis from infinity to b When A 

is positive, the equation (1) therefore repre-ents an ellipse 

gradually decreasing m size from an infinite circle ho 
the standard ellipse 

^ + £=1 
a* b- 

T-his latter ellipse is marked / in the figure. 

Next, let A. gradually decrease from 0 to — b~. The 

semi-major axis decreases from a to and the semi 

minor axis from b to 0. 

For these values of A the confocal is still an ellipse 
which always hes within the ellipse /; it gradually 
decreases in size until, when A is a quantity very slightly 
greater than _ V, it is an extremely’ narrow ellipse very 
nearly coinciding with the line S/1, which joins the two 
foci of all curves of the system. 

Next, let A be less than - b-; the semi-minor axis 

y , + A , now becomes imaginary and the curve is a hyper¬ 
bola ; when A is very slightly less than - b‘ the curve is a 
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hyperbola very nearly coinciding with the straight lines 
SX and IIX'. 


Y 



,Y' 


[As A. passes through the value — l? it will he noted that 
the confocal instantaneously changes from the line-ellipse 
SII to the line-hyperbola SX and 7/A".] 

As A gets less and less, the semi-transverse axis \!a~ + A 
becomes less and less, so that the ends of the transverse 
axis of the hyperbola gradually approach to C y and the 
hyperbola widens out as in the figure. 

When A = — a 2 , the transverse axis of the hyperbola 
vanishes, and the hyperbola degenerates into the infinite 
double line YCY\ 

A\ hen A is less than — « 2 , both semi-axes of the conic 
become imaginary, and therefore the confocal becomes 
wholly imaginary. 

417 . Through any point in the plane of a given conic 
there can be drawn two conics confocal with it; also one of 
these is an ellipse and the other a hyperbola . 

Let the equation to the given conic be 

** + ^=i 
a 2 b* 9 

and let the given point be (f y). 
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Any conic confocal with the given conic is 


or 


4-—- — I 


+ A 6” 4 - A 
If this go through the point (f, <j), we have 

_ + ?:_i 

« 2 + A + A ~ 1 . 


a). 


(*)• 


Tins is a quadratic equation to determine A and there 
fore gives two values of A. ,eie_ 

Put b 2 •!- A r - yU> and lienee 

f- A = f x + a 2 — b' 2 - fj. -i a ' 2 e~. 

-ihe equation (2) then becomes 

y* 2 


- 4- <J ~ -1 

O O 1 - 1 « 

fx 4- Ci~e- fx 


e. 


^ + * <“ v - :f) - .'A'-*"- o . (g) 


the ?ootTnf y t\"- 8 th<! C . r . iterion ° f Art - 1 we at once see that 
tne loots ot this equation are both real. 

rl 0= A1 ' S °’ * in . ce its last term is negative, the product of 
these roots is negative, and therefore one value of is 
positive and the other is negative. 

two val . ues of b- 4- A are therefore one positive and 
ie othei negative. Similarly, tlie two values of a 2 4 - A can 
t)G shewn to he botli positive. 

hyperbo1a bSlltUtlllg ^ We t,ms ° ,>tain an ellipse and a 


418. Confocal conica cut at riyht any lea. 
Pet the confocals be 


or 7/ 2 a .2 

2 , \ “ 1, and- 

a 4- A, b - 4 - A, «* 4 - A., 


4- 

b* 4- Ao 


and let them meet at the point (a/, y'). 

The equations to the tangents at this point ar 

yy' 


•e 




« 2 4- A, 


yy _ , , axe' 

is , \ — i j and —-— 

0 + A i a 2 4- A. 2 


4- ^ 


b* 4- A 


- 1. 
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These cut at right angles if (Art GO) 


a* 


/•* 


4- 


V 


/.* 


(<r + A,) (a 9 + A 2 ) (6 2 + A,) (£- + A._.) 


= 0 


( 1 ). 


But, since (x\ y) is a common point of the two confocals, 
we have 


/*> 


x- y - 

■*-r + j~r —r = 1, and 

« + A, 0- 4- A, 

By subtraction, we have 


X • 


I 

y 




a 2 + A.. b- + A., 


= 1. 



1 


a 1 + 




b 1 + a.;) 



7 -,,_ ?l _+_ y;__ _ o /o\ 

(a? + Aj) (a 3 + A 2 ) (6 2 + A,) (6 2 + A*) . w * 

The condition (1) is therefore satisfied and hence the 

two confocals cut at right angles. 

© © 


Cor. F rom equation (2) it is clear that the quantities 
IP + A, and b~ -+- A 2 have opposite signs ; for otherwise we 
should have the sum of two positive quantities equal to 
zero. Two confocals, therefore, which intersect, are one an 
ellipse and the other a hyperbola. 


4 19. One conic anti only one conic, confocal with the conic 
^4- — = 1, can he drawn to touch a given straight line. 

bet the equation to the given straight lino be 

x cos a + y sin a=]> .(!)• 


Any confocal of tho system is 


x 2 »/ 2 

— + * — = 1 
a 2 4-X b- 4- X 


( 2 ) 


Tho straight lino (1) touches (2) if 

p Q = (a 2 + \) cos 2 a 4- (b 2 4-X) sin 2 a (Art. 201). 
if X =p- — a 2 cos 2 a — b 2 sin 2 a. 

This only gives one value for X ami therefore there is only ono 
conic of the form (2) which touches tho straight line (1). 

Also X + u 2 =/> 2 4- (a 2 — i» 3 ) sin 2 a = a real quantity. Tho conic is 
therefore real. 
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EXAMPLES. XL VII. 

drawn f^ TO t hc a *e^ d u^a ,, S 1 S|i*I ,0 t ° f , the ^'Hendiculars 

conics is constant. 1 P-uallel tangents to two given confocal 

point' of’STXU 1, «lTc a ec°centric h a e nni yPerb0,a I'T" , throu S h the 
with the ellipse, is ‘ eccentllc a,, *» le is a, and which is confocal 

X~ _ y* 

COS-a sin-a 

whose asymptotes arc inclined at an anglS 2a.' ' hyperbola 

from'a gton o point of contact of tangents drawn 

which passes tLongh' " ‘ CUb " CU1Ve ’ 

reduces^ ** ° n the axis - 1— the cubic 

given st?aight t i , ineas^mr 1 nli a giVe “ 8y8tem ° f «"*“» ca “ **avc a 

the 6 tixed r ,°m 0 nt h ( a /f M e J° C " S , ° f , tl ' 1 <! feet . of ‘>*e normals, drawn from 
equation 1 ( ' k) l ° eauh of the of conlueals given by tne 




o 


ia the cubic curve 


+ y~ _! 

a- + X b- + X ’ 


x 


+ 


y a - - //-’ 


!/ - k x — h /,y - Ux * 

fhr^wT V ff 1S « fl ? U geometrical considerations that this curve passes 
through the fixed point and the foci of tiie confoculs. 1 

a vlint ^ V nnn D Ji Gllt \ at ^ an * le ® to one ^ther are drawn from 
>■ fi-eo i • ’ i° nG o? eacl1 . ot two confocal ellipses ; prove that P lies on 
ed circle. Shew aho that the line joining the points of contact is 
bisected by the line joining P to the common centre 

-I®* a ^ r t ° m a j? lven point a pair of tangents is drawn to each of a 
given system ot eonfocals; prove tliat the normals at the points of 
contact meet on a straight line. points ot 

_ u'* J ,an 8cnts are drawn to the parabola y- = 4x and nn 

each is taken the point at which it touches one of the eonfocals 


a 


•* 


A + X ’ 


prove that the locus of such points is a straight line. 
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ip. Normals arc drawn from a given point to each of a system of 
con focal conics, and tangents at the feet of these normals; prove that 
the locus of the middle points of the portions of these tangents 
intercepted between the axes of the confocals is a straight line. 

11. Prove that the locus of the pole of a given straight line with 
respect to a scries of confocals is a straight line which is the normal 
to that confocal which the straight line touches. 

12. A series of parallel tangents is drawn to a system of confocal 

conics; prove that the locus of the points of contact is a rectangular 
hyperbola. 

Shew also that the locus of the vertices of these rectangular 
hyperbolas, for different directions of the tangents, is the curve 
r~ = r-cos 20, where 2c is the distance between the foci of the 
confocals. 

13. The locus of the pole of any tangent to a confocal with respect 
to any circle, whose centre is one of the foci, is obtained and found to 
be a circle; prove that, if the circle corresponding to each confocal be 
taken, they arc all coaxal. 

14. Prove that the two conics 

ax' 2 -f- 2/ixi/ + by- = 1 and ax* -f 2 h’xy + t'y 2 = 1 
can be placed so as to bo confocal, if 

(a - bf + Ah' 2 (a’ - b , )* + 4h f * 

(ab- ir-y 2 - {a’b'-h'*)* ' 


Curvature- 

420. Circle of Curvature. JOef. If I\ Q y and R 

he any three points on a conic section, one circle and only 
one circle can he drawn to pass through them. Also this 
circle is completely determined hy the three points. 

Let now the points Q and R move up to, and ultimately 
coincide with, the point I*; then the limiting position of 
the above circle is called the circle of curvature at 1*; also 
the radius of this circle is called the radius of curvature at 
I*, and its centre is called the centre of curvature at P. 

421. Since the circle of curvature at P meets the 

conic in three coincident points at P y it will cut the curve 

in one other point P'. The line PI* which is the line 

joining P to the other point of intersection of the conic and 

the circle of curvature is called the common chord of 
curvature. 
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-"<■ * conic 

SSffrr ? '^5W! 

points is the third point at 7 J and the point P' and the 
joining them the chord of curvature PP\ Hence the 

tarujent at P and the chord of curvatxcre PP' are in ant 
come , equally mclxned to the axis. ’ y 

tloe lenath of°ih?t "r e * U ? tion to the circl * "/curvature and 
ue txngth oj the ?adxus of curvature at any j )0 int (at* "at) 

of the parabola y 2 = 4 ax. J 1 y 5 “ at ) 

, be the equation to a conic, T = 0 the equation 

LdTo a tV he P ° in i- Wh ° Se coor dinates are «<*and 

thrmith / = °n he e ^ atl A °' 1 to a "7 straight line passing 
through P, we know, by Art. 384, that X + A . Z . T = 0 is 

the equation to the conic section passing through three 

TrfZltTfT P ancl thl ’ OUgh the otI,er P° in t fe in which 

If A and I be so chosen that this conic is a circle, it will 

knnwV 1 ! r ° f A UrV n fc V re at P ’ a,ld ’ ^ the last “tide, we 
know that L - 0 will be equally inclined to the axis with 


Tn the case of a parabola 

£= y~ — 4 ax, and T=ty~ x — at 2 . 


(Art. 229.) 


. ,A Is ? t, ? e „ equation to a line through ( at 2 , 2at) equally 
inclined with r P = 0 to the axis is 

( (y — 2at) -h x — at- — 0 , 

80 that L = ly + x- 3 at 2 . 

Tlie equation to the circle of curvature is therefore 
y 2 — 4 ax + A (ty - x - at*) (ty + x — 3 at 2 ) = 0, 


where 


1 + A* 2 - — A, i.e. A — — f -— . 

1 + P 
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On substituting this value of A, we have, as the required 
equation, 

.x* 2 + y~ — 2a.c ( 3t- + 2) + 4 ayl 3 — 3 a~t x = 0, 

i.e. [x- a (2 + 3t-)f + [y + 2 at 3 ] 2 = 4a 2 (1 + fif. 

The circle of curvature has therefore its centre at 
the point ( 2a + 3at- f — 2aP) and its radius equal to 

2a (1 + ?)*. 

Cor. If S be the focus, we have SP equal to a + aP y so 

2 S P^ 

that the radius of curvature is equal to —- 

v /a 

To Jitul the equation to the circle oj curvature at 

•2 2 

the ])oint P (a cos </>, b sin <j>) of the ellipse -_ + *C=l. 

& 

The tangent at the point P is 


l? 


X 7/ 

— cos <f> + >- sin d> = 1. 

a b 

The str night line passing through P and equally inclined 
with this line to the axis is 

cos (f> sin <i> 

a (x* — a cos rj>) -— (y — b sin <f>) — 0, 


i. e. 


/ / 

- cos </> — ~ sin <f> — cos 2<f> = 0. 


The equation to the circle of curvature is therefore of 
the form 


x * 2 
~ + 
a- 


w w 

V~ 

b 2 


- 1 


G 


A I - cos <f> + j- sin — lj 


cos </> — ^ sin tf> — cos 2</>J = 0.(1). 


Since it is a circle, the coellicients of or and y 1 must be 
equal, so that 


1 cos 3 (f> 1 sin* <f> 

o+A ^ = n — A 


a 


a 


6* 


b 3 


d- _ b " 1 

b‘ cos- <f> + a 2 sin 3 <f> * 


and thei*eforo 
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ourv°'; u ““‘ Uti “ " <IX U '“ *« „f 


(6- cos 2 0 + a 2 sin 2 0) (El‘ + 21 _ ^ 


a 


+ <“ 8 - *’> [S «»* + - $ -- * - ^ ( 1 + CO, 20) 

y sin 0 -j 

(1 — cos 20) + cos 20 0, 


<?. 


/■-a- / •* r-C COS 2 0 

+ y — (r<.- — 6-) ^ 

L CL 


’] 


2y sin 3 0 

6~~ 

+ a" (cos* 0-2 sin-’ 0) - 6-’ (2 cos* 0 - sin-’ 0 ,_ O . 
li»e equation to the circle of curvature is then 


ar — b~ „ .2 r 2 _ 7 2 u 

« cos *} + {y + h sin 3 0 1 


{*“ 

_ ( rt 2 ;o,o f COS d) Sill 0 </> J 

- ( *’>' r*r + -jp?) - a* {cos’-’ 0-2 sin* 0j 

/ o . _ + {2 cos 2 0 — sin 2 (b\ 

_ (a 2 sin 2 0 + cos 2 0) 3 * v 

a 2 ^? 7 after some reduction. 

The centre is therefore the point whose coordinates are 
/ a ~ -b- a - - b 2 . \ 

\ a COS ***’ b — Sln3 $) anc * whose radius is 

( a 2 sin 2 0 + b- cos 2 0) 3 

ab 


^ or ’ If CD be the semi-diameter which is conju¬ 

gate to CV*, then D is the point (90° + 0), so that its 
coordinates are — a sin 0 and 6 cos 0. (Art. 285.) 

Hence CD 2 - a 2 sin 2 0 + b 2 cos 2 0, 

and therefore the radius of curvature p = ——. 

, C?or. 2. If the point /* liave as coordinates x and y 

nen, since x = a cos 0 and y' = b sin 0, the equation to the 
circle of curvature is 
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Cor. 3. In a similar manner it may be shewn that the 
equation to the circle of curvature at any point (x\ y') of 

the hyperbola %, — ?. — ] 

u~ lr 



(l 


9 + b* 




(« 2 — b 2 — x' 2 — y'*) 3 

*>/•» 

— a-6- 

(x 2 + y* — a * + b 2 ) s 
«7>- ' 


i f a circle and an ellipse intersect in four points, 
of their eccentric angles is equal to an even 
multiple of 7T. [Page 235, Ex. 18.] 

If then the circle of curvature at a point 1\ whose 
eccentric angle is 0 , meet the curve again in Q , whose 
eccentric angle is 0, three of these four points coincide at 
1 > so that three of these eccentric angles are equal to 6, 
whilst the fourth is equal to 0. We therefore have 


the sum 




have 


3 0 + <j> = an even multiple of tt = 2mr. 

I fence, if 0 be supposed given, i.c. if Q be given, we 

2tl7T — 0 


0 = 


Giving 7i in succession the values 1, 2, and 3, we see 

a a _ 


that 0 equals 


2tt- 


0 *1 7T — 0 

3 


or 


Gtt — 0 


Hence the circles of curvature at the points, whose 


2 77 — 0 4 7T — 0 


, and 


Gtt 


all 


eccentric angles are _ 

o 3 ’ 3 3 

pass through the point whose eccentric angle is 0. 

Also since 

~ 7r 0 •! ^ — 0 Gtt — 0 

3 f 3 + - 2 - h 0 = 47r = an even multiple of tt, 

we .see that the points and <» 

111* • ^ ^ 3 

all lie on a circle. 


EVOLUTE OF A CURVE. 4Q3 

thre^7^letZ7ich a Zr ’’T* Q - °? “ n f li P° e can be drawn 

points E ,, P n a,,,/ 7 /- A ' 17 ’ 0 / 68 ° f . curvature at three 

Q all lie on anoZr c\r/e th * P°™*° P ly J>„ W 




Evolute of the parabola y- = 4a.x*. 


of thta^rS be the Centre ° f Curvature at t,ie P°"“ («*■, 2«<) 

Then a; = « (2 + 3* 2 ) and y ^ - 2a* 3 (Art. 422.) 

0® - 2a) 3 = 27aV = - 2 /. ay 2 , 

t.e. the locus of the centre of curvature is the curve 

27ay 2 = 4 (x - 2a) 3 . 

Ihis curve meets the axis of a; in the point (2a, 0). 

It also meets the parabola 
where 

27a 2 x = (x— 2a) 3 , 
i. e. where x = 8a, 
and therefore 

V = ^4:f2a. 

Hence ^ meets the parabola at 
the points 

(8a, ±4f2a). 

The curve is called a semi- 
cubical parabola and could be shewn 
to be of the shape of the dotted curve in the figure. 

427 . Evolute of the ellipse ~ + — = 1 . 

a 2 b~ 

If ( x, y ) be the centre of curvature corresponding to the 
point (a cos <f>, b sin <£) of the ellipse, we have 

a 2 — b~ a? — b 2 

x = - _ cos 3 <t> and 0 -= — — sin 3 <£. 
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Hence 

(«*) 3 + (by)' = (a- - b 2 )* {cos 2 cf> + sin 2 <£} = (a 2 - b‘f. 

Hence the locus of the point (.£, y) is the curve 

(“*)* + (by)* = ( u -~b 2 )*. 

This curve coulcl be shewn to 
be of the shape shewn in the figure 
where 

CL - CL" - — ~ b 

(C y 

uml CM - CM ■ = —— . 

b 

The equation to the evolute of 
the hyperbola would be found to 
be 

(«-'•) 3 - (/'>/)* = (u- + i=) 3 . 

428. Contact of* different orders. If two conics, 

oi cut ves, touch, i .e. have two coincident points in common 

they are said to have contact of the first order. The 

tangent to a conic therefore has contact of the first order 
with it. 

If two conics have three coincident points in common, 
they are said to have contact of the second order. The 
circle of curvature of a conic therefore 1ms contact of the 
second order with it. 

If two conics have four coincident points in common, 
they are said to have contact of the third order. Ko 
conics, which are not coincident, can have more than four 
coincident points; for a conic is completely determined if 
five points on it bo given. Contact of the third order is 
therefore ail that two conics can have, and then they are 
said to osculate one another. 

Since a circle is completely determined when three 

points on it are given we cannot, in general, obtain a circle 

to have contact of a higher order than the second with a 

given conic. I he circle of curvature is therefore often called 
the osculating circle. 
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In general, one curve osculates another when it h , , +i 
highest possible order of contact witl, thL se^d cu^ ^ 


• Equation to a conic osculating another conic . 

, If 0 be the equation to a conic and T= 0 the 
tangent “t any point of it, the conic -S’ = A?' 2 passes through 
four coincident points of S=0 at the point where T~ 0 
touches it. (Art. 385, IV.) u 

conie^ 61106 S = XT ~ is the e< l uatio11 to the required osculati 


mg 


at the origin is 


( 1 ) 

( 2 ). 


I he equation of any conic osculating the conic 

a.r 2 + 2 hxy + by 2 -2fy = 0 . 

ax- -f- 2hxy + by 2 - 2/y + \y 2 = 0 . 

For the tangent to (1) at the origin is y = 0. 

If (2) be a parabola, we have h* = a(b + \), so that its equation is 

(ax + hy) 2 =. 2 afy. 

^,^i (2 K he .i a rectan 6p lar hyperbola, we have a + & + \ = 0, and the 
equation to the osculating rectangular hyperbola is 

a (x 2 - y 2 ) + 2 hxy - 2fy = 0. 


EXAMPLES. XL VIII. 


I* ^ tlie normal at a point P of a parabola meet the directrix in 
prove tliat the radius of curvature at P is equal to 2PL. 

, /b an< * Pi t,ie radii of curvature at tlie ends of a focal 

chord of the parabola, prove that 

Pi + p 2 ~*=(2a)~%. 

3. PQ is the common chord of the parabola and its circle of 
curvature at P ; prove tliat tlie ordinate of Q is three times that of P 
and that the locus of the middle point of PQ is another parabola. 

4. If p and p be the radii of curvature at the ends, P and I), of 
conjugate diameters of the ellipse, prove that 


pi -f p'4 — 


3 a 2 -\-b 2 


(ab)* 


and that the locus of the middle point of the line joining the centres 
of curvature at P and D is 


(ax -f- by)^ + (ax — by)% = ( a 2 — b 2 )i. 
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40f) 

5. o is the centre of curvature at any point of an ellipse, and Q 
and R are the feet of the other normals drawn from O; prove that the 

*• i 

locus of the intersection of tangents at Q and R is — + — =1, and 

x' 1 tj- 

tbat the line QR is a normal to the ellipse 

x* »/ 2 ^ „2 & 

b 2+ a 2 ~ 

G. If four normals be drawn to an ellipse from any point on the 
evolute, prove that tiie locus ot the centre of the rectangular hyperbola 
through their feet is the curve 

7. I'» general, prove that there are six points on an ellipse the 
circles of curvature at which pass through a given point O, not on the 
ellipse. If O he on the ellipse, why is the number of circles of 
curvature passing through it only four? 

8. The circles of curvature at three points of an ellipse meet in a 
point P on the curve. Prove that (1) the normals at these three 
points meet on the normal drawn at the other end of the diameter 
through P, and (2) the locus of these points of intersection for 
different positions of P is the ellipse 

4 (aV + 6y) = («3-^. 

9. Prove that the equation to the circle of curvature at any point 
(x\ y') of the rectangular hyperbola x- — y- = a- is 

o 2 (j 2 + //"") - 4xx' 3 + 4 yy' 3 + 3<« 2 (x' 2 + y'•) = 0. 

10. Shew that the equation to the chord of curvature of the 
rectangular hyperbola xy = c a at the point “ t ” is ty + t*x = c(l +1*), 
and that the centre of curvature is the point 

v 2/ a * C It )' 

Prove also that the locus of the pole of the chord of curvature is 
the curve r-= 2c- sin 20. 

11. PQ is the normal at any point of a rectangular hyperbola and 
meets the curve again in Q ; the diameter through Q meets the curve 
again in R ; shew that PR is the chord of curvature at P, and that 
1*Q is * qual to the diameter of curvature at P. 

12. Prove that the equation to the circle of curvature of the conic 
ax 3 + 2 /ixi/ + 6j/ a = *2j/ at the origin is 

a (x 2 + y 2 ) = 2y. 

13. If two confocal conics intersect, prove that the centre of 
curvature of either curve at a point of intersection is the pole of the 
tangent at that point with regard to tlio other curve. 


XLvni.i 


envelopes. 
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( ct - d ■ 

13 ( x -y t2 )-~^ct(.r + yt^) + Sc^=0. 

(±x- 3 ti /) 2 + ±at 2 ( 3 x - 20 ,) = 0 . 


(at 2 , 2at), is”" .. ' ,ltu t,lt; I )arabola V 

x 2 - 2txxj -ij 2 + 2ax (2 + 3 1 2 ) - 2 aPij + a 2 t* = 0 . 

Prove also that the locus of the centres of these hynerbolnq or » 
paraboL arab °^ having the same axis an(l directrix as the original 

hvnerboTi 1 ^^^? 7 P ? in !l ° f a circ , le is drawn the rectangular 
hvnprMaa Closest contact; prove that the centres of all these 
hypeibolas lie on a concentric circle of twice its radius. 

18. A rectangular hyperbola is drawn to have contact of the third 
order with the ellipse ^ 1 ; find its equation and prove that the 

locus of its centre is the curve 

(*J + y*Y -X 2 y 2 
\a 2 +b 2 J a 2 ^ b 2 ‘ 


Envelopes. 

• ^ 43 °; Consicler an y point P on a circle whose centre 

is O and whose radius is a. The sti-aight line through P 
at right angles to OP is a tangent to the circle at P. 
Conversely, if through O we draw any straight line OP of 
length a, and if through the end P we draw a straight 
line perpendicular to OP, this latter straight line touches, 
or envelopes, a circle of radius a and centre O, and this 

circle is said to be the envelope of the straight lines drawn 
in this manner. 

Again, if S be the focus of a parabola, and PY be the 
tangent at any point P of it meeting the tangent at the 
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vertex in the point Y, then we know (Art. 211,5) that 
A 1is a right angle. Conversely, if S he joined to any 
point } on a given line, and a straight line be drawn 
through 3 perpendicular to S Y> this line, so drawn, always 
touches, or envelopes, a parabola whose focus is S and such 
that the given line is the tangent at its vertex. 


431. Envelope. EeF. The curve which is touched 
by each of a series of lines, which are all drawn to satisfy 
some given condition, is called the Envelope of these 
lines. 

As an example, consider the series of straight lines 
which are drawn so that each of them cuts otf from a pair 
of fixed straight lines a triangle of constant area. 

We know (Art. 330) that any tangent to a hyperbola 
always cuts off a triangle of constant area from its asymp¬ 
totes. 

Conversely, we conclude that, if a variable straight line 
cut oil* a constant area from two given straight lines, it 
always touches a hyperbola whose asymptotes are the two 
given straight lines, i.e. that its envelope is a hyperbola. 


432. If the equation to any curve involve a variable 
parameter , in the first degree only , the curve always passes 
through a fixed jioinl or points. 

For if A. be the variable parameter, the equation to the 
curve can be written in the form S + \S' — 0, and this 
equation is always satisfied by the points which satisfy 
*S' = 0 and S'— 0, i.e. the curve always passes through the 
point, or points, of intersection of S — 0 and S' = 0 [compare 
Art. 97]. 

433. Curve touched by a variable straiyht line whose 
equation involves , in the second degree^ a variable parameter. 

As an example, let us find the envelope of the straight 
lines given by the equation 

in*x — my + a = 0. (1), 

where m is a quantity which, by its variation, gives the 
series of straight lines. 
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envelopes. 

If (1) puss through the fixed point (h, k), we have 

7/r/i — 7/1 A: + a — 0 . /o\ 

a l‘ ef1 " ati ,° n £ ivin S tl>e values of m correspond 

;k r-f “ °' -**,->*» i— Sit 

sjrjps* 

-'i.v. j vi,':° STV T' <'■' '■> « tukon ,i„: 

n\cJopc, tlie two tangents coincide. 

Conversely, if the two tangents given by (2) coincide 
the point (A, k) lies on the envelope. 

Now the roots of (2) are equal if kr = 4aA, 

Ta X 0t {h ' /C) ’ i e - the ,eqi,i,ed « the 

Hence, more simply, the envelope of the straight line (1) 
is the curve whose equation is obtained by writing down 
the condition that the equation (1), considered as a quad¬ 
ratic equation m ?n, may have equal roots. 

By writing (1) in the form 

a 

y = 7nx H , 

in 

it is clear that it always touches the parabola if — Aar. 

In the next article we shall apply this method to the 
general case. 


7'° find the envelope of a straight line irho.se 
equcitzon involves, in the second degree , a variable parameter. 

The equation to the straight line is of the form 

4- A Q + It = 0 . (1), 

where A is a variable parameter and 1\ Q y and Ji are 
expressions of the first degree in a: and y. 

. Equation (1) may be looked upon as an equation 
giving the two values of A corresponding to any given 
point T. 
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Through this given point two straight lines to touch the 
required envelope may therefore be drawn. 

If the point T be taken on the required envelope, the 
two tangents that can be drawn from it coalesce into the 
one tangent at T to the envelope. 

Conversely, if the two straight lines given by (1) 
coincide, the resulting condition will give us the equation 
to the envelope. 

But the condition that (1) shall have equal roots is 

= 4 PR .(2). 

This is therefore the equation to the required envelope. 

Since J\ Q , and R are all expressions of the first degree, 
the equation (2) is, in general, an equation of the second 
deg ree, and hence, in general, represents a conic section. 

The envelope of any straight line, whose equation 
contains an arbitrary parameter and square thereof, is 
therefore always a conic. 

435. The method of the previous article holds even if 
l* y Q, and R be not necessarily linear expressions. It 
follows that the envelope of any family of curves, whose 
equation contains a variable parameter A, in the second 
degree, is found by writing down the condition that the 
equation, considered as an equation in A, may have equal 
roots. 

4 36. Ex. 1 . Find the envelope of the straight line which cuts off 
from tiro given straight lines a triangle of constant area. 

Let the given straight lines be taken as the axes of coordinates and 
let them be inclined at an angle u>. 

The equation to a straight line cutting off intercepts f and g from 
the axes is 

V+^=l. (1). 

J U 

If the area of the triangle cut off be constant, we have 

\f. g . sin w = const., 

fg = const. — K 3 .(2). 

On substitution for g in (I), the equation to the straight line 
becomes f* y -fK*+K*x = 0. 






envelopes. 


kxampj.es. 
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f. is B given 1 by St t'"o t ^ukt t io e „ enVelOPe ° f tHis liue ' diff -ent values of 


t.e. 


K 2 


xt J = 


4 * 


the aKes r o S f U coordio e at e ei! re * hyPe,b ° ,a whose asymptotes coincide with 

£££« \z„ 

the^rhrin he th^r dle P ° int ° f ‘ he Hno j° inin <? the two fixed points as 

potato SVojf^d (-Tof. " “ S “' e ° f '• a ‘ ,d let tlle 

Let the variable straight line have as equation 

?y — 7//.7T - J £ 

The condition then gives 

nd c - jnd -f c, 

/- -.. x - 7 —^zrr^ = constant = A. 

J 1 + m* J 1 + m* 

80 that c- - m~il~ = A (1 + m 2 ). 

The equation to the variable straight line is then 

y - mx=zc = J (7f + d-)7/?"+ A. 


Or 


, on squaring, 


o 

m ‘~ (x 2 - A - d-) - 2nixi/ + ( /J 2 -A) = 0. 
Ly Art. 435, the envelope of this is 

(2xy) 2 = 4 (x 2 -A- d 2 ) (y 2 -A), 
x 2 y- 

-f- — — 1 

A+tl 2 A 


t.e. 


This is a conic section whose axes are the axes of coordinates and 
wnose loci are the two given points. 

Z2x. 3. Find the envelope of chords of an ellipse the tangents at the 
end of which intersect at right angles. 

Let the ellipse be + %- = 1. 

0- 

If the tangents intersect at right angles, their point of intersection 
P must lie on the director circle, and lienee its coordinates must be of 
the form (c cos 0, c sin 0), where c = s /a?+ b 2 . 

The chord is then the polar of P with respect to the ellipse, and 
hence its equation is 

x . c cos 0 y . c sin 6 

-„- + --^-= 1 . 


a 


b 2 
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COORDINATE GEOMETRY. 


Ret t =1 tan - . Then since 

1 - tan- - 

2 1 — o# 

COS 0 = - -- O nj sin 0 — 

1 + l + ‘” 1 + '“* 

the equation to the line is 

•jT 1 - / 2 ci/ '2t 

a-1 + (- + U 1 r+p =lf 

The envelope of this is (Art. 434), 

(-i?)'-‘( 1 *3)( l -3)- 

x 2 >/ 2 

— 1 

_ a* b* 

a* -f 6 3 a - + 6 2 

_ . </“* />* o . • 

r>jnco —— ^ — =a --//-*, this equation represents a conic 

u - + o J a- +1>- 1 * 

con focal with the given one. 

Ex * 4. The normals at four points of an ellipse meet in a point; 
if the line joining one pair of these points pass through a fixed point , 
prove that the line joining the other pair envelopes a parabola which 
ton,-lies the axes. 

Ret the equation to the ellipse be 

. 

and let tho equation to the two pairs of lines through the points bo 

lx h my = 1 .(2), 

ftr, 4 / 1 x + ?/i,y = l .(3). 

By Art. 412, Cor. (1), we then have 

U\= - and mm 1 = -i.(-1). 

If tho straight lino (3) pass through the fixed point (/, g), we have 

l \f+m l g= 1, 

so that, by (4), __ 

' aH b*m~ 9 

and therefore / __ _ f_ m ^ a 

a 3 mb* + g ' 
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ENVELOPES. EXAMPLES. 

If this value of l be substituted in (2), it becomes 

in-a 2 b-g + m (a 2 gg - b 2 jx - a 2 b-) -a-g = 0, 
the envelope of which is 

(a 2 gy - b*fx - a*b*f= - \,f-g . a *b*y % 

(a*gy- 6*/x)» + 2 «VS (Idfx + a*g,j) + a *b* = 0 . (5) 

perfeiV square Pa Al b , 0 o\^ n t?L t ' 1 °‘ e *' n,S ° f Ule se . coml decree form’ a 
«et perfect squares, so fhat the 

To find the envelope of the straight line 

lx + HUJ 4- 71 0 .( j , 

'relation^ qua,Ultxes l ’ 7n > and n are connected by the 

al2 + bm2 + c« 2 + 2 fimn + 2ynl + 21dm = 0. (2). 

[Equation (1) contains two independent parameters - 

, m 71 

ana ^ , whilst (2) is an equation connecting them. AV<* 

could therefore solve (2) to give * in terms of ; on sub- 

stituting in (1) we should then have an equation containing 

one independent parameter and its envelope could then be 
round. 1 


It is easier, however, to proceed as follows.] 

Eliminating n between (1) and (2), we see that the 
equation to the straight line may lie written in the form 

edr- + bad + c (1.x + my)- - 2 (fm + ,fi) (lx + my) + 2him - 0, 


e. 


(a - 2rjx + c.rr) +2 (cxy - yy -fix + h) l 


?n 


+ (b - -fy + ry 1 ) — 0 . 

The envelope of tliis is, by Art. 435, 

{cxy - gy -foe + hf = (a - 2 gx + cx 3 ) (b - 2fy 4 - cy 2 ), 
c., on reduction, 

358 (be ~.f 2 ) + y ' (ca — g~) 4 - 2xy ( fy — c/i) 

4 - 2x (fh - by) 4 - 2y (yh - of) 4 - ab — /t- = 0. 
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The envelope is therefore a conic section. 

Cor. The envelope is a parabola if 

(fy — chy = {be -/-) (ca - f), 

i-e. if c = 0, or i f a be + %fyh — of* — bf - ch 2 = 0. 


438. Ex. L'ind the envelope of all chords of the parabola y 3 = 4ax 
which subtend a given angle a at the vertex. 

Any straight line is 

U+niy + u —0.(1). 

The lines joining the origin to its intersections with the parabola 
are, (by Art. 122), ">/ J = - lax (lx + my), 

*•<*• ny~ 4 4<z mxy 4 Aalx 3 = 0. 

If a be the angle between these lines, we have 


tan a — 


2 f • la-m 2 — •lain 


n 4 la l 

16a"/ 2 - l(b/ 2 cot* am- -f- 7/ 2 4 Rain (1 4 2 cot 2 a) = 0. 
ith this condition the envelope of (1) is, by the last article, 
x-( — lGa 2 cot 2 a) + y- [ 1 Ga 2 - ( la + 8a cot 2 a) 2 ] 

-t- 2 j* . 16a 3 cot 2 a (4a 4 8a cot 2 a) - 256a 4 cot 2 a = 0, 

i.e. the ellipse 

[j" — la (1 4 2 cot 2 a)] 2 |- 1 cosec 2 a . y* = 6-4 cot 2 a . cosec 2 a. 


EXAMPLES. XLIX. 


Eind the envclopo of the straight line - 4 - - = 1 when 

a H 


1 . 

3. 


aa 4 bft = c. 



2. a 4/3 4 fa 2 + p i = C. 


1- ind the envelope of a straight line which moves so that 

4. the sum of the intercepts made by it on two given 
lines is constant. 


straight 


5. # the sum of the squares of the perpendiculars drawn to it from 
two given points is constant. 

6. the difference of these squares is constant. 

7. Tiud the envelope of tlio straight lino whoso equation is 

ax cos 0 + by sin 0 = e*. 




[Exs. XLIXJ 
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ENVELOPES. EXAMPLES. 


Prove that the poL r s^ f * 'iTg i l° e n°po?nt°w h 1 ° f tW ° f iven , strai « hfc lines; 
touch a parabola. fe en poiut " ,th respect to these circles ali 

are 9 d r awn 0r to a Ihe P ax I is and*tan- ff rpend ' lcul *'* ™ and PN 
envelope of MN i s another parabola. ^ GX ; prove that the 

10. She i\v tliat the envelope of the chord wh’ i • 
parabola W and its circle of^ur’^i^tljp^^™ 0 " the 

y- + 12ax = 0 . 

2 ^-E Perpendiculars are drawn to the tan"pnf« n , , 

V a t the points where they meet the straight W l paraboIa 

that they envelope another parabola having the'same'focus = ' I>r ° VO 

the poiru d^prove^hat'ure 5 envelope^o^the'^strai^ht^hne 
perpendicular to the variable tangeift is another parabola. 

pro4* thltTh^envXpe°of ftslalustreetmn i's’a fixed cdLe.^ anglGS ; 

a rhdit the ® nv ? lo P e of chords of an ellipse which subtend 

0 it angle at its centre is a concentric circle. 

the - U 9 e3 joining any point P on an ellipse to the foci meet 

the co„cent 8 Hc n and?oaxiwili’p r se Ve tL ° enve, °P e of «» «»« <?* l« 


+ »7L + <'Y-1 

a 2 ^ b 2 \l-e-) ~ - 


x,}-n* wS that fche envelope of chords of the rectangular hyperbola 
curve" is W tt C V P “ * “« ,c a at the poi “‘ V) on the 

x x 2 + y 2 y - = %a~xy (1 + 2 cot* a) — 4a 4 cosec 2 a. 

18. Chords of a conic are drawn subtending a right ancle at a 
P° lnt <?* P f ov . e that their envelope is a conic whose focus is O 
and whose directrix is the polar of O with respect to the original conic. 

19- Shew that the envelope of the polars of a fixed point O with 

having CO a as y di?”trix COnfOCa ‘ C ° ni ° 3 ’ Wh ° Se Centre is C ' is a P araboia 

, 2 8' A , e *y en straight line meets one of a system of confocal conics 

nor^ Q ’ B ? d IL \ i8 the Hne i° inin e the feet of the other two 

normals drawn from the point of intersection of the normals at Pand 

V , prove that the envelope of US is a parabola touching the axes. 
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COORDINATE GEOMETRY. 


[Exs. XLIX.] 


21. A BCD is a rectangular sheet of paper, and it is folded over so 
that C lies on the side AB\ prove that the envelope of the crease so 
formed is a parabola, whose focus is the initial position of C. 

22. A circle, whose centre is A, is traced on a sheet of paper and 
any point B is taken on the paper. If the paper be folded so that the 
circumference of the circle passes through B, prove that the envelope 
of the crease so formed is a conic whose foci are A and B. 


23. In the conic -= I - c cos 0 find the envelope of chords which 
subtend a constant angle 2 a at the focus. 

24. Circles are described on chords of the parabola i/ 2 = 4ax, which 
aro parallel to the straight line Lc + my = 0, as diameters; prove that 
they envelope the parabola 

(/*/ + 2//ia) 2 = 4a (P + m 2 ) (x-h a). 

25. Prove that the envelope of the polar of any point on the circle 
(x + a)- + (y + b)- = k ’ 2 with respect to the circle x' J + y- = c ' 2 is the conic 

A s (j- 2 + y 2 ) = (ax + by -f- e 2 ) 2 . 


26. Chords of the conic - = 1 -e cos 0 are drawn passing through 

r 

the origin and on these chords as diameters circles are described. 
Shew that the envelope of these circles is the two circles 


/ 

r 


a- 


= 


r C COS 0 J = 1 dbl. 


ANSWERS 



II. (Pages 18, 19.) 

1. 1®* 2. 1- 3. 29. 4. 2 ac. 

5. « 2 . 6. 2ab sin sin sin 01 -—^ 2 

2 2 2 

7. a 2 (m a - m a ) (wi 8 - m,) (mj - 7n 2 ). 

8. (wi 2 - 7/l 3 ) (wig - 7/1,) (7/1, - 77l 2 ). 

9. £a 2 (m a - 77l 3 ) (77/ 3 - 771,) (771, - 77l 2 )-T-7/l,7/l.,7// 3 . 

13. 204. 14. 9G. 


III. (Pages 22, 23.) 

12. 2 Jo. 13. */79. 14. >v/7«. 16. 1(8 -3J3). 

_ 7 4^/3 

17. 2 * 18. la 2 ^/3. 25. r 7 —a 7 . 26. 0 —a. 

27. r=2acos <?. 28. r cos 20 = 2 a sin 0. 29. r cos 0= 2a sin 2 0. 

30. r2 = a 2 cos 20. 31. x 2 + 7/ 2 = a 2 . 32. y-^mx. 

33. x* + y 2 =ax. 34. (x 2 + j/ 2 ) 3 = 4aVt/ 2 . 

35. (x 2 + 7/ 2 ) 2 =a 2 (x 2 -i/ 2 ). 36. xy = a 2 . 37. x*-y* = a 2 . 

38. y 2 + 4ax = 4a 2 . 39. 4 (x 2 + //-) (x-" + 1/-' + ax) a - y -. 

40. - 3xi/ 2 + Sx 2 ?/ — y 3 = 5kxy. 

L. 


14 
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COORDINATE GEOMETRY. 


8 . 

10 . 

12 . 

15. 

18. 

20 . 

22 . 

23. 


1 . 

4. 

7. 

9. 

16. 

18. 

20 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 


IV. (Page 30.) 

2 „x + k- = 0 . 9 . (n o _ l) (** + y= + aV + 2aj; (n * + 1 ) = 0 . 

4x ‘ (c- - An-) + Ac-y- — c 2 (c 2 - la 2 ). 11. (Ga - 2c) x = a 2 - c 2 . 

y 2 -4y-2x-f 5 = 0. 13. 4y + 2x + 3 = 0. 14. x + y = 7. 

y = x - 16. y = 3x. 17. 15x 2 -y 2 + 2ax = a 2 . 

x 2 + y 2 = 3. 19. x 2 + y 2 =4y. 

8 x 2 + 8 y 2 +Gx -36y + 27=0. 21. x 2 =3 V 2 . 

x- + 2 ay = a 2 . 

(1) 4x* -f 3y 2 + 2«y ^ a 2 ; (2) x-- 3y J + 8 ay = 4a 2 . 

V. (Pages 41, 42.) 

?/ = x+l. 2 . x - y — 5 = 0 . 3 . x-y N / 3 - 2^3 = 0 . 

3y-3x + 15 = 0. 5. 2x + 3y = G. 6 . Gx-5y-f30 = 0. 

(l)x + y = ll ; ( 2 ) y-x=l. 8 . .r + »/ + l= 0 ; x-y = 3. 

xy' + x'y = 2x'y\ 10. 20y - 9x = 9G. 15. x + y=0. 

17. 7y + 10x = ll. 

ax — by = ab. 19. (a-2b)x- by + b* + 2ab - a* = 0. 

y ('i + t s ) - 2x = 2at l f s . 21. l l t 3 y + x = a(t l + t i ). 

x cos A ( 0 , + 0 2 ) + y sin A ( 0 A + 0 a ) = a cos £ (0, - 0 a ). 

S COB + f Bin = co„ ^. 

^x cos i ( 0 ! - 0 = ) - ay sill £ ( 0 X + 0 a) = a 6 cos $ ( 0 X + 0 3 ). 
x + 3y + 7 = 0; y — 3x= 1; y + 7x = ll. 

2x - 3 y = 4 ; y - 3x = 1 ; x + 2y = 2. 

y (a' - a) - x (// - fc) = a '6 - a&'; y (a' - a) + x (£' - 6 ) = a'&' - ab. 

2ay-2b'x = ab-a'b\ ' 29. J/ = Gx; 2y = 3x. 


8 . 

11 . 

13. 

15. 

16. 
17. 
20 . 
21 . 


90°. 


VL (Pages 48, 49.) 

2 . tan- 1 ??. 3. ta 


4mV 

7/i 4 - 71 4 * 


6 . tan -1 


3. tan " 1 3 

a 2 - /, 2 


4. 60* 

7 . tan -1 ( 2 ). 


m 4_„4' 2<ib~ * '■ W 

4y + 3x=18. 9. 7y — 8x = 118. 10. 4y + llx=10 

x-f ly+ 16 = 0. 12. ax + by = a\ 

2x (a - a') + 2y (b - b') = a 2 - a' 2 + 6 2 - A' 2 . 

yx'-xy' = 0; a 2 xy / -6 2 x , y = (a 2 -6 2 )xy / ; xx' - yy' = x^- y* 2 . 

121y-88x = 371 ; 33y - 24x = 1043. 

x = 3;y = 4;4£. 19. x = 0; y + v /3x = 0. 

y = k; (1 - m») (y - A) = 2m (x - /<). 
tan 9x - 7y = 1; 7x + 9y = 73. 


ANSWERS. 


Ill 



VII. 

(Pages 53, 5 

1. 

4 t- 2. 2 f. 

3. 5*. 

5. 

a cos A (a -/9). 

8. 

9. 

{i; (* + +'= + 5“), o| . 

11. 


c - d 


v/l + 




a 2 + ab - b~ 

y/a* + b* ' 


1 ( - ll t±\ 

\ 29 *29 )‘ 


3. 

4. 

5. 

8 . 

10 . 

12 . 

14. 

20 . 

24. 

27. 

30. 

33. 

( 1 ) 

37. 

39. 

40. 

41. 

42. 

43. 


VIII. (Pages 61-65.) 

2 (- a Jf ah \ 

, ‘ \<i + h' a+b)' 

I a a ( 1_ _1 \| 

a V'h + rnj) * 

/aT \ ( 't‘ + t 2, ,-T 4 ( * ~ ^ " Si " 4 + A) sec 4 <*, - *>}. 

\ H6' ' 6 + 67' 6 * 17^/29* 

7/ = a; 3y = 4x + 3a. 9. (i, 1); 45 o # 

t an -;G0. n. (- 1 , - 3 ); (3,1); (5.3). 

(2,1); tan V 7 . 13 . 45“; (-5,3); *- 3y = 9; 2*- J , = 8. 

7, 19. *M"s - «3> + »*x (« 8 - «,) + »i 3 ( « „ )=0 

^ 4 ’ 3) * 21 - 23. 43ar-29y = 71. 

x * 25. y = 3x. 26. y = x. 

a*y-b*x=ab(a-b). 28. 3 * + 4y = 5«. 29. * + y + 2=0. 

23x + 23y = ll. 31. 13x — 23y = 04. 

^a: + Bt/ + C + X(^ , x + Z;' !/ + C’') = 0 where X is 

- & . <?)-£. (3) - £ ana (4) - ** + W±C_ 

a + C' 1 A'x'+B'y'+C' 

99x-f-77y+ 71=0 ; 7x-9y-37 = 0. 


44. 

45. 


C"’ Ji 

y = 2 ; x — 6. 38. 

^ — 2?/ + 1 = 0; 2x + y = 3. 
x (2 ^/2 - 3) + y (J2 - l) = 4 v /2-5; 

x{2 v'2 + 3) + y( v /2+l) = 4 N /2 + 5. 

(y - b) (m + m') + (x - a) (1 - mm') = O ; 

(y - b) (1 - mm') - (x - a) (m + m') = 0. 

33x H- 9y = 31 ; 112x - G4y -f 141 = 0 ; 7y -x = 18. 

x (3 + VI7) + y (5 + V17) = 15 + 4 V17 ; 

x{4 + J10) + y (2h-V10) = 4 JlO + 12 ; 

x (2 ^34 - 3 V 5 ) +y (V 34 - o^/5) = 6 N /34 - 15 K '5. 
A (y - k) - B (x - ?i)= ± (Ax + By + C). 

At an angle of 15° or 75° to the axis of x. 
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COORDINATE GEOMETRY. 


1. 

3. 

7. 

10 . 

12 . 


4. 

6 . 

8 . 

9. 

10 . 

14. 

16. 

17. 

23. 

24. 
26. 


1 . 

3. 

5. 

7. 

9. 

10 . 

11 . 

12 . 

20 . 

27. 


IX. (Pages 72, 73.) 


(1) tan -1 ; (2) 15°. 


tan 


/”‘ 2 + 1 . \ 

1 ( —s—. tan of ) . 
\ m ‘ “ 1 / 


2. tan- 3 °^. 

O i 


y—x-n, x = 2d, y = 2a, y = x + <i, .t — 0, y = x, x = a, and 
y = n, where a is the length of a side. 

V (G - ^3) +x (3 n /3 - 2) = 22 - 9 v /3. n r.. 

10y-llx+1 = 0 ; N /lll. 

X. (Pages 78—80.) 

( - 7 ’_ 3) - 5. (-if. 5); m- 

/ - 8o - 7 s /~» 21 v/5 - Go \ 35 - 7 v /5 

\ 120 ’ 120 / ; T20 ' 

JG + v/10 2 + n / 10) /G — v /10 2 - N /10 \ /8-./10 lG + ^lON 

» 2 • ~2 /" * v 2 * 2 ) ’ \ 6 ’ G / ’ 

(5» $), (2, 12), (12,2), and (-3, -3); $ % /2, 4 s /2, 4 s /2, and GJ2. 

(-13$. 19$). 11. 1. 12. 7 13. *. 

17« 2 

26" * 15. $ (&-c)(c-a)(u-/>). 

" 2 0"a “ *" 3 ) ( 7;, s “ »»j) ( m i “ w» 2 )-f-2m, 2 wi^ s #m s 5 . 

4 ( c i-«»)’*("■, - m.). 18. I + <5> _ -f£ + . 

2 (m 2 -m 3 in, - m a j 

\5* $)• 

10// + 32x + 43 = 0; 25x + 29y + 5 = 0 ; y = 5.r + 2; 52.r + 80//= 47. 

( i + W». * + \/3) ; (4 + $ % /3, t + l v^). 

XI. (Pages 85—87.) 

x* + 2xy cot a-y* = a 7 . 2. t/ 2 + Xx 2 =X// 2 . 

(m + l)i= (m — 1) //. 4. (»/»+ 7i) (x 2 + ?/ 2 -f a 2 ) — 2ax(m — n) =c*. 


$ (‘'l - c 3 ) 2 -r (m, - Wlj,). 


x + 7/ = c sec 2 - . 


6. x — y — d coscc 2 — . 


x +1/ = 2c cosec of. 8. y-x — 2c cosec of. 

x 2 2 xy cos of + j/ 2 = 4c 2 cosec 2 a;. 

(• r * + y a ) cos <*> + xy (1 + cos 2 of) = x (a cos of + b) + y (b cos w + «). 
x (m + cos u) + i/(l+ m cos oj) = 0. 

(i) x + y.-a-b- 0; 

(ii) y=x. 19. A straiglit line. 

A circle, centre O. 25. A straight line. 

If P be the point (//, /.*), the equation to the locus of S is 

h k , 

* y 



ANSWERS. 


V 


1. 

3. 

5. 

7. 

8 . 

9. 


1. 

4. 

9. 

14. 

17. 


1. 

2 . 

3. 

4. 

5. 



1. 

4. 


(Page 94.) 

{x-Zy)(x~4y) = 0; tau-V*. 2. (2x - lly) (2x - y) = 0 • tan~i 4 

{Ux + 2ij) (3x-7y)=0; tan- -. 4 .= 1; x = 2 Ll.' 

^ ±4 .‘ x (2/ + 4 x)(t/ _2x) (?/ - 3x) = 0; tan~ J ( - «) ; tan" 1 (A) 

.r(l-sin0) + 7/cos0 = O; a: (1 + sin 6) + y cos 0 = 0 ; 0 ‘ ' 

ysin 0 + * co. •= * , Vos 2* ; tan- (cosec * V™s 29) . 


12x 2 -7x//-12// 2 = 0 ; 
.r 2 - 2/ 2 = 0. 


71x 2 + 94xy _7l7/ 2 = 0; x 2 -7/^ = 0; 


<*. -V); 45°. 2 . 

(-1* 1); tan~ J 3. 6. 

-12. IQ. G. 


(Pages 98, 99.) 

(2, 1); tan- 1 5. 

~ 15 - 7. 2 . 

11 . G * 12 . 


3. (-£,-£); 90°. 

8. - 10 or - 17£. 

13. - 3. 


14. 


IZ tr. -r - r V!' (i > c (a+ «,) = (). (ii, c = 0 , o7ae = bd. 

ot/+ Ox = .->G ; oy — Gx= 14. 


XV. (Page 112.) 

(1) 2/ / " = 4x / ; (2) 2x' 2 4-y ,2 = G. 

(1) x'2-f t/'2 = 2cx / ; (2) x's + t r-=2c,/. 

(a-b ) 2 (x* + y'*)=a*b 2 . 

(1) 2x'y' 4 - a 2 = 0 ; 9x' 2 + 25t/' 2 = 225 ; x'< 4 - 7 /'<=l 
x' 2 + 7 /' 2 = r 2; x 72 — t/' 2 = a 2 cos 2a. 

JJ _ U 

tan_1 A ’ ~ c sjA %1 +13*. 



XVI. (Page 117.; 

2*' - */%'-M = 0. 2. x /2 -fV3*y=l. 

t/' 2 = 4x / cosec 2 a. 


3. x'z+t/' 2 ^ 8. 


1. 

3. 




13. 

14. 
18. 
18. 
19. 
21 . 


XVII. 

^ 2 + t/ 2 4-2x~ 4// = 4. 
x 2 4- 7/ 2 - 2ax -f- 26// = 2ab. 


(Pages 123—125.) 

2. x- + y~+ 10x4- 12y = 39. 

4. i 2 + »/ 2 +2«x + 2^ + 26 2 = 0. 


(2, 4) ;x /61. 6. (*, l);*yi3. 



(0, - f) } Jp + p. 

15x 2 + 15 t/ 2 _ 94x4-18// 4- 55 = 0. 

(x 2 4- y- — £t 2 ) = x (fc 2 + 7* 2 - a 2 ). 
x 2 + 1 / 2 - 22x - 4y + 25 = 0. 

3x 2 4- 3 t/ 2 - 29x - 19// 4 - 56 = 0. 


c vie \ 

Ji+m* ’ V : C ‘ 

15. * 2 4- 7/ 2 - /IX - by = 0. 

17. x 2 4-?/ 2 — 5x- 1 / 4-4 = 0 . 



5 (x 2 4-t/ 2 ) - (a 2 4- 5 2 ) x-\- (a — b) (a 2 4-6 2 )=0. 
4- 3 / 2 — 3x — 4y = 0. 



vn 


COORDINATE GEOMETRY. 




22 . 

23. 

25. 

27. 

28 . 
29. 
31. 

33. 

36. 


1. 

3. 

5. 

8 . 

10 . 

11 . 


12 . 

14. 

15. 

16. 
17. 
19. 




7TTb (x + i/) = 0; 

x* + y- — fix - Ay = 0. 
x® + y~ - 10a- - 10//+ 25 = 0. 


x* + y 2 - - 
.2 


« 2 + 5 2 

a + 5 


.r- 
.2 


24. x 2 + i/ 2 ± 2y a-- 6-= 5 2 . 

26. x 2 + y 2 ±2</x:fc2ay+ a 2 = 0. 
+ y Q + 2 (5 ± N /l2) (x + y) + 37 ± 10 Jl2 = 0. 
x 2 *f J/ = - Gx + 1// + 9= 0, or x 2 + y 2 + 10x + 20y + 25 = 0. 

6 (x 2 + y-) = x (6 2 + c 2 ). 30. x 2 + i/ 2 ± G v '2y - Gx + 9 = 0. 

x 2 + y 2 - 3x + 2 = 0 ; 2x 2 + 2y 2 - 5x - N /3y + 3 = 0; 

2x 2 + 2y-- 7x - J3y + G = 0. 

(x 4- 21 ) 2 + (// + 13) 2 =G5 2 . 34. 8x3 + 8y 2 - 25x - 3y + 18 = 0. 

x- + y 2 = a 2 + A 2 ; x 2 + ir - 2 (a + b) x + 2 (a - b) y + a* + l» 2 = 0. 


XVm. (Pages 134, 135.) 


5x - 12y = 152. 

2. 

24x + 10y+ 151=0. 

x + 2y = ±2 v /5. 

4. 

x + 2y + g + 2/= ± ^5 N /y 2 +Z 2 - c. 

( “ s/2 ’ s/a) ’ 

6. 

c = « ; (0, 5). 7. Yes. 

A = 40 or - 10. 

9. 

a cos 2 a + b sin 2 a JL ^/a 2 + 5 2 sin 2 a. 


Aa + m + e= j=c *Ja*+b*. 

(1) »/ = mx db a J\ + m- ; (2) my + x = =fca s /l + m 2 ; 

(3) ax=ty 'Jtf 1 — a 2 =ab ; (1) x + »/ = a v /2. 

Ay/ rJ - „" = M,= • 13. -r 2 + >/ 2 =*= = 0 ; x* + !/ 2 ± = 0. 

c = b — am ; c = b — am ± ^/(l + m 2 ) (a 2 + 6 2 ). 
x 2 +i/ 2 -Gx-8»/ + }gi = 0. 

x 2 + y 2 — 2cx - 2cy + c 2 = 0, where 2 c = a + b ± K /a 2 + 5 2 . 

5x 2 + 5y 2 — lOx + 30// + 49 = 0. 18. x 2 + y 2 - 2cx - 2ry + c 2 = 0. 

(x - r) 2 + (y - /, ) 2 = r 2 . 20. x 2 + y 2 - 2ax - 2/3// = 0. 


XIX. (Pages 144, 145.) 


1. 

x + 2y = 7. 

2. 

8x ■ 

- 2y = 11. 

3. 

x = 0. 

4. 

23x + 5y = 57. 

5. 

5y 

- ax = a 2 

6. 

(5, 10). 

7. 

(1. - A). 

8. 

(1, 

-2). 

9. 

(A. -1). 

10. 

(-2a, -2/>). 

11. 

<c, 

-V). 



12. 

3y - 2x =13; (- 

W. W)- 


• 

1 

CO 

14. 

x'3 + y' 2 =2a 2 . 


18. W*6. 19 . 9 . 20. v/ 2 <i 2 + 2 n& + 5 2 . 21. (^, 2 );*. 

23. (1) 28x 2 + 33x// - 28y 2 - 715x- 195// + 1225 = 0; 

(2) 123X 2 - Gixy + 3y 2 - GG4x + 22Gy + 7G3 = 0. 


ANSWERS. 


vii 


1. 

2 . 
6 . 
8 . 




XX. (Pages 147, 148.) 


+ JJ 2 , tan- 1 


B 


)■ 


r 2 - 2 ra cosec a . cos (0 - a) + a-cut- a = 0, r = 2a sin 0 
r 2 - r [a cos (0 - a) + & cos (0 - ft)] + „b cos (a - ft) = 0. 
b~C“ + 2ac =1. 


XXI. (Page 149.) 


1 . 

2 . 

3. 

4. 

5. 

8 . 


120° • ^4,!7 + 2_/’ 4^+ 2/7 

’ V 3 


\ 2J3 /----- — 

J * 3 \Zj* + 0 J +JU- 


( 


30° ; (8-6 *y3, 12-4 v /3); x /47 - 24 ,/3. 

y-^/coso, f— 0 cos u>\ v //4?T2J5co8 W 

Blua " / sin*- 

** + + 2/ 2 - * (4 + 3 s /2) - 2* (3 + V2) + 3 (2^2 -1)^0 

x - 2 + xy + y 2 + 11 x + 1 3 y + 13 = 0 . 

(x - x') (x - x") + (y - 7/') (y - y") + C OS W [(x - x') (y - y") 

+ (x - x") (y - y') j 


— 0 . 


4. 

9. 

11 . 

16. 

17. 

24. 

33. 

36. 


A circle. 

x 2 + y 2 — 2xy cos io= *—I 11 

4 


XXII. (Pages 156—159.) 

5. A circle. 6. A circle. 

, the given radii being the axes. 


a 2 sin 2 oj 


A circIe ; 12. A circle. 

(1) A circle ; (2) A circle ; (3) The polar of O. 

The curve r=a+a cos 0, the fixed point O being the origin and 
the centre of the circle on the initial line. 

The same circle in each case. 

2 a b~- J a 2 + b 2 . 35. 8a i i ; x = 4 a ; 63x + 16y + 3 00a = 0. 

(i) x = 0, 3x + 4y = 10, y = 4, and 3y = 4x. 

(ii) y = mx + c 1 -f- 7 /i 2 , where 

+ =t(6-c) 

V a “( 6 + c) s Ja 2 -\b-c) 2 ' 


VI = 


XXIII. 


3. 

3x 2 4 - 3y 2 — 8 x-f- 29y = 

= 0 . 

5. 

x 4 - lOy = 2. 

6 . 

8 . 

(H* B). 


12 . 

O' 

I 

£ 

II 

c 

• 

13. 

Art. 

192. 



(Pages 164, 165.) 

4. 15x-lly = 144. 

6x-7y + 12 = 0. 7 . <-*,_*). 

11. (X + l) (x 2 + y 2 )4-2X(x-f-2y)=4 + 6X. 

Take the equations to the circles as in 



Vlll 


COORDINATE GEOMETRY. 


8 . 

13. 


5. 

8 . 

12 . 


4 ; (0, 2). 

4. 

(4, $); x = 4 ; 2; (4, 4). 

2a ; (a, 0). 

6. 

(1, 2); y = 2\ 4; (0. 2). 

9. (2, G). 

11. y 

= ~2x; y — 12 = m (x — 24). 

IP-A 7 - 

c 


II 

H 

• 

15. 0y 7 =iax. 


13. 


14. 


-S.XIV. (Pages 172, 173.) 

**-;/* + ‘2mxy = c. 12. k(x?+,,*) + {a -c) y -ck = 0 

x'- + yi-cx-b,j + a*=0. 14 . z? + y t -lGx - 18j, - 4 = 0. 

XXV. (Pages 178, 179.) 

(lx + Gy) 2 - 570x + 750y + 2100 = 0. 

(ax - by)- - 2 a 3 x - 2b*y + + a 7 b 7 + b 4 = 0. 

(-^S); y = 2; 4; (0,2). 4. (4, $) ; x = 4; 2; (4,4). 

* = <*; 2,1 ; (a. 0). 6. (1.2); i/ = 2; 4; (0,2). 

<*)A: (“) 4 - 9. (2,6). 11. ,j= -2x; j,-12 = m(x-24). 

\ 2A ’ ; x -22- ' 15. 9y 3 = 4ax. 

XXVI. (Pages 185—187.) 

4y = 3x + 12 ; 4 x + 3j/ = 34. 2. 4y-x = 24; 4x + y=108. 

y-x = 3; y+x=9; x+y+3=0; x-y = 9. 

V= x ; •* + !/ = 4a; y + x = 0 ; x - j/ = 4a. 

4j, = x + 28; <28, 14). 6 . (g, 

y + 2x+1=0; (i, -2); 2//=x + 8; (8,8). 

(3a, 2,^/3rt); ,-. 9, 4y=.9x-f4; 4//=x + 36. 

(~ 8 + 1 < *» \ ^2^17 +2 j ; (3a, 2 N /3a). 

^!/ + a*x4-a3&3 = 0. 15. xs=0. OR m lO/i. 


9. 4y = 9x + 4; 4y=x + 36. 


4. 4x + 3y + 1 = 0. 


15. *=0. 
197, 198.) 

5. 56 y = 25 


25. o; 10a. 


25. 


28 . 


XXVIII. (Pages 203—205.) 

Tftko tho general equation to the circle and introduce the 
condition that the point (at 7 , 2at) lies on it; the sum of the 
roots of the resulting equation in t is then found to bo zero. 

It can be shewn that the normals at the points **f.”and "f 3 ” 

example* para ^°* a w ^ en Va = 2 ; then use the previous 


y — bx. 

V = (x -a) tan 2 a. 

* 2 = M a [(x-a)2 + y 2 j. 


(Pages 209—211.) 

2 . cx = a. 3 . y — ad 

5. y 7 — \x 7 = 2ax. 

19. y 7 = 2a(x- a). 


ANSWERS. 


20 . 

22 . 

23. 

24. 


1 . 

4. 

6 . 


7. 


1 . 

2 . 

5. 


6 . 

9. 

11 . 

12 . 


1. 

2 . 

3. 

5. 

31. 


1. 

3. 

4. 

5. 


1. 

3. 

4 . 


y*-k y== 2a{x-h). 2l S( 

(8a2 + t/3 - 2ax) 2 tan 2 a = 16a 2 (4a.r - t/ 2 ). 
y 4 4- 4a?/ 2 (a-x)- 16a 3 x + a 2 / 2 = 0. 

The parabola r/ 2 = 2a (x + 2a). 


- 2ax -f- 4a 2 ) 4 - 8a 4 = 0 


(Pages 214—216.) 

A * = a( Z~ a) ’ 2 - y 2 = 4a ^- 3. 27 ay 2 =( 2 .r-„) (j: - 5 a) » 

A parabola. 5 . a straight line. 

27ay 2 -4 (x - 2a) 3 = constant. [N.B. (w, - m.,) 2 

- m , 2 + ™ 2 2 - 2 m lW i 2 = m , ( - ,„ 2 - n h ) + ,;/ 2 ( I ^ 

= - [m 2 m 3 + m z m x + m a m.J - 3// tj ;// 0 = + j^L # 

a a/« 3 * _J 

A straight line, itself a normal. 

XXXII. (Pages 234, 235.) 

(a) 3 x s 4-5t/ 2 = 32 ; (/9) 3x 2 4-7?/ 2 = 115. 

20x 2 + 3 Gt/ 2 = 405. 3. x 2 + 2?/ 2 =100. 4. 8.r 2 4 -9// 2 = 1152. 

W X ; ( ± g' /G -°); (2) t; { s/5; (0, ± Av / 5 ); 

(3) V. -J; (0, 5) and (0, 1). 

2 * 7 * 7x 2 4-2x7,4-7y 2 4-10x-10/,4-7 = 0. 8. Without, 

x 4 -4^3?/= 24.^3; Hx - 4 v /3y = 24 v /3 ; 7 and 13. 

(l)tan- 1 ^; (2) tan -1 ; (3) 45°. 


x 

a 


.. -f- 


?r _ y 
u- ~ I * 


XXXIII. (Pages 245—248.) 

x 4- 3y = 5 ; 9x — 3y — 5 = 0. 

25x 4 - 6y = 137 ; 6x - 25y 4 - 20 = 0. 

±x <v /7±4i/ = 1G; ±4x^yJl = \Jl. 

2/ = 3x±iVH A ; 4 3 Vv/195). 

Use Arts. 145 and 260. 


XXXIV. (Pages 262—264.) 

x4-2y = 4. 2. 2x — 7// 4- 8 = 0 ; (-g, - i). 

3x4-8i/ = 9; 2x = 3y. 

9x 2 - 24x7/ - 4y 2 4 - 30x 4 - 40y - 55 = 0. 

« 2 2 /d-t 2 x = 0; a! 2 y—b*x = 0; a 3 y + b 3 x = 0 ; ay + bx = 0. 

XXXV. (Pages 268—270.) 

x a — 2x?/ cot 2a — 7/ 2 = a 2 — 5 2 . 2. cx 2 — 2xv/ = ca 2 . 

d 2 (x 2 — a 2 ) 2 = 4 (6 2 x 2 4 - a 2 y 2 — a 2 5 2 ). 

X (x 2 — a 2 ) 2 = 2 (x 2 ^ 2 4- 6 2 x 2 4 - a 2 y 2 — a 2 6 2 ). 


X 


COORDINATE GEOMETRY. 


5. 

6 . 
8 . 

10 . 

11 . 

12 . 

13. 

14. 

15. 
29. 


1 . 

3. 

5. 

7. 

8 . 

14. 

15. 
29. 


1 . 

8 . 

9. 


16. 

19 . 


(x 2 + y 7 — a 7 — b~)-= 4 cot 2 a (b 7 x 7 + a 7 y 7 — a-b-). 

ay = bx tan a. 7. b 2 x 2 + a 7 y 7 = 4a 7 b 7 . 

b*x 7 + a*y 7 = a 7 b 7 (a- + b 2 ) . 9 . b-x 2 + a 7 y 7 = 2a 7 by. 

(b-x- + ahj 7 ) 7 = c- ( b*x- + a*y-). 

(« 2 + b-) (| ) y + «y): = a !62(54 x 2 + fl y Ji 

b-x (x - 7i) + ary (y - k) — 0. 

c-a-b 7 (b 2 x 2 + a 7 y 7 ) + (b 7 x 7 + ahy 2 - a 2 b 2 ) (b'x 7 + a 4 y 7 ) =0. 

(b 2 x 2 + ahy 7 ) 7 = a 7 b* (x 2 + y 7 ). 

a 4 b* ( x 2 + y 7 ) = (a 7 + b 7 ) (b 2 x 2 + aV) 3 - 

If the chords be PK and PK', let the equation to KK' be 
y = mx + c ; transform the origin to P and, by means of Art. 122, 
find the condition that the angle KPK' is a right angle; substi¬ 
tute for c in the equation to KK’, and find the point of inter¬ 
section of KK' and the normal at P. See also Art. 404. 


XXXVI. (Pages 282—284.) 

lGx 2 -9 // 2 = 36. 2. 25x 2 - 144y 2 =900. 

G5x 2 — 3Gy 2 =441. 4. x 7 -y 7 = 32. 

0, 4, (± n /13, 0), 2\. 6 . 3x 7 -y 7 = 3a 7 . 

7 y 7 + 24 xy — 24 ax — Gay -f 15a- — 0 ; 

(5, -V). 9. 24y-30x = ±J161. 

y = ± x ± - b* ; (a- + V) . 

{}y = 32x. 16. 125x-48y = 481. 

2 

( 1 ) b 4 x 2 + a*y 7 — arb 7 (b 2 — a 7 ) ; ( 2 ) x = 

(3) x 2 (a 2 + 2b 2 ) - a 2 i / 2 - 2a**x + a 2 (a 2 - b 2 ) = 0. 

XXXVII. (Pages 295, 296.) 

At the points (a, ±b v / 2 ). 

( 2 x + y + 2) (x + 2y + 1 ) = 0 , ( 2 x + y + 2 ) (x + 2y + 1 ) = const. 

3x 2 + lOxy + Gy 7 + 14x + 22 y + 7 = 0; 

3x 3 + 10 xy + 8y 7 + 14x + 22 y + 23 = 0. 

XXXVIII. (Pages 302—305.) 

(‘tJv/Ga, Tlv/Ga); ( ± J ^/Gfl, db^/Ga). 

XXXIX. (Pages 319—321.) 

Transform the equation of the previous example to Cartesian 
Coordinates. 


|, a); 12x — 0y + 2Ua = 0. 



ANSWERS. 


XI 


XL. (Pages 331, 332.) 

1. A hyperbola ; (2, 1) ; - 20 . 

2. An ellipse ; ( — £, — c'=—4. 3. A parabola. 

4. A hyperbola ; ( - ft, - f g ) ; c '= - 10 . 

5. Two straight lines ; ( - f-J-, J§) ; c ' = 0. 

6 . A hyperbola ; ( - * £, *) 5 *' = - ^. 

7. (2x + 3y - 1) (4x - y + 1) = 0 ; 8 x 2 + lOxy - 3y- - 2x + 4y = 0. 

8 . (y + x - 2 ) (y _ 2x - 3)^=0 ; y 2 - xy - 2x 2 - oy + x + 18 = 0. 

9. (llx- 2y+ 4) (ox - lOy-f 4) = 0; 

55x 2 - 120xy + 20y 2 + 64x - 48y + 32 = 0. 

10. 19x 2 + 24xy + y 2 — 22x — Gy + 4 = 0 ; 

19x 2 + 24xy + y 2 - 22x - Gy + 8 = 0. 

f 2 “2/ 2 = 4a2 * 13. (ax- 6 y) 2 =(« 2 -/> 2 ) (ay-bx). 

14. (x — y)--2 (x + y) 4-4 = 0.- 15. (xy + a&)tan (a - £) = bx - ay, 

a* + ~ 2 ^ cos ( a ~ Z 3 ) = sin 2 (a -/5). 17. A point. 

18. Two straight lines. * 19. A straight line and a parabola. 

20. A straight line and a rectangular hyperbola. 

21. A circle and a rectangular hyperbola. 

22. A straight line and a circle. 

23. Two imaginary straight lines. 

24. A circle and a straight line. 25. A parabola. 

26. A circle. 27. A hyperbola. 28. An ellipse. 


XLI. (Pages 346—348.) 


7. 

/ - 1503 
\ 676 '• 

- 23 \ 
109 / * 


9. Two 

coincident straight lines. 

10. 

tan Q l = - % 

, tan <? 2 

— n 

— 

7*! = >^3, an d r 3 

= 4. 

11. 

Cl 

<*> 

* 

0 

II 

<£> 

= 135°, 

r \ — ‘ 

v /2, and r 2 = 2. 


12. 

tan 0, = 7 + 

5^2; 

tan 0 2 = 7 - 5^/2, 





r i = 

Vir* 2 ^ 2 - 

2 ). r„= /v /|(2 v /2 + 2). 

28. 

2. 


29. 

tsVn/S- 

30. & N / - 3. 

31. 

( T VVio +1, 

4a 

3 

* f Vv/10 - 1 

); 4^20 + 2^/10. 

32. 

(J ■* l^ 

3a a 

4 2 

n/3) 

; i V'>- 


33. 

(- 3 + 1 v/G. 


4 v'-h 


34. 


1 =*= S v/G); 

2. 




Xll 


cotrnDIXATE G EOM ETUY. 


XLII. (Pages 354, 355.) 

1. < l ) 3 > (-) 3 • (3)4; (4)2; (5)4; (0)3; (7)3. 

10. Ax + ITy = 0 and Ifx + />// = 0 ; ll 2 — A P, so that the conic is a 
pair of parallel straight lines. 

11. or (j: + 3y) = 0 ; (2.r - 3//)2 = 0. 

XLIII. (Pages 363, 364.) 

1. A conic touching S = 0 where jT = 0 touches it and having its 
asymptotes parallel to those of &' = 0. 

A conic such that the two parallel straight lines tt = U and 
u f- /.=0 pass through its intersections with S = 0. 

XLIV. (Pages 375—377.) 

6 . (-1.0) and (4.-3). 7. (- -»). 8. (^. ^) • 

9. (-4, -4) and (-1, -1); x+t/ + 7 = 0 and x + »/ + 3 = 0. 

15. If P he the given point, C the centre of the given director circle, 
and PC P' a diameter, the focus S is such that PS . P'S is 
constant. 

1G. If PP’ he the given diameter and S a focus then PS. P'S is 
constant. 

XLV. (Pages 383, 384.) 

5. Gx 2 -f V2xi/ + 7»/ 2 — 12x — 13y = 0. 

17. The narrow ellipse (Art. 408), which is very nearly coincident with 
the straight line PD, is one of the conics inscribed in the quadri¬ 
lateral, and its centre is the middle point of PD. This middlo 
point, and similarly the middle points of AC and OL, therefore 
lie on the centre-locus. 

XL VI. (Pages 390—392.) 

7. Proceed as in Art. 413, and use, in addition, the second result 
of Art. 412, Cor. 2. From the two results, thus obtained, 
eliminate 5. 

9. Take l x x + m,y — 1 =0 (Art. 412, Cor. 1) as a focal chord of tho 
ellipse. 

14. If the normals are perpendicular, so also are tho tangents; the 
line /jx+m,!/ —1 = 0 is therefore the polar with respect to tho 

ellipse of a point (^/a 2 + b 2 cos 0, 4 - b 2 sin 0) on the director 

circle. 

15. The triangle ADC is a maximum triangle (Page 235, Ex. 15) 
inscribed in the ellipse. 

20. Use the notation of Art. 333. 



ANSWERS. 


Xlli 


11 


14. 


(Pages 397, 398.) 

c^^hTB^en^i^ht^Ii* e S ‘ ra a, eht t > n6 iS P e n*ndi- 

&&3sa&sS8&s&S£ 

As in Ait. 366, use the Invariants of Art. 135 . 


5. 


XLVTII. (Pages 405—407.) 

Two of the normals drawn from O coincide, since it is a centre of 
curvature. Ihe straight line Lx+ 7 //,// = 1 (Art 4 lo\ fi u r .r n 

a tangent to the ellipsS at some 1 poin’tV and henc e ?by Art™ ?” 
the equation to QR can be found in terms of <p. 


5. 

19. 


21 . 


23. 


XLIX. (Pages 414—416.) 


1» (by — ox — c) 2 = 4acx. 


2 . 


** + y*-c (x + y) + ''-=0. 

‘1 


• 9 

c- 


X 


+ 


y 2 _ 


i. 


b* a “ 

A central conic. 


4. A parabola touching each of the two lines 

6. A parabola. 7 . a v x * + b-y*= c \ 

£ h fl e * “i 1 ® JO V ni 5;S the foci is a particular case of the confocals and 
t . P° lar °[ ° with respect to it is the major axis; the minor 
axis is another particular case, so that two of the polars are lines 
through C at right angles; also the tangents at O to the con- 
toca,ls through it are two of the polars, and these are at right 
angles. Ihus both C and O are on the directrix. 

The crease is clearly the line bisecting at right angles the line 
joining the initial position of C to the position which C occupies 
when the paper is folded. 1 

l cos a 

. =i — e cos a cos 0. 
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